A linear conjunctive grammar for
the circuit value problem

Alexander Okhotin
okhotin@cs.queensu.ca

Technical report 2002—-460

School of Computing, Queen’s University,
Kingston, Ontario, Canada K7L 3N6

September 2002

Abstract

In this paper we show that the P-complete language of yes-
instances of Circuit Value Problem under a certain supplied encoding
can be generated by a linear conjunctive grammar.
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1 Introduction

Conjunctive grammars, introduced in [1], are context-free grammars aug-
mented with an explicit intersection operation. Linear conjunctive grammars
are a subclass of conjunctive grammars defined by the same kind of restriction
imposed on the body of rules as used to obtain linear context-free grammars
out of general context-free.

A linear conjunctive grammar is defined as a quadruple G = (X, N, P, S),
where X is the alphabet of terminal symbols, NV is the set of nonterminal
symbols, S € N is the start symbol, and the rules from P are of the form

A— ulBlvl& Ce &uan’Un (n 2 1) (1&)
A — w, (1b)

where A, B; are nonterminal symbols and w;, v;, w are terminal strings. The
conjunction has semantics of set-theoretic intersection of the languages gen-
erated by the individual strings. The language generated by a grammar is
formally defined by a means of derivation, in which a nonterminal can be
rewritted with a body of a rule enclosed in parentheses, and a conjunction
of several identical terminal strings enclosed in parentheses can be rewritten
with one such string without the parentheses. The language family gen-
erated by linear conjunctive grammars includes many nontrivial (and non-
context-free) languages, such as {a"0"c" | n > 0}, {wew | w € {a,b}*} [1],
{ba?ba’d . .. ba*~2ba?"b|n > 0} {(we)®~tw|w € {a,b}*} or the language of
all computations of a given Turing machine [3].

Linear conjunctive grammars are known to be computationally equivalent
to triangular trellis automata (also known as real-time one-sided cellular
automata) [5], which we will define as a quintuple M = (3, Q, I, 0, F), where
> is the input alphabet, () is a finite nonempty set of states, I : ¥ — (@ is
a homomorphism that maps each symbol of the input alphabet to a single
state, and the string of states I(w) € X7 forms the initial configuration of
the automaton on an input string w € X%, 6 : Q x Q — @ converts a pair of
states into a single state, and is used to transform a configuration

(QDQQana"'?qnfl;qn) (2&)

to a configuration

(6(q15G2),0(q2,G3); - - -, 6(Gn—1,Gn)), (2b)



which is being done until the string shrinks to one state, when the member-
ship of this single state in F' determines whether the input string is accepted.
The result of the computation on a string of states a € QT is denoted as

A(a), and consequently the language generated by a triangular trellis au-
tomaton M = (X,Q, 1,4, F) is

L(M) = {w|w e =, A(I(w)) € F} (3)

Some theoretical properties of linear conjunctive grammars have been
worked out in [3, 5]. The membership problem for linear conjunctive gram-
mars (as well as that for general conjunctive grammars) is known to be
P-complete [2]. In this paper we obtain a somewhat related and quite sur-
prising result that not only they have a P-complete membership problem,
but some P-complete languages can in fact be generated by particular linear
conjunctive grammar. This is being done by constructing a linear conjunctive
grammar for Circuit Value Problem (CVP), the basic P-complete problem.

2 The problem and its encoding

Let (Cy,...,Cy) (n = 1) be a circuit with inputs xy,...,2, (m > 1),
where each gate C} is one of the following:

1. An input z; (1 < i < m);

2. Negation of a preceding gate: =C; (i < k)

3. Conjunction of two preceding gates: C; A C; (i < j < k),

4. Disjunction of two preceding gates: C; V C; (i < j < k).

The gate C), is called the output of the circuit.

The Circuit Value Problem (CVP is stated as follows: given a circuit and
a Boolean vector of input values (o7, ..., 0,,), determine, whether the circuit
evaluates to true on this vector. The pair (circuit, vector of input values) is
called an instance of CVP.

Let us develop one particular encoding for instances of CVP as strings
over a finite alphabet. We shall use the alphabet

Y= {(I, b, Cryc/\vCV7Cw7cwﬁan07Cwl}7 (4)

in which:



e the symbol a is used to specify the total number of gates in the circuit
in unary notation;

e the symbol b is used to refer to the gates of the circuit by writing their
numbers in unary notation;

e ¢, is a read command;

e ¢, and ¢, are commands for computing conjunction and disjunction
respectively;

44

e ¢, means “write”;

e ¢, means “write negation”;
e ¢, and ¢, mean “write zero” and “write one” respectively.

Let ({z1,...,2n}, {C1,...Cy}) be an instance of circuit value problem.
For each gate Cy, define its literal representation w(Cy):

k—1 :
w(Co=a)={ poo 15 (50)
W(C = CiAC)) = b e e b e, (i< < k) (5b)
w(Cl, = C; Vv C)) =b" e e b e, (i< < k) (5¢)
w(Cp, = —C;) =b"1e b e, (i< k) (5d)

It should be mentioned that |w(Cy) = k| for every k-th gate of any of the
four types (5).

Finally, define the literal representation of the whole instance of the prob-
lem as

W(C) ... w(C) € X (6)

Example 1. Consider the circuit {C; = x1,Cy = x9,C35 = C1 A Cy,Cy =
-Cy,C5 = C3 VvV Cy} depending on the variables x1,xs, which is given in
Figure 1. It can easily be checked that the circuit implements implication
fz,29) = 29 — 1.
The literal representation of the gates C3, Cy and Cj5 does not depend
on the input, and is w(Cs = C1 A Cy) = ¢ cpcy, w(Cy = =Cs) = beybey,,
(05 03 V 04) = bbCrC\/Cw



Figure 1: A sample circuit implementing f(x1,z2) = x93 — 1.

For given values of x1 and x5, the literal representation of the first two
gates is w(Cy = x1) = Cyoy, W(Co = T3) = bCyo,, and consequently the whole
instance of CVP will be represented as

AAAAA Cypgy DCpay CrCpCy DCDCy— bBC.CyCy (7)

The encoding of CVP presented in this section is somewhat different
from the traditional encoding: first, the numbers of gates are usually given
in binary notation; second, the vector of input values is usually given once
and input variables can be used more than once. While there is obviously no
loss of generality in the assumption that each input value is explicitly used
only once, it is necessary to justify that the problem remains P-complete
under the encoding that uses unary notation to represent the numbers of
gates.

It can be easily shown that there is no exponential blowup in the transition
to the unary notation, because the numbers notated refer to the numbers
of the gates, and thus are bounded by the size of the input; consequently,
the descriptions of circuits using binary notation can be converted to unary
notation with no more than quadratic blowup, and this conversion can be
easily done in logarithmic space, which proves that the language of yes-
instances of CVP under the given encoding is a P-complete language.



