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Abstract

A correcting algorithm is one that receives an endless stream of cor-

rections to its initial input data and terminates when all the corrections

received have been taken into account. We give a characterization of cor-

recting algorithms based on the theory of data{accumulating algorithms.

In particular, it is shown that any correcting algorithm exhibits superuni-

tary behavior in a parallel computation setting if and only if the static

counterpart of that correcting algorithm manifests a strictly superunitary

speedup. Since both classes of correcting and data{accumulating algo-

rithms are included in the more general class of real{time algorithms, we

show in fact that many problems from this class manifest superunitary be-

havior. Moreover, we give an example of a real{time parallel computation

that pertains to neither of the two classes studied (namely, correcting and

data{accumulating algorithms), but still manifests superunitary behavior.

Because of the aforementioned results, the usual measures of perfor-

mance for parallel algorithms (that is, speedup and e�ciency) lose much

of their ability to convey e�ectively the nature of the phenomenon taking

place in the real{time case. We propose therefore a more expressive mea-

sure that captures all the relevant parameters of the computation. Our

proposal is made in terms of a graphical representation. We state as an

open problem the investigation of such a measure, including �nding an

analytical form for it.

�This research was supported by the Natural Sciences and Engineering Research Council

of Canada.
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1 Introduction

A well-known result concerning the limits of parallel computation, and called
the speedup theorem, states that when two or more processors are applied to
solve a given computational problem, the decrease in running time is at most
proportional to the increase in the number of processors [4, 12]. Since, according
to this result, the ratio of the speedup achieved to the number of processors
used is at most 1, the behavior of any parallel algorithm is at most unitary. By
contrast, if a parallel algorithm were to be found which provides a speedup larger
than the number of processors it uses, then this algorithm would contradict the
speedup theorem and would be said to exhibit superunitary behavior.

One of the principal shortcomings of the speedup theorem is that it is stated
for, and applies solely to, a conventional computing environment, where all
the input is available at the beginning of the computation, and no restrictions
are imposed on the completion time of the algorithm. In particular, such a
conventional environment does not assume any real{time constraints. Typically,
such constraints are divided into two main classes: (i) the jobs performed by an
algorithm have real{time deadlines, and (ii) the entire input set is not available
initially, so that more data arrive in real-time during the computation.

The �rst of these classes was considered from the point of view of the par-
allel computation in [1, 2], where it is shown that such constraints can lead to
superunitary behavior. The study of the second class of constraints began in [8],
where the class of data{accumulating algorithms (or d-algorithms for short) is
introduced. In this paradigm, data that arrive during the computation are con-
sidered as an endless stream, the algorithm terminating when all the currently
arrived data have been processed. The study of d-algorithms was continued
in [5, 6], where it is shown that such an algorithm manifests superunitary be-
havior if and only if the parallel speedup for the static case is strictly larger
than 1. Moreover, an interesting link between real{time input and real{time
deadlines was discovered in [5]: For each d-algorithm there is a �nite deadline
(that is, if the running time of the algorithm exceeds some �nite amount that
does not depend on the shape of the data arrival law, then that algorithm never
terminates).

Two extensions of the d-algorithm class are proposed in [8]. The �rst exten-
sion concernsmaintenance algorithms (orm-algorithms). An m-algorithm is one
that works on an endless, real{time, input stream, such that its work is divided
into stages of �xed time length. At the beginning of each stage, an m-algorithm
processes the data that arrived during the previous stage (updating some data
structure), after which it releases the control to another application, that per-
forms some work on the updated data structure. The analysis of m-algorithms
can be easily performed once the theory of d-algorithms is established, as shown
in [8].

The second extension is given in [8] as the class of correcting algorithms

(c-algorithms henceforth), where the input data are available at the beginning
of the computation, but there is an endless stream of corrections to the initial
input set. Again, a c-algorithm terminates when all the arrived corrections have
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been taken into account. It is mentioned in [8] that the same approach can be
used to study such algorithms as the one applied to d-algorithms. Indeed, we
start our paper by reducing the class of c-algorithms to that of d-algorithms.
Therefore, c-algorithms have the same properties as d-algorithms. In particular,
they manifest superunitary behavior if and only if the static case o�ers even the
slightest speedup (that is, a speedup larger than 1).

We believe that there are many practical uses of c-algorithms, examples of
which are presented in this paper, namely, c-algorithms for algebraic compu-
tations and for graph processing. An interesting subclass is also identi�ed in
which the process of updating the solution when a correction arrives is no faster
than rebuilding the solution from scratch.

Since the speedup can grow unbounded for parallel c-algorithms, and this
growth depends on the arrival law, the usual measures of performance (that
is, speedup and e�ciency) lose most of their ability to convey e�ectively the
nature of the phenomenon which occurs in this case. This is mainly because
these measures of performance fail to take into consideration the parameters of
the real{time input arrival law. Hence, we propose a new and more expressive
measure of performance, in the form of a graphical representation. However, an
open problem suggested by this paper is to �nd an analytical form corresponding
to the proposed measure, and to assess its e�ectiveness. We believe that such a
measure will shed a new light on the analysis of real-time parallel algorithms.

The paper is organized as follows. In section 2 the relevant concepts con-
cerning the traditional limits on the power of parallel algorithms are presented,
along with a de�nition of the class of d-algorithms. In section 3 we formally de-
�ne the notion of a c-algorithm, and analyze this class in section 4. Two classes
of problems are described in section 5 that are important|both for practical
and theoretical reasons|in the context of our study of c-algorithms. Paral-
lel computation in a general real-time environment is the subject of section 6.
A paradigm involving a set of objects in perpetual motion is discussed and a
new measure of performance for parallel real-time computations is proposed.
Conclusions and open problems are o�ered in section 7.

In the following, a proposition is a result proved elsewhere. Whenever pos-
sible, the name of the original theorem is provided. The word \i�" stands for
the phrase \if and only if". For de�niteness, we use the Random Access Ma-
chine (RAM) and the COMBINING Concurrent-Read Concurrent-Write Par-
allel Random Access Machine (CRCW PRAM), throughout the paper as our
models of sequential and parallel computation, respectively [1].