3 Checking the syntax

The first thing to do is to check whether the given string is syntactically
correct — i.e., whether it represents an instance of CVP encoded using the
method of Section 2. This task is already less trivial than could be expected,
because even this language is non-context-free (indeed, if we suppose that

it is context-free, then its homomorphic image under h(every symbol) = a,
which equals {a"w;r3> | n > 1}, is also context-free, which is known to be

untrue).
We have to check that the string is of the form (6), or, equivalently, of
the form

a”u1u2 v Uy, (8>

where every wuy is a string of exactly k£ symbols of the form

b* Cuos (9a)
b i, (9b)
b c b cypm, (9c¢)
b*c.b*cpb e, or (9d)
b*c,b*cyb ey, (9e)

The last (and only the last) symbol of each wuy is one of {cy, Cy—, Cuwo, Cut
and is called the write command of the gate.

The set of valid literal representations of circuits can be defined induc-
tively: a string w € X* is a syntactically correct description of a circuit if
and only if

e (Basis) w equals acyg or acy.
e (Induction step) The string w can be factorized as
w=a"w (n=2; u,ve(X\{a}) |v]=n), (10)

where u ends with a write command, v is of the form (9) and a" 'u € ©*
is a syntactically correct description of a circuit.

It is not hard to construct a linear conjunctive grammar that will generate
the set of strings conforming to this definition:
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Figure 2: Checking the syntax by a linear conjunctive grammar.
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S — a Count Syrite & a Check  (Swrite € {Cw0s Cwl, Cuomsy Cu })

S — Q Swdigit (Swdigit € {Cw(]a Cwl})

Count — a Count Sinside (Sinside € {b7 Cv; Cuns Cr})
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_ =
(IO
<IR=>

—
p—
o,

Count - Sklp Swrite (Swrite S {Cw(b Cw1, Cw—, Cw})

Skip — Skip Snot-a  (Snot-a € {0, Cvy Cuny Cry Cuw0y Cuts Curmy Cu }) 11le
Skip — €

Check — Checky cyo | Checky ¢y | Checks ¢y | Checks ¢y, (11g
Checky — Checky b | S (11h

Checky — Checky b | Checky cr
Checks — Checks b | Checky ¢y | Checks ca
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—_ =
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The start symbol S generates the set of syntactically correct circuit de-
scriptions using the rules (11b) to define the one-gate circuits ac,o and ac,;
(basis of induction above), and the inductive rules (11a) that implement the
factorization (10), with the nonterminal Count comparing the number of
symbols in the last gate to the number of prefix a’s and afterwards using the
nonterminal Skip to throw out the rest of the string, and with the nontermi-
nal C'heck simulating a finite automaton to determine whether the last gate
is of the form (9), and once the whole of the gate has been read, calling the
nonterminal S to determine whether the last n — 1 a’s and the first n — 1
gates form a correct description of a circuit.

The operation of this grammar is illustrated in Figure 2, where the gray
cells denote the write commands from the set {c,, Cy—, Cwo, Cut }-



4 Computing the value of a circuit

In this section we solve another problem: given a description of a circuit
and assuming that it is syntactically valid, determine whether it evaluates
to 1. It turns out that this task can be solved by a triangular trellis automa-
ton; such an automaton will be constructed in this section.

S
(%) -+ () C1 C, T Cn
Figure 3: Overview of the computation on a circuit description

a"w(Ch)...w(Cy).

Before presenting a formal construction of the automaton, let us explain
the main idea of the construction. The information flow in the automaton’s
computation is outlined in Figure 3: the gray band formed by n diagonals
starting from the prefix a™ of the whole input string of length O(n?) is used
to store the computed values of the gates, and the description of every gate
is used as a microprogram implementing a single assignment statement. The
value of i-th gate of a circuit w = a"w(Cy) ...w(C,) is stored in the diagonal
corresponding to the (n—i-+1)-th symbol a; initially it is set to “?”, and once
the value of the gate is computed (exactly at the point A(I(a’Cy...C}))),
the diagonal keeps reproducing this computed value (0 or 1) till the end of
the computation; the consequent gates have a read-only access to this value.

Let us consider how the individual gates work, using a conjunction gate
Cr=C; NC; (i < j < k) as an example. Figure 4 shows some middle point



Figure 4: Operation of an individual conjunction gate Cj, = C; A Cj.

of the gray band of circuit values, corresponding to the gate Cj. At this
point the values of the gates C1, ..., C)_1 have already been computed, and
the area shown in the figure is expected to use these values to compute the
value of C}.

The literal representation of the gate Cy,

b le, /e b ey, (12)

could be, as mentioned above, viewed as a microprogram implementing the
assignment statement Cy, = C; A C;. The substring b '¢,, ¢ symbols long, is
used to find the value of the gate C; in the gray band and to remember its
value. The substring ¥ ~"!c, seeks the diagonal corresponding to the gate
Cj, at the same time carrying the value of the gate Cj; its last symbol c,
instructs the automaton to read the value of the gate C; and to compute
its conjunction with the remembered value of the gate C;. This value is
carried on by the substring b*~7~'¢,,, which finds the gate Cj, and replaces
the question mark there with the computed value C; A Cj.

Let us now construct a triangular trellis automaton to perform this kind



of computation. Define M = (X, Q, 1,9, F'), where the set of states @ is

{?7 07 1} X({_7 T, \/7 /\7 U)O, w17 w—, w} U {\7 \07 \17 /7 /07 /1} U{u})
Digit h C m di ’ A ro
igi ommands ITOWS

(13)
The first component of every pair, the digit, can be 0 or 1 only in the diagonals
forming the gray band in Figures 3 and 4, once the value of the corresponding
gates is computed (shown in dark gray in these figures); all other cells have
? as the first component.

The second component can be a command, an arrow or space. The eight
possible commands originate from the input symbols b, ¢, ¢y, ca, Cuos Cot,
cw— and ¢, respectively; they are propagated in the left direction until ex-
ecuted, where execution results in conversion to an arrow or in alteration
of a digit in the diagonal. The arrows organize the data flow necessary to
execute commands: their intended direction is upward, but since triangular
trellis automata do not support direct upward communication, it is being
implemented by a pair of a left-up and a right-up arrow. An arrow can
optionally carry some value, obtained by an earlier read command, a con-
junction command or a disjunction command, and intended to be used by
some later conjunction, disjunction, write or write negation command. The
states with a space as a second component are called the unmarked states and
do not have any task to perform besides holding the digit and propagating
it to the right; these states can only appear in the diagonals corresponding
to the values of the gates.

We shall use the following compact notation for the states from Q:

e The states of the form (?,command) will be denoted by the name of
the command alone — i.e., w— means (7, w—).

e The states that have space as the second component will be denoted
by the first component alone: 7, 0 and 1 mean (?7,.), (0,.) and (1,.)
respectively.

e The states of the form (0, command) and (1, command) will be denoted
as the number with the name of the command as a subscript: 0, means
(0,A) and 1,0 means (1, w0).

e The states that have an arrow as the second component will be denoted
with their second component as a superscript: 0" and 1Y mean (0, /)
and (1,\0) respectively.

10



A state is called an activator if one of the following holds: (i) it is an
unmarked state, (ii) it is marked with a right arrow, or (iii) it holds the digit
0 or 1, and it is marked with a write command (w0, w1, w or w—). The full
list of activators is {?, 0, 1, 00, Lwo, Owi, Luwis Ows lw, Oweay Lum, 277, 077, 17
27000170 271071 171,

The initial function I : ¥ — @ maps a to “?7, b to and every
command c_ to the state with the same name as the subscript of ¢ (e.g.,
I(cyo) = w0). The values of I are tabulated in Table 1.

w_»

input symbol | a| b |c. | ch|cy | Cw| Com | Cuo | Cot
I(input symbol) | 7| = |7 | A |V | w | w= | w0 | wl

Table 1: The initial function of the automaton.

Now let us specify the transition function of the automaton. For ever
y y
(¢,q") € Q x Q, define §(¢', q") as follows:

Reduplication of a digit If ¢’ is either an unmarked state or is marked
with a write command, while ¢” is either unmarked or marked with a
right arrow, then 0(¢’,¢”) is an unmarked state that inherits the digit
from ¢'.

Reduplication of a command If ¢’ is not an activator and ¢” is marked

with some command, then 6(¢, ¢") is formed by the digit from ¢’ and
by the command from ¢”.

Turning of an arrow If ¢” is marked with a left arrow — i.e., the second
component of ¢” is one of {\, 0,1} — then the second component
of (¢, ¢") is a right arrow loaded with the same cargo as the left arrow
of ¢”; the digit in §(¢’, ¢") is inherited from ¢'.

Execution of a command If ¢ is an activator and ¢” is marked with a
command, then

e If ¢” is marked with a write command (w0, w1, w or w—), then it
can be proved that the digit in ¢’ must be 7. Additionally, it can
be proved that if ¢” is marked with w or w—, then ¢ is marked
with a right arrow carrying a digit.

The state 6(¢/, q"”) is then defined as
1. (0, o), if ¢” is marked with w0;

11



2. (1, ), if ¢ is marked with w1;

3. (the digit on the arrow in ¢/, .), if ¢” is marked with w;

4. (negation of the digit on the arrow in ¢/, .), if ¢” is marked
with w—;

Note that this is the only case when the digit in §(¢, ¢”) differs
from the digit in ¢'.

If ¢” is marked with a read command r, then d(¢’, ¢") retains the
digit from ¢’ and is marked with a left arrow carrying the same
digit from ¢’ —i.e., (¢, ¢") can be 0°\° or 1! depending on ¢/

If ¢" is marked with a dash command (meaning “proceed to the
next row” ), then 0(¢’, ¢”) retains the digit from ¢’ and

— if ¢/ is marked with a right arrow carrying some digit, then
0(q',q") is marked with a left arrow carrying the same digit.

— if ¢’ is marked with something else, then (¢, ¢") is marked
with a left arrow carrying nothing.

If ¢" is marked with a A or V command, then it can be proved that
¢ is marked with a right arrow carrying a digit. 6(q’,¢”) retains
the digit from ¢’ and is marked with a left arrow carrying the digit
computed by the command:

— If ¢” is marked with A command, then (¢, ¢"”) is marked
with the conjunction of the first component of ¢’ and the digit
carried by the arrow in ¢'.

— If ¢” is marked with vV command, then (¢, ¢"”) is marked
with the disjunction of the first component of ¢ and the digit
carried by the arrow in ¢'.

The values of the transition function ¢ constructed in accordance with these
rules are given in Tables 2 to 10 on pages 14 to 19 (the whole 45 x 45 table
is too large to fit in a single page, and is therefore splitted into nine tables).
The empty cells in these tables are the transitions left undefined; they can
be set arbitrarily, because it can be proved that they are not accessible on
any syntactically correct input.

The sole accepting state is (1,.), or 1 in the short notation.

Consider the circuit from Example 1 in Section 2 (see Figure 1), and let
21 = 1 and x5 = 0. Then the corresponding instance of CVP, illustrated in

12



(b) (©) (d) (e)

C, C, C.9? C, C,® C, C?

Figure 5: Sample circuits.

Figure 5(a) is encoded as
aaaaa Cyy DCyo CrCaCy bCrbey— bbeycycy (14a)

and the computation of the automaton on the string (14a) is given in Figure 6
on page 18; this is an accepting computation, because 1 is an accepting state.
It is easily seen that the computations of the same automaton on the four
substrings of (14a) that also denote circuits,

aaaa Cyy bCyo CrCaCy bCrbey— (14b)
aaa Cyi bCwo CrCACy (14c)
aa Cyi bCywo (14d)

a Cy1 (14e)

are included in the computation on (14a) (as in Figure 6) as “subcomputa-

tions”. It can be observed that the automaton accepts the circuit descriptions
(14b) and (14e) (these circuits are illustrated in Figure 5(b,e)) and rejects
(14c) and (14d), given in Figure 5(c,d).

5 Putting things together

Having constructed a linear conjunctive grammar for the language of syn-
tactically valid descriptions of circuits (in Section 3) and a triangular trellis

13



— w0 wl AV r  ow w- N M N 2 20 9
? "™ 0 1 N NL N o0 o 27 270 21 9 ? ?
- — w0 wl AV r  w w-a 2 202
w0 — w0 wl AV r w wa 220 ? ?
wl — w0 wl AV o w wa 220 ? ?
A — w0 wl A \Y, r w w- 0
\Y, — w0 wl A V r w w0
r — w0 wl AV r  w w- 2 2702
w — w0 wl AV o ow w- 220 ? ?
w— — w0 wl AV r ow wa 220 ? ?
"N — w0 wl A \Y, r w w-o 7770
?2\0 — w0 wl A \Y, r w w0
NI — w0 wl AV r w w- 2702
N 01 N NN 2 g 2/ 20 9
20 MO0 1 MO NL N 1 77 270 21
PN g 1 NN N 1 g 7/ 270 9
Table 2: The transition function of the automaton, part 1 of 9 (? by 7).
0 0 Owo Owi Orn Oy 0, 0, 0, 0N 0N ONI 07 070 071
2 0?2 7N 0 1 NENL N o0 o 27 270 219 ? ?
— — w0 wl AV r  w wa 7 20
w0 — w0 wl AV o w w-a 7 20 N
wl — w0 wl A V r w  w- 0 A
A — w0 wl A V r w  ow- /0
V — w0 wl AV r w wa 7 270 2
r — w0 wl AV r w wa 7 20
w — w0 wl A VvV r w wa 0
w— — w0 wl A vV ooor ow w-a 0
"N — w0 wl A V r w  ow- /0
N0 — w0 wl AV r w wa 7 270 2
NI — w0 wl AV r  w wa 7 270
2/ "™ 0 1 MNENL N 9 0o 27 70 271
20 MO0 | AN AN AN | 1 27 270 2
?/1 INE0 1 !N N N ] 0o 7?7 /70 271

Table 3: The transition function of the automaton, part 2 of 9 (? by 0).