2 Preliminaries

The most common measure of the performance of a parallel algorithm is the
speedup. Given some problem �, the speedup of an algorithm that uses p1
processors over an algorithm that uses p2 processors with respect to problem
� is the ratio S(p2; p1) = T�(p2)=T�(p1), p1 > p2 > 0, where T�(x) is the
running time of the best x-processor algorithm that solves �. In many cases,
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this de�nition is used to compare a parallel algorithm with a sequential one,
that is, p2 = 1 [1].

E�ciency is usually de�ned as the ratio of the speedup over the number
of processors, that is, E(1; p) = S(1; p)=p [1]. Henceforth we omit the �rst
argument and denote the e�ciency simply by E(p). However, in some cases [2],

e�ciency is de�ned in a more general way: E(p1; p2) =
T�(p1)
T�(p2)

� p1
p2
, where T�

is de�ned as above.
In a conventional environment, the speedup (and hence the e�ciency) of a

parallel algorithm is bounded by the following results [1, 4, 12].

Proposition 2.1 (Speedup Theorem [12]) S(1; p) � p or, equivalently,

E(1; p) � 1. 2

Proposition 2.2 (Brent's Theorem [4]) If a computation C can be per-

formed in time t with q operations and su�ciently many processors that perform

arithmetic operations in unit time, then C can be performed in time t+(q�1)=p
with p such processors. 2

These two propositions state that, when more processors solve a given prob-
lem, the increase in performance is at most proportional to the increase in the
number of processors. However, both of these `theorems' fail in a number of
unconventional computational environments, as shown in [1, 2, 8]. Speci�cally,
the bounds that they set do not hold in such environments. Thus, for example, a
speedup asymptotically larger than p (that is, a superlinear speedup) is possible
with p processors in certain real-time computations, indicating that the speedup
theorem is too pessimistic. Similarly, a `slowdown' asymptotically larger than
q=p (that is, a superlinear slowdown) can be incurred, pointing to the fact that
Brent's theorem is too optimistic.

Since our study of c-algorithms relies heavily on the theory of d-algorithms,
we summarize here the relevant properties of the latter. Conforming to [8], a
standard algorithm, working on a non-varying set of data, is referred to as a
static algorithm. On the other hand, an algorithm for which the input data
arrive while the computation is in progress, and the computation terminates
when all the currently arrived data have been treated, is called a d-algorithm.
The size of the set of processed data is denoted by N . The arrival law is denoted
by f(n; t), where n denotes the number of input data available at the beginning
of the computation, and t denotes the time.

It is important to emphasize the di�erence between the time complexity
and the running time in the data-accumulating paradigm. For a d-algorithm,
we denote by C(N) the time complexity (or just complexity for short), which
is a function of the amount of processed data N . However, since N itself is a
function of time, the actual running time, denoted by t, is obtained by solving an
implicit equation of the form t = C(N). Similarly, the parallel time complexity
is di�erent from the parallel running time, the former being denoted by Cp(N),
and the latter by tp. (In general, we emphasize the parallel case by adding the
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subscript p.) Note that, in the static case, the time complexity and the running
time, as de�ned here, are identical.

The form proposed in [8] for the data arrival law is

f(n; t) = n+ knt�; (1)

where k, , and � are positive constants. In the case of a sequential d-algorithm,
the running time is given by the solution of the following implicit equation [8]

t = cd(n+ knt�)�; (2)

where the static counterpart of the d-algorithm in discussion has a complexity
of cdn

�, for a positive constant cd.
In the parallel case, we have a similar equation for the running time:

tp =
cdp(n+ knt�p )

�

S0(1; P )
; (3)

conforming to a result given in [8] and improved in [6], where S0(1; P ) is the
speedup o�ered in the static case by an algorithm that uses P processors and
cdp is a positive constant.

The size of the whole input data set will be denoted by N!. Since the input
data set is virtually endless in the data-accumulating paradigm, we will consider
N! to be either large enough or tending to in�nity.

The following two examples are mentioned in [7], but in another context.
However, they �t the d-algorithms paradigm.

Example 2.1 Given two power series

g(x) = g0 + g1x+ g2x
2 + � � � ;

h(x) = h0 + h1x+ h2x
2 + � � � ;

where gi and hi are real numbers for any nonnegative i, compute the sum g+h

of the two series. The coe�cients gi and hi come in pairs (gi; hi) in real time,
N(�) such pairs arriving before time � , where N(�) = n + kn�� . The result
should be reported at that time t when a polynomial of degree N(t) is available
as a (partial) result. 2

The problem described in example 2.1 can be solved by a d-algorithm, since
the result reaches the degree N(t) only if N(t) pairs of coe�cients have been
processed.

The coe�cients of the sum of the two power series, denoted by si, are given
by si = gi + hi. Therefore, the computation of the �rst n such coe�cients
takes n time units (one addition only is necessary for each such coe�cient).
The complexity in the static case in thus n. Then, the running time of the
d-algorithm that solves the problem is given by t = n�+ knt�. We have hence
a d-algorithm of linear complexity.
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Example 2.2 Given two power series as in example 2.1, compute the product
of the two series. The coe�cients of the two series come in pairs, in real time,
respecting the same arrival law as in example 2.1. The result should be reported
at that time t when a polynomial of degreeN(t)2 is available as a (partial) result.
2

The computation in example 2.2 is also one that can be performed by a
d-algorithm since, in order to compute a result of degree N(t)2, the �rst N(t)
coe�cients of both series should be available. In order to compute the i-th coef-
�cient ri of the result one can use the Cauchy product rule: ri =

Pi
k=0 gkhi�k.

We need hence i multiplications and i additions in order to compute the i-th
coe�cient of the result. Therefore, the computation of the �rst n coe�cients
of the result is

Pn
i=1 2i = O(n2). A d-algorithm that solves the problem has a

running time t = (n� + knt�)2 and a quadratic complexity. Note that we can-
not �nd a better algorithm, since the i-th coe�cient of the product ri depends
on all the coe�cients gk and hk, 0 � k � i.