14




- 1, 1, 1. 1, 1. 1, 1, 1~ 1IN0 I~ 7 170 (1

? "™ 0 1 NNt o o0 o 27 20 209 ? ?
- — w0 wl AV r w wa 2 270 2

w0 — w0 wl AV r w wm 20 29 ?
wl — w0 wl AV o w wo 20 29 ?
A — w0 wl A V r w  ow- 0

\Y, — w0 wl A V r w  ow- 0

r — w0 wl AV r w wa 7 270 2

w — w0 wl AV r w wm 0T 29 ?
w— — w0 wl AV o ow wm 2029 ?
"N — w0 wl A V r w o ow- 0
?2\0 — w0 wl A V r w  w- 0 A
NI — w0 wl AV r w wa 7 270 2

2/ ™0 AN AN AN o 7 70 271
20 A | AN AN AN 1 27 270 2
2/1 ML | AN AN AN | 0o 7 70 271

Table 4: The transition function of the automaton, part 3 of 9 (? by 1).

— w0 wl AV or  w ow—m N N0 NL 27 20 9

0 0N 0 1 0N Nt N0 00 0 o7 00 0ot 0 0 0
0_ 0_ 0w Owi Or Oy 0. 0pb O, 07 07° 07

0w0 0N 0 1T N oNE 0N 00 0 07 070 0t 0 0 0
Ow1 o 0 1 0N Nt N0 o970 0 o7 0% 0t 0 0 0
On O_ Owo Owi Orn Oy 0, 0pb O0,. 07 07° 07

Oy 0_ Owo Owi Orn Oy 0, 0pb 0, 07 07° 07

0, 0_ Owo Owi Orn Oy 0, 0pb O, 07 07° 07

0w 0N 0 1 0N N 0N 00 0 07 00T 0 0 0
0y o 0 1 0N oNE 0N 00 0 07 070 0t 0 0 0
0N O_ Owo Owi Orn Oy 0, 0pb O0,. 07 07° 07
OO 0_ Owo Owi Orn Oy 0, 0ph 0, 07 07° 07
Ot 0_ Owo Owi Orn Oy 0, 0pb O, 07 07° 07

0/ 0N 0 1 0N Nt oNO 9 0o 07 07° ot
00 oNo 0 1 ONO N0 N0 1 07 09 ot
01 oNt 0 1 0N ot N0 1 0o 07 07° ot

Table 5: The transition function of the automaton, part 4 of 9 (0 by ?).

15




0 O- Owo Owr O0n Oy 0, 04 04 0N 0N 0N 07 070 071
0|0 0N 0 1 0N ot 0N 00 0 07 0% 0t 0 0 0
0_ 0_ Owo Owi On Oy 0, 0p O0pn 07 070 07
Owo |0 0N 0 1 0N 0Nt 0N o0 0 07 079 0t 0 0 0
0w |0 O 0 1L 0N 0Nt 0N 00 0 07 0 0t 0 0 0
On 0_ Owo Owi On Oy 0, 0p Opn 07 070 07
Oy 0_ Owo Owi On Oy 0, 0p O0pn 07 070 07
0, 0_ Owo Owi On Oy 0, 0p O0pn 07 070 071
0w [0 O 0 1 0N 0Nt 0N o0 0 07 079 0t 0 0 0
Ow- |0 0N 0 1 0N 0Nt 0N o0 0 07 079 0t 0 0 0
0 0_ 0w Owi 0n Oy 0, 0, 0, 07 07° 07
0™N0 0_ Owo Owi On Oy 0, 0p O0pn 07 070 07
(DS 0_ Owo Owi On Oy 0, 0p O0pn 07 070 071
07| 0N 0 1 0NN 0N 2 0 0/ 070 0
0% 0N 0 1 0N 0N 0N o 1 0/ 00 o
01 0N 0 1 0N 0N 0N 1 g 0/ 00 o
Table 6: The transition function of the automaton, part 5 of 9 (0 by 0).

1 1. 1, 1, 1, 1, 1, 1, 1,0 I~ 1IN0 1N 17 170 11
0 [0 O 0 1 00 ot 0N 00 0 07 079 0t 0 0 0
0_ O- Owo Owi On Oy 0, 0p 04 07 070 071
0wo |0 0N 0 1 0N N 0N 079 0 07 00 0Y 0 0 0
Ow1 |0 0N 0O 10N 0Nt 0N 00 0 07 0% 0t 0 0 0
On 0_ Owo Owi On Oy 0, 0p O0pn 07 070 07
Oy 0_ Owo Owi On Oy 0, 0p O0pn 07 070 07
0, 0- Owo Owi On Oy 0, 0p O0p. 07 070 071
Op [0 0N 0 1 0N 0N 0N 0% 0 07 0707 0 0 0
Ow- |0 O 0 10N 0Nt 0N 00 0 07 0 0t 0 0 0
(I 0_ Owo Owi On Oy 0, 0p Opn 07 070 07
0™\0 0_ Owo Owi On Oy 0, 0p O0pn 07 070 071
(DS 0_ Owo Owi On Oy 0, 0p 04 07 070 071
0 0N 0 1 0N0 ot 0N 2 0 07 07 0t
070 0N 0 1 0N0 N0 N0 0 1 07 070 ot
01 Nt 0 1 0N0 o™t 0N g 0o 07 07° ot

Table 7: The transition function of the automaton, part 6 of 9 (0 by 1).
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— w0 wl A vV r w ow- TN N0 NL 9 20 91
1 N0 1 I N AN oY o 17 10 1T 1 1
1_ 1o 1yo lur 10 1y 1, 1, 1l,o 17 170 17t
Lwo N0 1IN AN ANt o0 o 1 10 1t 1
Lyt N0 1IN NN 0 9 1/ 10 1T 1 1
I 1- 1w lur 10 1y 1, 1, 1, 17 170 17t
1y 1- 1w lyr 10 1y 1, 1, 1, 17 170 17t
1, 1- 1w lur 10 1y 1, 1, 1l,o 17 170 17t
1y N 0 1IN AN ANt o0 o0 1 10 1t 1
Lo N0 1IN AN ANt o0 o0 1 10 1t 1 1
JIN 1- 1w lyr 10 1y 1, 1, 1, 17 170 17t
N0 1- 1o lur 10 1y 1, 1, 1, 17 170 17t
Nt 1- 1w lux 10 1y 1, 1, 1,o 17 170 17t
17 N0 1IN AN ANt 2 o0 1) 10t
170 N o 1 1IN N Nt o 1 1S 10t
171 IN 0 1T INE INE N g 0o 17 170 11
Table 8: The transition function of the automaton, part 7 of 9 (1 by 7).