3 Correcting algorithms

A c-algorithm is de�ned in [8] as being an algorithm which works on an input
data set of n elements, all available at the beginning of computation, but V (n; t)
variations of the n input data occur with time. For the sake of consistency with
the analysis of d-algorithms, we denote by f(n; t) the sum n+ V (n; t). We call
the the function V the corrections arrival law.

We propose a de�nition of a c-algorithm that is similar to the one of a
d-algorithm [6]:

De�nition 3.1 (C-algorithm) An algorithm A is a c-algorithm if

1. A works on a set of n data which is available at the beginning of compu-
tation. However, V (n; t) corrections to the initial input data occur with
time, and A terminates at some time t when all the corrections received
up to time t have been processed.

2. For any input data set, there is at least one corrections arrival law V
such that, for any value of n, A terminates in �nite time, where V has
the following properties: (i) V is strictly increasing with respect to t, and
(ii) V (n;C(n)) > 0, where C(n) is the complexity of A. Moreover, A
immediately terminates if the initial data set is null (n = 0).

2

The rationale behind this de�nition is the same as in the d-algorithm case:
The �rst item is the de�nition introduced in [8], while the second one implies
that there is at least one corrections arrival law such that a correction occurs
before the algorithm in question has �nished processing the initial input data.
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Note that algorithms that correct themselves when their input changes have
been studied [9, 10], but they do not fall within the theory of c-algorithms, since
this theory assumes a real{time component, namely the corrections arrival law.
We will call such algorithms, where the corrections arrival law is not considered,
dynamic algorithms1. Also, if some c-algorithm A uses a dynamic algorithm for
correction processing, that dynamic algorithm will be called the static case of
A.

It remains to de�ne the form of a correction in order to complete the def-
inition of a c-algorithm. Generally, we consider that a correction consists of a
tuple (i; v), where i denotes the index of the datum that is corrected, 1 � i � n,
and v is the new value for that datum.

An important consideration regards the quantity in terms of which the com-
plexity analysis is expressed. It is not reasonable to give complexity results with
respect to n only, since processing the corrections generally takes an important
part of the computation time (it is consistent to assume that most of the data
that are corrected are already considered; therefore, a c-algorithm will have at
least to insert the new (corrected) datum into the solution; however, such an
algorithm may also have to remove the e�ects of the old value). It seems more
consistent, though, to consider the quantity f(n; t) as the basis for complexity
analysis, where t denotes the termination time. We will denote f(n; t) by N , as
in the case of d-algorithms.

We can modify examples 2.1 and 2.2 in order to �t the new paradigm of
c-algorithms as follows.

Example 3.1 Given two polynomials of �xed degree n

g(x) = g0 + g1x+ g2x
2 + � � �+ gnx

n;

h(x) = h0 + h1x+ h2x
2 + � � �+ hnx

n;

where gi and hi are real numbers for any i, 0 � i � n, compute the sum g+h of
the two polynomials. The coe�cients gi and hi are given at the beginning of the
computation, but corrections to the coe�cients arrive in real time, V (n; t) such
corrections arriving before time t, where V (n; t) = knt� . The result should
be reported at that time t when all the corrections received before t have been
considered. 2

Example 3.2 Given two polynomials as in example 3.1, compute the product
of the two polynomials. The coe�cients of g and h are given at the beginning
of the computation, but corrections to them arrive in real time, V (n; t) such
corrections arriving before time t, where V (n; t) = knt� . The result should
be reported at that time t when all the corrections received before t have been
considered. 2

1Sometimes called \incremental algorithms".
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4 Complexity

We analyze here the complexity of a general form of a c-algorithm. Throughout
the rest of the paper, it is assumed that an algorithm which applies one update
only has a complexity of Cu(n), where Cu(n) = cun

� and � is a nonnegative
constant2. Note that such a c-algorithm has to perform some initial processing.
Moreover, such a processing may perform more computations than required
for merely building the solution in the static case, in order to facilitate a fast
update. Generally, we consider the computations that are performed before
considering any correction as having a complexity of C 0(n) = cn�, for some
positive constants � and c. It is worth noting that the complexity of an update
Cu is always upper bounded by C 0 since, in the worst case, the algorithm has
to build a new solution for the whole data set, and the complexity of such a
processing is given by C 0.

Concerning the parallel case, we consider that the parallel speedup for both
the initial processing and update algorithms is the same, and we denote it by
S0(1; P ). This implies that the complexity of the parallel initial processing algo-
rithm is cpn

�p . Also, the complexity of the parallel update algorithm becomes
cupn

�p . Moreover, we assume for easier calculations that the ratios cu
c
and

cup
cp

are equal.
Our analysis uses the following corrections arrival law (introduced in exam-

ples 3.1 and 3.2)

V (n; t) = knt�; (4)

since this was the arrival law mainly used when studying d-algorithms [5, 6].

4.1 Processing the corrections one at a time

We �rst consider the case in which the c-algorithm processes the incoming cor-
rections one at a time.

Theorem 4.1 Given a problem � that requires an initial computation of com-

plexity C 0(n) = cn�, and an algorithm Au for � that processes an update in

time Cu(n) = cun
�, � � 0, there is a c-algorithm A that solves �. Moreover,

the properties of A (namely, the time complexity, the running time, and the

parallel speedup) working on n initial data and with the corrections arrival law

given by (4) are the same as the properties of some d-algorithm Ad of com-

plexity cN , which works on n0 = n� initial data and with the data arrival law

f(n; t) = n+ k0n
0

t�, 0 = +�
�

and k0 = kcu=c.

2It should be emphasized that we refer here to an updating algorithm which applies one

update at a time. Therefore, the complexity of such an update depends only on the amount of

data that is available at the beginning of the computation. (Note, however, that in section 4.2

we consider the case in which a bundle of updates are taken into account at once.)
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Proof. We build the algorithm A, starting from the algorithm that performs
the initial processing (denoted by A0) and Au. A will perform the following
computations:

1. Compute the solution for the initial amount of data n, using A0. This
takes C 0(n) time.

2. For each newly arrived correction, compute a new solution, using Au.
Terminate after this only if no new correction arrived while the solution
is recomputed; otherwise, repeat this step. The complexity of this step is
Cu(n).