O Owo Owi Or Oy 0, 0, O0,. 0N ON0 0N 07 00 071
1 N0 1 I 1IN 1IN oY o 1710 1T 1T 1
1_ 1o 1o Ly 1.0 1y 1, 1, 1, 17 170 17t
Lo /N | T N O I (L | R s P P S B |
Lot N0 1IN INE N o0 o0 1 10 1T 1
I 1- 1w lur 10 1y 1, 1, 1l,o 17 170 17t
1y 1o 1w lur 10 1y 1, 1, 1l,o 17 170 17t
1, 1o 1y Ly 10 1y 1, 1, 1, 17 170 17t
1y N0 1IN NN o0 o0 1 10 1t 1
L N0 1IN INE N o0 0 1 10 1t 1T 1
JIN 1o 1w lor 10 1y 1, 1, 1, 17 170 17t
N0 1- 1w lur 10 1y 1, 1, 1l,o 17 170 17t
Nt 1o 1y Ly 10 1y 1, 1, 1,0 17 170 17t
17 N0 1IN N ANY 2 o 1 10t
179 N0 1IN0 N NE 1 17 170 1
171 N0 1IN N N 1 0 1) 10t

Table 9: The transition function of the automaton, part 8 of 9 (1 by 0).
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Figure 6: Sample computation of the automaton for CVP.

automaton that determines whether such a syntactically valid description
denotes a circuit evaluating to one (in Section 4), we can easily notice that
the intersection of these two languages is exactly the language of yes-instance
of CVP under the encoding used. Now the results on computational equiv-
alence of linear conjunctive grammars and triangular trellis automata [5],
together with the closure of the languages they generate under intersection
3], directly imply that this P-complete language is generated by a certain
linear conjunctive grammar, or, equivalently, accepted by a certain triangu-
lar trellis automaton. A complete linear conjunctive grammar for CVP is
provided in Appendix A, and all strings of length less than 20 generated by
this grammar are listed in Appendix B.

The result of this purely technical paper, besides partially satisfying our
curiousity about the generative capabilities of linear conjunctive grammars,
has numerous theoretical implications, which will be discussed in an upcom-
ing article.
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1 1- 1w L1 In 1y 1, 1, 1,. 1N 1IN0 INT 17 10 17
1|1 1 0o 1 I 1IN 1IN o o0 1710 1T 11 1
1_ 1= lyo lwn 14 1, 1, 1, 1,. 17 170 171
lyo |1 1IN 0 1 1IN N Nt 970 o 17 170 71 1 1
Lo |1 1IN 0 1 1IN N Nt 70 o 17 170 Y 11 1
I 1o 1lywo lwx 1, L, 1, 1, 1,. 1/ 170 17
1y 1= lyo len 14 1y 1, 1, 1,. 17 170 171
1, 1= lyo lwr 14 1, 1, 1, 1,, 17 170 171
I, [T 1N 0 1 1IN 1IN ANt o0 o 17 170 1711 1 1
oo |1 1 0 1 1IN IN 1N o0 o 17 170 17011 1

17 170 171

loo 1 1
1\0 1. lyo lur 14 1, 1, 1, 1,0 17 170 11
lyo 1 1 7 179 11

w0 w r w
17 N 0 1IN INE INL 9 0o 17 170 17t
170 N0 0 1 1N INE O INL 1 17 170 1
171 N0 1INt INE N g 0o 17 170 11

Table 10: The transition function of the automaton, part 9 of 9 (1 by 1).

A A complete grammar for CVP

The following linear conjunctive grammar is comprised of the grammar
defined in Section 3, the grammar produced out of the automaton constructed
in Section 4 using the methods of [5] (the only deviation from the methods
of [5] is in that some entries of the transition table of the original automaton
were left undefined, and no rules corresponding to these entries were created;
this helped to make the grammar a somewhat shorter, without altering the
language it generates), new start symbol S with a single rule S — S'&S”,
which effectively forces both the syntactical and semantic conditions to hold
at the same time.

The set of terminal symbols is 3 = {a, b, ¢,, ca, ¢y, Cw, Cumy Cu0s Cu1 - The
set of nonterminals is the union of {S}, {S’, Count, Skip, Check, Check;,
Checks, Checks} and {S”, 7,0, 1, —, 0_, 1_, w0, Oyo, Lo, w1, Op1, Ly1, A,
On, 1n, V, Oy, 1y, 7, O, 1, w, Oy, 1y, Wy Opey Lon, 20, 00N, 10N, 200 0N
1IN NN AN 2 0 17, 20 070 170 27 07t 171 the total
number of nonterminals is 1 + 7+ (45 + 1) = 54.

The set of rules contains the 1+(6-+8+9+11)+(14+1665-9%) = 134901 rules
listed below; it should be noted that the overwhelming majority (1665 -9?) of
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these rules were obtained using a formal transformation, and most of them

can be shown to generate the empty language. Consequently, the grammar
presented in this appendix can be considerably simplified.

S — S'&S"
S" — a Count cywo & a Check
S’ — a Count cyw1 & a Check
S" — a Count cy— & a Check
S’ — a Count cyw & a Check
S — a cyo
S’ — a cw1
Count — a Count b
Count — a Count cy
Count — a Count cya
Count — a Count c,
Count — Skip cwo
Count — Skip cy1
Count — Skip cy—
Count — Skip cy
Skip — Skip b
Skip — Skip cv
Skip — Skip cwn
Skip — Skip cr
Skip — Skip cwo
Skip — Skip cw1
Skip — Skip cw-
Skip — Skip cw
Skip — €
Check — Checky cywo
Check — Check1 cy1
Check — Checka cy—
Check — Checks cy
Checky — Checki b
Checky — S’
Checks — Checks b
Checks — Checky cr
Checks — Checks b
Checks — Checka cv
Checks — Checka ca

S//_)l

?7—s?%?t (Vs,te€X)
?—s0&?t (Vs,t€X)
?—s1&?t (Vs,t €X)
™ s —&?t (Vs,t€X)
"™ = s0_&?t (Vs,t€X)
™ s 1_&?7t (Vs,t€X)
0— s w0&?t (Vs,teX)
0— s 0ypo&?t (Vs,teX)
0— s lywo&?t (Vs,teX)
1—swl&?t (Vs,te€X)
1—50,1&?7¢ (Vs,t€X)
1—51p&?t (Vs,t€X)
™ s A&7t (Vs,tEX)
™ s 0a&?t (Vs t €X)

™ s 18&?t (Vs,t €X)
™ s V&Pt (Vs tEX)
™ s 0v&?t (Vs,t €X)
™S s1&?t (Vs tEX)
™ S sr&?t (Vs t€X)
"™ = 50,&?7t (Vs,t €X)
™ S5 1,&7t (Vs,t€Y)
27 = sw&?t (Vs t €X)
727 = 5 0,&?t (Vs,t €X)
77— s 1,&?t (Vs,t €X)
0—sw&?t (Vs,teX)
0—s0u-&7t (Vs,te€X)
0— s ly-&?t (Vs,t€X)
77 s TN&?t (Vs,tEX)
27 = s 0N&?t (Vs,t €X)
27 s 1N&?t (Vs,t €X)
20 s N2t (Vs t €X)
20 5 s0N&?t (Vs,t€YX)
20 55 1N0&?t (Vs,t €X)
27 s TNt (Vs t €X)
270 5 s 0N&?t (Vs t €Y
27 s 1INt (Vs,t€X)
? 55?77 &?t (Vs,t€X)
?-5507&?t (Vs,tEX)
?7-s517&2t (Vs,t €X)
?7—5?720&?t (Vs,t €X)
?7 =50 0?7t (Vs,tEX)
?7 55102t (Vs,t€X)
?—s5?271&?7t (Vs,t €X)
? =5 s5071&?t (Vs,t €X)
?—s5171&?t (Vs,t €X)
05?0t (Vs,t€)
0—-s0&0¢t (Vs,te€X)
0—51&0t (Vs,t€Y)