The complexity of A is then C(N) = C 0(n)+Cu(n)(N�n), and, considering
the form of C 0(n) and f(n; t), this gives the following implicit equation for the
termination time:

t = cn� + cun
�(n+ knt� � n)

= c(n� +
cu

c
kn+�t�):

Then, considering the form of n0, 0, and k0, we reach the desired form:

t = c(n0 + k0n0
0

t�): (5)

But this is the same as the implicit equation for the termination time of
a linear d-algorithm [8]. Therefore, the time complexity of A is C(N) = cN ,
N = n0+k0n0

0

t� , and the termination time forA is the same as for a d-algorithm
of complexity C(N), since both are solutions to the same equation.

With regard to the parallel implementation, considering that the static case
of A provides a speedup S0(1; P ) when using P processors, we have, analogously,
the following implicit equation for the running time:

tp =
cp(n

0 + k0n0
0

t�)

S0(1; P )
: (6)

But, again, equation (6) is identical to the equation obtained in [6] for the
parallel case of d-algorithms.

In order to complete the proof, we have to prove that A terminates for at
least one corrections arrival law and for any value of n0. But it has been proved
in [8] that a d-algorithm of complexity cN terminates for any initial amount n
of input data if � < 1. 2

Corollary 4.2 With n0, 0, and k0 as in theorem 4.1,

1. For a problem admitting a sequential c-algorithm and a parallel P -
processor c-algorithm, P = �(n0 + k0n0

0

t�p )
�, such that the speedup for

the static case is S0(1; P ) = �1(n
0 + k0n

0

t�p )
s, where S0(1; P ) > 1 for any

strictly positive values of n0 and tp, we have for cp=S
0(1; P ) < c:
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t

P tp
! N! for n!

1

k0c
;

where � = 0 = 1, and 0 � � � 1, 0 � s � 1. For all values of � and 0,

t

tp
>

c

cp
S0(1; P ):

2. For any problem admitting a sequential c-algorithm and a parallel P -
processor c-algorithm such that the speedup for the static case is S0(1; P ) =
1, and for any data arrival law such that either � � 1, or 0 � 1 and

1=2 � k0c�(� � 1), the speedup of the parallel c-algorithm is S(1; P ) = 1.

3. For any problem admitting a sequential c-algorithm and a parallel P -
processor c-algorithm such that the speedup for the static case is S0(1; P ) =
1, and for any data arrival law such that either � � 1, or 0 > 1 and n0

is large enough, the speedup of the parallel c-algorithm is S(1; P ) = 1.

Proof. These results were proved in [6] with respect to d-algorithms. But,
conforming to theorem 4.1, the properties of c-algorithms are the same, hence
the results follow immediately. 2

Corollary 4.2 contradicts the speedup theorem. More precisely, the �rst item
shows that the speedup of any c-algorithm grows unbounded as long as the static
counterpart of that c-algorithm manifests a superunitary speedup. On the other
hand, according to items 2 and 3, if the speedup for the static case is unitary,
then the c-algorithm manifests unitary speedup as well.

Lets us refer to examples 3.1 and 3.2. The complexity of the initial processing
in example 3.1 is n, since the coe�cients si need to be computed. Then, each
correction can be handled in unit time: Suppose that some coe�cient gi is
corrected. Then, only the coe�cient si of the product needs to be recomputed,
and this is done by adding the new value of gi to (the old value of) hi. Therefore,
the complexity of Au for this problem is unitary. Then, the running time of the
c-algorithm is given by t = n� + knt� . One can note that the expression for
the running time of the c-algorithm that solves the problem in example 3.1 is
identical to the d-algorithm that solves the corresponding problem. The reason
for this identity is that the update is fast, and no initial computation other than
the computation of the initial solution is required.

On the other hand, in the case of the problem from example 3.2, assume that
the value of some gi is corrected. Since we deal with worst{case analysis, we can
assume without loss of generality that i � n=k for some constant k. But then
all the coe�cients rj , j � i should be recomputed, since all these coe�cients
depend on gi. This computation requires O(n2) operations. Therefore, the
running time is given by t = n2 + kn+2t�. Note that the complexity of the
update algorithm is the same as the complexity of the algorithm that rebuilds
the solution from scratch. As we note in section 5.1, this is not a singular case.
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4.2 Processing the corrections in bundles

One may wonder why a c-algorithm cannot consider the incoming corrections
in bundles of size b instead of one by one. We now analyze this possibility.

We denote by Ab
u the best known algorithm that applies b corrections. Let

the complexity of Ab
u be Cb

u(n; b), and the complexity of Au, the (best known)
algorithm that applies one correction only, as in theorem 4.1, be Cu(n).

Suppose that algorithm A of theorem 4.1 terminates at some time t for some
initial data and some corrections arrival law. Further, let Abw be an algorithm
that performs the same processing as A, except that, instead of applying each
correction immediately, it waits until some number b of corrections have been
accumulated and applies them at once using algorithm Ab

u described above.
Note that we do not impose any restriction on b; it may be either a constant, or
a function of either n or t or both. For simplicity, we assume that the complexity
of the initial processing C 0(n) is the same for both A and Abw. We believe that
this is a reasonable assumption, since the processes are essentially the same in
the two c-algorithms. We have the following immediate result:

Lemma 4.3 Given some solution � to a problem � and a set of input data

of size n, let Ai
u be the best known algorithm that receives � and i corrections,

and computes a solution �u for the corrected input. Analogously, let Aj
u be an

algorithm that behaves in the same way as Ai
u, except that it processes some

set of j corrections, j > i. If we denote the complexity of Ai
u by C 0

u, and the

complexity of Aj
u by C 00

u , then C 0

u � C 00

u .