0N -5 —&0t (Vs,tEX)
0N —s50_&0t (Vs,tEX)
0N —s51-8&0t (Vs,tEX)
0— sw0&0t (Vs,teX)

0 — 5 04,0&0t (Vs,t€X)
0— s 1lwo&0t (Vs,teX)
15> swl&0t (Vs,teX)
1—50,&0¢t (Vs,t€X)
1> 51y&0t (Vs,teXD)
0N =5 AN&Ot (Vs,tEX)
0N — 5 0A&0 ¢t (Vs,t€X)
0N — 5 1,&0t (Vs,t€X)
0N — s V&0t (Vs,t€X)
0N — 5 00v&0t (Vs,tEX)
0N — s 1y&0t (Vs,t €X)
0N = s r&0t (Vs,t €X)
0N = 50.&0t (Vs,t€X)
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0N - 51,&0t (Vs,tEX)
77— sw&0t (Vs,t€X)

77— 5 0,&0t (Vs,t €X)
77 =5 1,&0t (Vs,t €X)
0—sw-&0t (Vs,teX)

0—50p-&0t (Vs,t€X)

0—s1y-&0t (Vs,t€X)

07 = sN&0t (Vs,tEX)
07 = s0N&0t (Vs,tEX)
07 —s1N\&0t (Vs,t€X)
00 —s?70&0¢t (Vs,tEX)
00 = 50&0t (Vs,teEX)
00— s1°0&0t (Vs,t €X)
01 = s ?™N&Ot (Vs t €X)
0T - s 0N&0t (Vs,t €X)
0T - s 1N&Ot (Vs,t €X)
0—5?278&0t (Vs,t€X)

0—-507&0t (Vs,t€EX)

0—-517&0t (Vs,t€X)

0—s5?20&0t (Vs,t€X)
0—50708&0t (Vs,teEX)
0—s170&0t (Vs,t€X)
0—s5?271&0t (Vs,t€X)
0—s5071&0¢t (Vs,tEX)
0—s5171&0t (Vs,tEX)
1—-s5?2%1t (Vs,t€X)

1—-s0&1t (Vs,teX)

1—s1&lt (Vs,teX)

IN s —&1t (Vs,t€X)
1N 5 50-&1t (Vs,t€X)
1IN —s1_&1t (Vs,t€X)
0— sw&lt (Vs,teX)

0 — s 0ypo&lt (Vs,te€X)
0— s lyo&lt (Vs,teXx)
1—-swl&lt (Vs,t€X)

1—50p1&lt (Vs,t€X)
1—sly1&lt (Vs,t€X)
N s A&Lt (Vs t€X)
INL S s 0p&1t (Vs,t€X)
IN = s 17 &1t (Vs,t €X)
N s V&It (Vs tEX)
N S s 0v&1t (Vs tEX)
N S s 1v&1t (Vs,t €Y
N S sr&lt (Vs,t€X)
N 50,&1t (Vs,t€X)
N S s 1,&1t (Vs t€X)
27— sw&lt (Vs t €X)
77 = 5 0,&lt (Vs,t €X)
77— s 1,&lt (Vs,t €X)
0—sw&lt (Vs,teX)
0— s 0p-&lt (Vs,teX)



0— s ly-&1t

17— s MN&1 t
17— s 0N&1 ¢t
17— s 1IN&l t

(Vs,t € )
(Vs,t € 5)
(Vs,t € X0)
(Vs,t € %)

10— s 01t (Vs,t €X)
10 = s 0Nl t (Vs,t€X)
170 5 s 1N01t (Vs,t € %)
17— s ™N&Lt (Vs,t €X)
171 S s 0N &1t (Vs,t €X)
17— s IN&1t (Vs t €X)
1—-s27&1t (Vs,t€X)
1—-s507&1t (Vs,tEX)
1—-s517&1t (Vs,teX)
1—5?20&1t (Vs,t €X)
1—s50P&1t (Vs,t€X)
1—-s1 1t (Vs,t€X)
1—s?271&1t (Vs,t€X)
1—-s0&1t (Vs,t€X)
1—s17&1t (Vs,t€X)
——s —&—t (Vs,teX)
——s0_&—t (Vs,teX)
——sl &—t (Vs,teX)
w0 — s wo& — t (Vs,t € %)
w0 — s 0yo& — ¢t (Vs,t € X)
w0 — s lyo& — t (Vs,t € %)
wl - swl& — t (Vs,t €X)
wl — 5 0yp1& — t (Vs,t € %)
wl — s 1yi&—t (Vs,t €X)
N—s N&—t (Vs,teX)
AN—s0p & —t (Vs,teX)
/\—>Sl/\&—t (\V/S,tGE)
Vos V&—t (Vs,t€X)
Vo sOu&k— t (Vs,teY)
Vosly&—t (Vs,t €X)
r—osr&—t (Vs,teXx)
r—s0.&—t (Vs,t€X)
r—sl&—t (Vs,teX)
w—sw&—t (Vs,t €X)
w— s 0u&— t (Vs,teX)
w—sl,&—t (Vs,teX)
wo—sw&— t (Vs,t €X)
wo — s 0pw-& — t (Vs,t € %)
wo — s ly-&—t (Vs,t €3)
27 s M&—t (Vs,t€X)
27 s 00N&—t (Vs,tEX)
27 s 1N& -t (Vs,tEX)

270 5 s ?N0& — t (Vs,t €X)
270 5500 — t (Vs,t€X)
7270 551N — ¢t (Vs,t €X)
27 s ™N& — t (Vs,t €X)
27T s ON& — t (Vs,t€X)
271 s 1IN & — ¢t (Vs,t€X)
0- —s —&0_t (Vs,tel)

0- —s0-&0_t (Vs,teX)

0- —s1_&0_t (Vs,teX)

Owo — s w0&0_ t (Vs,t € X)
0wo — $ 0uo&0_ ¢t (Vs,t € %)

Owo — s 1ywo&0_ t (Vs,t € %)
Ow1 — s wl&0_ t (Vs,t € %)
Ow1 — 8 0p1&0— t (Vs,t € %)
Ow1 — 8 1p1&0_ ¢ (Vs,t € %)
Or — s N&O_t (Vs,t€X)
Or — s OA&O0_ t (Vs,t € X)
On — s In&O- t (Vs,t € X)
Ov —s V&0O_t (Vs,t€X)
Ov — s Ov&0_ t (Vs,t€X)
Oy — s 1\/&0_ t (VS,t S E)
0r = s1&0_t (Vs,t €X)

Or — 5 0,&0_ ¢t (Vs,t€)