Proof. Assume that C 0

u > C 00

u . But then one can construct an algorithm for
performing i corrections only in time C 00

u as follows: When only i corrections
are sought, apply Aj

u to perform the requested corrections, together with j � i
corrections that change nothing (that is, \correct" j � i values to their original
value). Technically speaking we have j corrections, and thus we can use Aj

u in
order to perform them. But we obtained in this way an algorithm for updating
i elements which is better than Ai

u, and this contradicts the assumption that
Ai
u is the best known algorithm that performs such an update. 2

Corollary 4.4 Given some solution � to a problem � and a set of input data

of size n, let Ab
u be the best known algorithm that receives � and b corrections,

and computes a solution �u for the corrected input. Also, let Au (of complexity

Cu) be the best known algorithm that receives � and one correction only and

returns the corresponding corrected solution. Then, Cb
u � Cu for any strictly

positive b.

Proof. By induction over b, using lemma 4.3. 2

The following upper bound on the update time for b corrections is also
immediate:
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Lemma 4.5 Given some solution � to a problem � and a set of input data of

size n, let Ab
u be the best known algorithm that receives � and b corrections, and

computes a solution �u for the corrected input. Also, let Au (of complexity Cu)

be the best known algorithm that receives � and one correction only and returns

the corresponding corrected solution. Then, Cb
u � bCu for any strictly positive

b.

Proof. Again, assuming that Cb
u > bCu, one can build an algorithm that

corrects � when b input data change and which is better than Ab
u, by simply

applying Au b times, contradicting in this way the hypothesis that Ab
u is the

best algorithm for this process. 2

Note that the problem in example 3.1 does not admit an updating algo-
rithm that processes a bundle of size b at a time, and whose running time is
smaller than b times the time required for performing a single update. On the
other hand, the updating algorithm for the problem in example 3.2 has a time
complexity of O(n2) regardless of the number of corrections that are considered.

4.3 Optimality considerations

Recall that in theorem 4.1 an algorithm A is given which solves the correspond-
ing problem � correctly. However, nothing is said in the theorem about the
optimality of A. It is important to note that, if A is not optimal, there is no
guarantee that corollary 4.2 holds. This issue is now studied. We show in what
follows that there are instances of the input for which there is indeed an al-
gorithm better than A, but that corollary 4.2 holds for this new algorithm as
well.

As stated at the beginning of section 4, we consider the complexity of Au as
being Cu(n) = cun

�. Also, let the complexity of Ab
u be Cb

u(n) = cub
�bn�. Then,

corollary 4.4 and lemma 4.5 imply that �b is a positive number, no larger than
1.

Let Ab be a variant of algorithm Abw for which the bu�er size is correctly
chosen such that Ab does not wait until b corrections have arrived, but instead
processes whatever corrections are available whenever it has time to do so (that
is, as soon as it �nishes processing the previous bundle).

Lemma 4.6 Ab is no better than A i� either �b = 1, or � > 1, or � = 1 and

�kcun
�+ � 1.

Proof. The running time tb of Ab is given by

tb = cn� +

mX
i=1

Cb
u(bi; n);

= cn� + cun
�

mX
i=1

b�bi ; (7)
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where m is the number of times Ab
u has been invoked, and, when Ab

u is invoked
the i-th time, the size of the bu�er b is bi.

But, since 0 � �b � 1, and bi � 1, 1 � i � m, we have

mX
i=1

b�bi �

mX
i=1

bi: (8)

Also, note that exactly all the bu�ered corrections are processed, that is,

mX
i=1

bi = V (n; tb): (9)

It follows from (7), (8) and (9) that

tb � cn� + kcun
�+t�b : (10)

On the other hand, we found in the proof of theorem 4.1 that the corre-
sponding equation for the running time of A is

t = cn� + kcun
�+t�: (11)

Let R(n; t) be the function R(n; t) = cn� + kcun
�+t� � t. Then, from

relation (10) we have

R(n; tb) � 0;

and from relation (11) it follows that

R(n; t) = 0:

The above two relations yield

R(n; t) � R(n; tb); (12)

for any size of the initial input n.
Moreover, since there is at least one i such that bi > 1, then

Pm
i=1 b

�b
i =Pm

i=1 bi i� �b = 1. Therefore, we can further restrict relation (12) as follows:

R(n; t) < R(n; tb) if �b < 1; (13)

R(n; t) = R(n; tb) if �b = 1: (14)

The derivative of R with respect to t is

@R

@t
= �kcun

�+t��1 � 1:

For �b < 1, considering relation (13), we have:
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1. If � > 1, then @R
@t

> 0 for t large enough. Therefore, for such t, R is
strictly increasing with respect to its second argument. In this case, given
relation (12), it follows that t < tb. In other words, Ab is no better than
A in this case.

2. If � < 1, then, @R
@t

< 0 for t large enough. Hence, R is strictly decreasing
with respect to t. Therefore, analogously, t > tb. In this case, A is no
better than Ab.

3. If � = 1, then @R
@t

is positive i� �kcun
�+ > 1. Therefore, if �kcun

�+ � 1,
then we are in the same case as in item 1 above. Hence Ab is no better
than A. Otherwise, analogously to item 2, A is no better than Ab.

On the other hand, when �b = 1, relation (14) holds. But R is strictly monotonic
with respect to its second argument. Therefore, in this case, t = tb, and hence
Ab is no better than A, their running times being, in fact, identical. 2

We found therefore that A is optimal i� either �b = 1, or � > 1, or � = 1 and
�kcun

�+ � 1. In the other cases, Ab may be better than A. Recall here that
Abw is the algorithm that waits for b corrections to have accumulated before
processing them (unlike Ab which processes any available corrections as soon as
it has time to do so). It is somewhat intuitive that Abw is no better than Ab,
but we give a proof for this below.

Lemma 4.7 Abw is no better than Ab when � � 1.

Proof. We use the relations 
mX
i=1

bi

!a

�

mX
i=1

bai (15)

for any m > 0, bi � 1, 1 � i � m, and 0 � a � 1, and 
mX
i=1

bi

!a

�

mX
i=1

bai (16)

for m and bi as above, and a � 1. These relations can be easily proved by
induction over m.

When speaking of Abw we denote by mw and bwi the values that correspond
to m and bi in the case of Ab, respectively. We denote by tbw the running time
of Abw, which has the form

tbw = cn� + cun
�
mwX
j=1

b�bwj + tw; (17)

where tw is the extra time generated by the waiting process. We denote by
twi the waiting time before each invocation of the algorithm that applies the
corrections, and by ai the number of corrections Abw waits for before each such
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invocation. Note that tw =
Pmw

i=1 twi. Moreover, the number of corrections that
arrive during twi is given by ai = kn((t+ twi)

� � t�) for some positive t. But

(t+ twi)
� � t� � t�wi by relation (15) for m = 2. Therefore, ai � knt�wi.

But, for any i, 1 � i � mw, bwi+1 = kn((t+ twpi)
� � t�)+ ai+1, where twpi

represents the time in which the previous bu�er of corrections is processed. But
then twpi = cun

�b�bwi, and, as above, (t+ twpi)
� � t� � twpi. It follows that

bwi+1 � kn(cun
�)�bb��bwi + knt�wi:

The above relation implies that ab��bwi � bwi+1 � knt�wi, where we denote

kn(cun
�)�b by a. But, since � � 1 and bwi � 1, ab�bwi � ab��bwi . Therefore,

b�bwi �
bwi+1 � knt

�
wi

a
:

Note that
Pmw

i=1 bwi = knt�bw, since all the corrections that arrive before the
termination time must be processed. Then, by summation over i of the above
relation we have

mwX
i=1

b�bwi �
kn

a
t�bw �

kn

a

mwX
i=1

t�wi:

But then, from relation (17),

tbw � cn� +
b

a
t�bw �

b

a

mwX
i=1

t�wi + tw; (18)

where b = cun
�kn . Considering relations (18) and (10) we have

g(tbw)� g(tb) � tw �
b

a

mwX
i=1

t�wi +

�
b�

b

a

�
t�bw; (19)

where g(t) = t� (b=a)t�. Let us denote the right hand side of relation (19) by
G. If G � 0, then relation (19) leads to g(tbw) � g(tb) and then it is immediate
that tbw � tb, since g is an increasing function for any t � 1. Therefore, in order
to complete the proof, we show that G is positive.

The time between the arrivals of two consecutive corrections at some time t
is

�(n; t) =

�
1

kn
+ t�

�1=�
� t: (20)

We can assume without loss of generality that Abw waits for d corrections,
where d � 2, and at least two corrections are waited for at some time ti � tbw=2,
1 � i � d (otherwise, Abw is the same as Ab in the asymptotic case). Then,
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tw �

dX
i=1

�(n; ti)

�

dX
i=1

(1=kn + t�i )
1=� �

dX
i=1

t�i

�

 
dX

i=1

ti

!1=�

�

dX
i=1

t�i + d(1=kn)1=�

� tbw � t�bw: (21)

Assume now that t�bw <
Pmw

i=1 t
�
wi. Then, knt�bw <

Pmw

i=1 kn
t�wi, there-

fore the number of corrections processed by Abw is smaller than the number of
corrections for which Abw waits, which is absurd. Therefore

bt�bw �
b

a

mwX
i=1

t�wi: (22)

Considering relations (21) and (22), we have

G � tbw �

�
1 +

b

a

�
t�bw:

But then G is obviously positive for tbw large enough, since the left hand side
of the above relation tends to in�nity when tbw tends to in�nity. This completes
the proof, since the fact that G is positive implies that tbw � tb as shown in
relation (19). 2

Note that, for the problem in example 3.1, A is always optimal, since, for
this case, �b = 1. On the other hand, in the problem of example 3.2, �b = 0,
and hence A is not optimal in some cases (namely, when � < 1, or � = 1 and
�kcun

�+ < 1), for which the optimal algorithm is Ab, as shown by lemma 4.7.
The proof of lemma 4.7 contains yet another interesting result. We show

there that bwi+1 � ab��bwi + ai. Since Ab does not wait for any correction, we

have analogously bi � ab��bi . But, applying this relation recursively i times we
observe that

bi+1 � a(1�(��b)
i)=(1���b)(b1)

(��b)
i

:

But 0 � ��b � 1, hence bi+1 � b1. On the other hand, b1 = kn(cn�)� ,
since the �rst invocation of the algorithm that processes the corrections happens
exactly after the initial processing terminates, that is, after cn� time units.
Therefore, in the case of Ab, the size of the bu�er is bounded by a quantity that
does not depend on time, but only on n. Then, the running time of Ab is given
by an equation of the form

tb = c(n00 + k00n00
00

t�b );
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which is similar to the form obtained in the case of A in theorem 4.1. Hence
corollary 4.2 holds for Ab. Lemmas 4.6 and 4.7 therefore imply:

Theorem 4.8 The c-algorithm of theorem 4.1 is optimal i� the corrections

arrival law has the following property: Either � > 1, or � = 1 and �kcun
�+ �

1. If this property does not hold, then the optimal algorithm is Ab, where Ab

processes at once all the corrections that arrived and have not been processed

yet.

However, corollary 4.2 holds for Ab as well. 2

5 Related Work

In the following, we consider two interesting classes of problems for which dy-
namic algorithms were studied, and analyze them in the environment o�ered by
the c-algorithm paradigm.

5.1 Algebraic Problems

The theory of dynamic algorithms for algebraic problems has been recently in-
vestigated in [10], where the following lower bounds are established for a number
of problems, each of size n:

Proposition 5.1 [10] Any dynamic algorithm for the following problems re-

quires 
(n) time per update:

� polynomial evaluation at a single point,

� multipoint evaluation, where evaluation points are allowed to change,

� the chirp z-transform, where z is allowed to change,

� polynomial reciprocal,

� solving a triangular Toeplitz system of equations, and

� extended GCD problem.

2

Each problem in proposition 5.1 is known to have an algorithm that solves
the problem in the absence of any correction in O(n) time. Therefore, none of
these problems admits an update algorithm whose performance is better than
the naive algorithm that rebuilds the whole solution using the corrected input.
Moreover, based on proposition 5.1, it is mentioned in [10] that many other
algebraic problems have this property.