0r — s 1,&0_t (Vs,t€X)
Ow — s w&0_ t (Vs,t € X)
Ow — s 0&0— ¢t (Vs,t €3)
Ow — s 1w&0_ ¢t (Vs,t € %)
Ow— — s wa&0_ ¢t (Vs,t € )
Ow— — s 0w—-&0_ ¢t (Vs,t € X)
Ow— — 8 1w-&0_ t (Vs,t € X)
07 = sN&0_t (Vs,tEX)
07 —s0N&0_t (Vs,tEX)
07 — s 1N&0_t (Vs,t€X)
00 = s N0&0O_t (Vs,t€X)
00 — 5 00&0_t (Vs,t€X)
00 = 51°0&0_ t (Vs,t €X)
01 — s ?N&O_t (Vs,t€X)
01 — s ON&O_ ¢t (Vs,t € )
0T — s IN&O_ t (Vs,t €X)
- —s —&l_t (Vs,t€X)
1- - s0_&1_-t (Vs,t€X)
1 —>sl1 &l_t (Vs,tex)
lwo — s w0&1_t (Vs,t € X)
1wo — s Owo&l_ t (Vs,t € E)
lwo — 8 lwo&l_t (Vs,t € X)
lyr — s wl&l_t (Vs,t € X)
1yl — s 0p1&l_t (Vs,t € %)
1y — 8 1y1&l_ t (Vs,t € E)
In—s A&l_t (Vs,tE€X)
In = s0A&1_t (Vs,t €X)
In—sla&l_t (Vs,te)
v —s V&I_t (Vs,t€X)
1\/ — S 0\/&1_ t (Vs,t c E)
v —=s1ly&l_t (Vs,t€X)
1, > sr&l_t (Vs,t€X)

1, > s0,&1_t (Vs,t €X)

1, > s 1,&1_t (Vs,t €%)
1y — sw&l_t (Vs,t€X)

lw — s 0w&l_t (Vs,t€X)
lw — s lp&l_t (Vs,t € X)
ly-—sw-&l_t (Vs,t €X)
lw— — 8 0p-&l_t (Vs,t €X)
Lo — s ly-&l_t (Vs,t€X)
17— s M&I_t (Vs,t €X)
17 = s 0N&I_t (Vs,tEX)
17 = s 1N&1_t (Vs,t€X)
10— s O&1_t (Vs,t€X)
170 - s 0N&1_t (Vs,t €X)
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1V s 1N0&1_ ¢t
171 s ™1t
171 s ON&l_t (Vs,t €D
171 s s 1INl ¢t (Vs,teX)
?7—s5%w0t (Vs,teX)
?— s 0&w0t (Vs,t€X)
?—s51&w0t (Vs,t €3)
——s —&wlt (Vs,teX)
— —s0_&uw0t (Vs,teX)
——s1_&uw0t (Vs,teX)
w0 — s wO&wO t (Vs,t € )
w0 — s Oyo&w0 t (Vs t € X)
w0 — s 1y0&w0 t  (Vs,t € )
wl — s wl&w0 t (Vs,t € )
wl — s 0p1&w0 t (Vs t € X)
wl — s 1y1&w0 t  (Vs,t € )
N—s N&wlOt (Vs,teX)
AN — s 0 &w0t (Vs,teX)
AN—s1p&w0t (Vs te€X)
V—os V&uwit (Vs teX)
V—s0v&wlt (Vs teX)
V—sly&wlt (Vs,t€X)
r—sr&wlt (Vs,te€X)
r—s0,&w0t (Vs,t€X)
r—s 1&uw0t (Vs,te€X)
w— s w&wl t (Vs,t € X)
w— s 0u&wl t (Vs,t € X)
w— s 1y,&wlt (Vs,t €X)
wo — s w-&wld t (Vs,t € X)
wo — 8§ 0pw—-&wl t (Vs,t € X)
wo — s Ly-&wl t (Vs,t € X)
727 = s MN\&uwOt (Vs,t€X)
77 s 00N&wlt (Vs,t €X)
727 = s 1IN&w0t (Vs,t €X)
270 - s ™0&uw0 t (Vs,t € %)
270 5 s 0Nw0 t  (Vs,t €X)
20 s 10wt (Vs,t €X)
271 s ™ &w0 t (Vs t € X)
)
)

(Vs,t € )
(Vs,t € %)
)

271 S s ON&wot (Vs t€X
271 s 1IN &wOt (Vs,t €D
? =572 &uw0t (Vs,t€X)
?7— 50 &uw0t (Vs,t€X)

? =517 7&uw0t (Vs,teX)
?—5?20&w0t (Vs,t€X)

?7 =50 P&w0t (Vs,tEX)

? =51 %&w0t (Vs,t €X)

?7 =572 &w0t (Vs,t€X)
?7— 50 &w0t (Vs,t€X)
?7 =51 &w0t (Vs,t€X)
0— s ?&040t (Vs,t €X)
0— s 0&0wo t (Vs,t €X)
0— s 1&0uwo t (Vs,t €X)

0N — s —&0u0t (Vs,t€EX)
0N — 5 0_&0yo t (Vs,t €X)
0N — 5 1_&0yo t (Vs,t €X)
0 — s w0&0yo t (Vs,t € X)

0 — s 0wo&0uwo t  (Vs,t € X)



0 — s 140&0wo t
1 — s wl&0yo t
1 — 8 0u1&0u0 t
1 — 5 14p1&040 ¢t
0N — 5 A&O0yo t
00 — 5 0A&0yu0 t (Vs,t €X)
0N — 5 1A&0u0 t (Vs,t € %)
0N — 5 V&0yo t (Vs t €X)
0N — 5 0v&0yu0 t  (Vs,t € X)
0N — s 1y&0y0 t  (Vs,t €X)
0N — 5 r&0u0 t (Vs,t €X)
0N — 5 0,&04,0 t (Vs,t €X)
0N — 5 1,&040t (Vs,t €X)
727 — s w&0uo t  (Vs,t € X)
77— 5 0p&0uwo t  (Vs,t €X)
27 = 5 1w&0wo ¢ (Vs,t € )
0— s w&0uo t (Vs,t € %)
0— s 0w—-&0uwo t (Vs,t € 3)
0— 8 1y-&0yuo t (Vs,t € %)
07 — 8 ?\&0ywo t (Vs,t € )
07 — s 0N\&0uo t (Vs,t €EX)
07 — s 1N\&0yo t (Vs,t €X)
00 = s 70800t (Vs,t€X
00 — 500800t (Vs,t€X
00 — 5 1™98&0y0 t
01 s ?\I&Owo t
071 = s 0N &0yo ¢ (Vs,t €X
0" = s 1N &0t (Vs,t €D
0—5?7"& 00t (Vs,tEX)
0— 507 &0t (Vs,t€X)
0—517&0u0 t (Vs,tEX)
0— 5?2000t (Vs,t€EX)
0 — 5 0708&04y0 t
0— 5 1708&0y0 t
0—s ?A&Owo t
0— 50 &0y0 t
t
(
(
(