Problems such as those in proposition 5.1, for which no fast update algorithm
is possible, form an interesting class. For problems in this class, the algorithms
implied by theorem 4.1 are not optimal. Indeed, the time complexity of the
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algorithm that performs however many corrections is the same as the complexity
of an algorithm that performs only one correction. This complexity is the same
as the complexity of the static algorithm for the given problem. Therefore, the
algorithm of theorem 4.1 is not optimal, as shown in theorem 4.8.

We say that we have an \updating asynergy" in the case when applying many
corrections at once is no better than applying those corrections independently.
The algebraic problems described above form a rather large class where such
an asynergy does not hold. However, to our knowledge, no other approach
to applying many corrections at once has been previously considered in the
literature (except for the trivial case in which the updating algorithm is no
better than the algorithm that builds the solution from scratch).

5.2 Graph Problems

Dynamic algorithms for graph processing were investigated in [9], where the
cost of such algorithms is measured with respect to the size of changes in the
input (denoted by k�k) instead of the size of the input. A dynamic algorithm is
called bounded if its complexity depends only on k�k, and unbounded otherwise
[9].

The size of a change �, that is, k�k, denotes the sum of the cardinalities of
both the set of edges and vertices a�ected by that change. In other words, k�k
is a measure of the size of the change in the input. A computational hierarchy
is found in [9]:

1. problems of polynomial complexity in k�k are: attribute updating, priority
ordering, all-pairs shortest path (with strictly positive edge weights), and
single source/sink shortest path (with strictly positive edge weights),

2. problems whose complexities are exponential in k�k are: circuit annotation
and weighted circuit annotation, and

3. unbounded problems, such as single source/sink reachability, and single
source/sink shortest path (with positive edge weights).

On the other hand, the key point in the theory of c-algorithms is the ability
of a c-algorithm to terminate while receiving corrections in real time. Since
k�k is a parameter which depends on the speci�c correction that is applied,
the corrections arrival law cannot be expressed in terms of k�k. Therefore, for
the purpose of analyzing c-algorithms, this measure is inadequate. However, an
interesting research direction that can put together the results from [9] and our
results would be to see if � can be bounded, even if for particular shapes of the
input or for particular problems.

6 Parallel Real-Time Computations

Corollary 4.2 characterizes the parallel behavior of c-algorithms. More precisely,
it shows that even the slightest superunitary speedup manifested in the static
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case grows unbounded in the data-accumulating environment. On the other
hand, if the static case provides only unitary speedup, then no improvement
can be obtained in the real-time environment.

These properties of c-algorithms were found previously to hold for various
related computational settings [5, 6, 8]. In fact, we believe that there are many
more paradigms in the context of real-time computations for which superunitary
behavior manifests itself, as suggested by the following example.

6.1 A Moving Objects Paradigm

Within an n� n grid, where n is a positive integer, n objects are in perpetual
movement. Each object moves from one grid point (x1; y1), 0 � x1; y1 � n� 1,
to another grid point (x2; y2), 0 � x2; y2 � n� 1, according to a given equation
of motion that is a function of elapsed time. Speci�cally, if the n objects occupy
certain positions at time t, they all occupy new positions at time t+ 1.

If the location of an object at time t is known, it is possible to compute
its location at time t0, for t0 > t, using the object's equation of motion. This
computation requires k1n

2 unit-time operations, for some positive constant k1.
Once the positions of the n objects are known at a speci�c moment in time, a

function � of these positions is to be computed. An example of such function is
the centroid of the n positions. Computing � requires k2n unit-time operations,
for some positive constant k2. Note that, assuming that � is reported at some
time � , then it should be computed with respect to the positions of the n objects
at time � .

Sequential solution. The sequential processor �rst scans the grid in k3n
2

time, where k3 is a positive constant, to determine an initial location
for each object. It then computes a new location for each object, that
is, the new position reached by the object when all such computations of
new positions have been performed and the function � has been computed.
Speci�cally, suppose that the initial position of the ith object was identi-
�ed at time ti, 1 � ti � n2. A new position at time t0i is computed, where
t0i = ti + (tn � ti) + (k1n

2 � n) + k2n. This requires k1n
3 unit-time oper-

ations. Finally, the function � is computed in k2n unit-time operations.
The entire algorithm runs in O(n3) time.

Parallel solution. If n2 processors are available, each examines one grid point.
The n processors that locate the n objects collectively compute � in k2
time units. The entire algorithm takes k4 unit-time operations for some
positive constant k4.

Speedup. The parallel algorithm o�ers a speedup of O(n3)=k4 = O(n3), and
an e�ciency of O(n3)=n2 = O(n).

The moving objects paradigm thus achieves a superunitary speedup, clearly
suggesting that the speedup theorem does not hold in real-time computations.
It should be clear that this paradigm �ts in a class which is in some sense the
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A (P=MP, t=mt ,r=Mr)

C
(P=mP, t=Mt, r=Mr)

B
(P=mP, t=Mt, r=mr)

Figure 1: A representation of the relation between the number of processors,
the data arrival rate, and the running time for a parallel algorithm.

complement of that of c-algorithms: Here, the corrections are known (through
the motion functions), but the initial locations are not. However, it is interesting
to note that if the initial locations of the moving objects are known, the speedup
is still O(n3), while an improved e�ciency of O(n2) results (the running times of
both the sequential and parallel algorithms remain unchanged, but the number
of processors required in the parallel case is only n, since the objects do not
have to be found initially). Thus, this version of the problem also manifests
superunitary behavior.

6.2 A Graphical Representation

In the classical study of parallel algorithms, the main measure of performance is
the speedup (note that the e�ciency measure derives from the speedup). There-
fore, a graphical representation involves a two-dimensional plot in a Cartesian
space: One coordinate represents the running time, and the second represents
the number of processors. However, if the input data arrive in real-time, a third
parameter must be considered, namely the arrival rate, which can substantially
a�ect the performance. Therefore, we propose a new graphical representation.
Such a representation was used in [3], but in another context (that is, to repre-
sent time, information, and energy, as originally proposed in [13]).

The diagram we propose is a triangle ABC, as in �gure 1. On the edge
AB the time increases from mt (in A) to Mt, on the edge BC the arrival rate
increases from mr to Mr, and the number of processors increases from mP to
MP on the edge CA, where mi are some minimal and Mi some maximal values
for each measure (Mi > mi, i 2 ft; r; Pg). Each discrete point in this triangle
represents a combination of these three quantities for a computer working on
the problem.

It remains to establish how, given some triangular coordinates P , r, and t,
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Figure 2: The main triangle divided into smaller triangles.

the point corresponding to this situation is determined. We propose two such
methods:

1. The point be the center of the circle inscribed in the triangle whose vertices
are the points corresponding to P , r, and t on the appropriate edges3, or

2. The main triangle is divided is smaller triangles (as shown in �gure 2).
Then, based on this triangulation, the location of the point is established.
Note that, given a point Q, each of the lines QtQ, QPQ, and QrQ intersect
the edges of the triangle twice. One should establish therefore a consistent
method for determining which of the two intersection points establishes
the coordinate of Q. In the example from �gure 2, the intersection points
closer to A (for the edge AB), to B (for BC), and to C (for CA) were
chosen, respectively.

The �rst method seems more likely to lead to an analytical expression, but
the second one is simpler.

Note that, if the time or the number of processors are straightforward mea-
sures, one needs to �nd a meaningful measure for the arrival rate. In the c-
algorithms or d-algorithms case, this measure should be a function of n, , and
�, since these are the parameters of the arrival law.

For example, A (minimum time, maximum rate, maximum number of pro-
cessors) may represent a parallel computer with a large number of processors
receiving the input at a high rate (e.g., � is large), and solving the problem
at hand in minimum time and optimal cost. The vertex B (maximum time,
minimum data, minimum number of processors) represents a sequential com-
puter receiving the input data at a low rate and solving the problem at hand in

3We consider that the center of the circle inscribed in a degenerate triangle, whose edges

are collinear, is the inner edge of that triangle.
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maximum time but optimal cost. Finally, the vertex C (maximum time, max-
imum data, minimum number of processors) represents a sequential computer
receiving a high rate of input data and failing to solve the problem at hand (the
single processor, unable to cope with such a large arrival rate, gives up after Mt

time units).
Note that the triangle doesn't have to be equilateral (though it may be made

equilateral in any case by appropriately scaling the measures corresponding to its
edges). The lengths of its edges may be determined in the case of d-algorithms
using the following result stated in [5] and improved in [6]:

Proposition 6.1 For the polynomial data arrival law given by relation (1), let

A be any P -processor d-algorithm with time complexity 
(N�), � > 1. If A
terminates, then its running time is upper bounded by a constant T that does

not depend on n but depends on S0(1; P ). 2

This result establishes a maximum running time for a d-algorithm, given a
maximum available number of processors. Moreover, the triangle in �gure 1
may be easily scaled, when the conditions (that is, the number of processors
or the characteristics of the arrival law) change. However, one should �nd a
consistent way of representing the shape of the data arrival law (on the edge
BC).

7 Conclusions

We started this paper by o�ering a characterization of c-algorithms, while pre-
senting at the same time a general method to build an optimal c-algorithm
starting from a dynamic algorithm. The analysis was completed by reducing it
to the theory of d-algorithms. As a consequence, it was found that the speedup
theorem does not hold for the class of c-algorithms (corollary 4.2). This result
provides yet another class of problems that contradict this theorem. Moreover,
the moving objects paradigm of section 6.1 suggests that there are many more
real-time computations in which the speedup theorem no longer holds.

On the other hand, the usual measure employed in evaluating parallel al-
gorithms (namely, the speedup and related measures), proved to be of less use
in a real-time environment, where the characteristics of the input arrival law
constitute an important parameter, that the speedup measure fails to consider.
Therefore, we proposed in section 6 a new way of representing the performances
of real-time parallel algorithms, which is simple, intuitive, and capable of cap-
turing all the relevant parameters of the computation, while showing how they
vary with respect to (and in connection with) one another. We believe that the
main open problem introduced by this paper is to provide a thorough analysis
of the properties and uses of such a representation, which may put in a new
light the analysis of parallel real-time algorithms.

Another open problem is the updating asynergy phenomenon de�ned in sec-
tion 5. Even though we may tend to believe that, except for the trivial case, the
update asynergy is inherent, it is important to recall that the parallel asynergy
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theorem4 stated in [4] was later invalidated, at least for real-time processing, in
[1, 2, 5, 8] and in this paper. Until this updating asynergy is proved, algorithm
designers who build algorithms to be used in the real-time framework analyzed
in this paper should consider the possibility of handling many corrections at
once, since such an approach has both a theoretical and practical use: From the
theoretical point of view, the updating asynergy may be proven false in this way,
while in practice such an approach may lead to faster c-algorithms, as shown in
theorem 4.8.

Note that the graph processing c-algorithms may prove very useful in prac-
tice, due to the development of mobile computing. Right now, if a host is
moving, the rerouting of the packets addressed to that host is accomplished
through procedures like tunneling [14]. Such procedures|while having the ad-
vantage of being computationally inexpensive| lengthen the communication
chain and may lead to an increase in network tra�c. On the other hand, it may
be interesting to investigate algorithms that recompute the routing tables on
the y, since we believe that a large number of mobile hosts may lead otherwise
to tra�c congestion. It is immediate that one of the possible paradigms that
accommodates such a process is the theory of c-algorithms on graphs. Note that
two solutions to such a problem have been proposed in [11], where simulation
results were presented. One can obtain analytical results by applying the results
in this paper to the problem presented in [11].

We analyzed only one of the multiple real-time paradigms that can be
imagined. As mentioned in section 1, another useful paradigm of this type
is presented in [8], namely, the maintenance algorithms (or m-algorithms),
whose study is based on the theory of d-algorithms. Since our paper reduced
the analysis of c-algorithms to that of the d-algorithms, the extension of c-
algorithms to something that may be called maintenance correcting algorithms
(mc-algorithms?) is immediate and hence it is not presented here.
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