(Vs,t € 2)
(Vs,t € )
(Vs,t € 2)
(Vs,t € )
(Vs,t € X)

)
)
(Vs,t € )
(Vs,t € X)
)
)

0— s 171 &0y0
1— s ?2&1u0t
1—s50&1lyot (Vs,t €X)
1—s1&lyot (Vs,tEX)

1N s —&lwot (Vs,t€X)
IN = s 0_&lyo t (Vs,t€X)
1IN =51 &lyot (Vs,t€X)
0— s wl&lyot (Vs,teX)

0 — s 0po&lyot (Vs,t€X)
0— s lyo&lwot (Vs,t€X)
1—swl&lyo t (Vs,t €X)
1— 5 0wi&luwot (Vs,t€X)
1 — s 1y1&1yo t (Vs,t (S E)
1IN S s A&Lywo t (Vs,t € )
IN = s Oa&lwo t (

N s In&lwo t (

IN = s V&l t (Vs,tEX)
N = s 0v&lwo t (

IN 5 1y &lyo ¢
1IN S s r&lyo t
1N = 5 0,&1y0 t

(Vs,t € )
Vs, t € )

(Vs,t € )
(Vs,t € X0)
(Vs,t € 3)

1IN & s 1,.&1wo t
727 = s w&lyo t

27— 5 0p&lyo t
27 = 5 lw&lwo t
0— s wa&lyo t

0 — 5 0w-&lyo t

0— s 1y-&I1yo t

17— 5 MW\ &lyo t
17— s 0N&1 o ¢
17— s 10N\&1yuo t
170 5 s 7N 10 t
170 - s 01,0t (Vs,t €X)
10 = s 1010t (Vs,t €X)
17— s ™ &1yt (Vs,t €X)
(
(

(Vs,t € 2)
(Vs,t € )
(Vs,t € )
(Vs,t € )
(Vs,t € X)
(Vs,t € 2)
(Vs,t € 2)
(Vs,t € 30)
(Vs, t € %)
(Vs,t € )
(Vs,t € %)

17— s 0N &1yt (Vs, t €X)
17— s 1N &1yt (Vs t€X)
1—5?2 &1yt (Vs,t€X)
1—50 &1yt (Vs,t€EX)
1—51 &Lyt (Vs,t€X)

1—-52%l,0t (Vs,teX)
1—50%&1u0t (Vs,t€X)
1—51 %1yt (Vs,t€X)
1—5?2 &1yt (Vs,tEX)
1—50 &1yt (Vs,tEX)
1 =51 &lyot (Vs,t €X)
?7—s?%&wlt (Vs,teX)
?7—s0&wlt (Vs,teX)
?7—s1&wlt (Vs,t€X)
——s —&wlt (Vs,tel)
— —>s0_&wlt (Vs,tel)
— sl &uwlt (Vs,teX)
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07 = s 0N&ON t (Vs,t €X)
07 = s IN&ON ¢t (Vs,t€X)
00 — 5 7N0&ON ¢ (Vs,t € )
00 — 5 0N0&ON ¢ (Vs,t € X)
00 — s 1N0&ONL ¢ (Vs,t € %)
01 — s ?N&ON ¢ (Vs,t € X)
0T — s ON&ON ¢ (Vs,t €X)
0 — s IN&ON ¢ (Vs t € X)
1= —s —&IN' ¢t (Vs,t€X)
1= —s0_&IN ¢t (Vs,t€EX)
1= —s1_&IN ¢t (Vs,t€X)
1wo — s wO&1I™N ¢ (Vs,t € %)
1wo — 8 Owo& 1™ ¢ (Vs,t € )
1wo — 8 Lyo&I™N ¢t (Vs,t € X)
Tyl — s wl&I™N ¢ (Vs t € )
Twl — 8 01 &I ¢ (Vs,t € X)
Twl — 8 L1 &IN (s, t € )
In—s A&IN (Vs t€X)
In — s 0A&IN . (Vs,t €X)
1n — s TA&I™N ¢ (Vs,t € %)
1y — s V&IN ¢t (Vs,t €X)
1y = s 0v&I™N ¢t (Vs,t €X)
1y — s Iy&I™N ¢ (Vs,t € X)
1, = s r&I™N t (Vs,t € %)

1 — 5 0,&1N ¢ (Vs,t € )

1 — s 1,&1N ¢ (Vs,t € X)
1w — s w&I™N ¢t (Vs,t € X)

1w — 5 0p&INL . (Vs,t €X)
Ty — 5 Lp&I™N t (Vs,t € X)
Twa — s w=&IN t (Vs,t € B)
Twa — 8 0py=&1N E (Vs t € )
Twa — 8 Ly &It (Vs t € X)
17— s N&IN (Vs t €X)
17 = s 0N&IN t (Vs,t € D)
17 = s IN&IN . (Vs,t €X)

170 = 5 N0&IN ¢

170 — s NI ¢ (

170 = s 1N0&KIN ¢ (

171 = s ™N&EIN (Vs e D
17— s ON&IN t (

17— s IN&IN ¢

™N o5 — &7t
™ S s0_&?7 ¢

(Vs,t € )
(Vs,t € 5)

™ S s1_&?27 ¢
0 — s w0&?” ¢

0 — s 0,0&?7 " t
0 — s 1yo&?” ¢
1— s wl&?” t
1—50,1&?27 ¢
1— 8 1p1&?7 ¢
™ s A&t
N 5 00 &7 ¢
N 5 10&77 8
™ s v&?Tt
™ 5 0v&?7
™N S s 1v&?7 ¢
™ S s r&?7t
™ 5 5 0.&77 ¢t
™ S5 1,.&77
?7 = s w&?” t

? =5 0,&?7 ¢t
? 5 1u&?7 ¢
0— s w=&?7 t
0— s 0wa&?7 ¢t
0— s 1y-&?7 7 ¢t
27 s N&?
27 S s ON&? Tt
27 s 1INt
20 5 5 NO& ¢
270 5 5 0N0&? ¢
20 5 5 1N0&? 7 ¢t
271 s IN&? ¢
271 s ON&? ¢t
271 L s 1INt
0N s —&07 ¢
0N — s 0_&07 ¢t
0N —s1_&07 ¢t
0 — s w0&0" t

0 — s 0,0&0” ¢
0— s 1ywo&07 ¢t
1 — s wl&0” ¢

1 — 5 0p1&07 ¢t
1— 5 1p1&07 ¢
0N s A&O7 ¢
0N — 5 0A&07 ¢t
0N — 5 1,&07 ¢
oN — s V&7t
0N — 5 0y&07 ¢t
o — 5 1y&07 ¢t
0N — s r&07 ¢
0N — 5 0,.&07 ¢
0N — 5 1,&07 ¢
?7 - s w&0 ¢

? — 5 0,&07 ¢
? — 5 1,&07 ¢t
0— s w-&07 ¢t
0— s 0y-&07" t
0— s 1w-&07 " t
07" — s IN&0 ¢
07" = s 0N&0O7 ¢t

(Vs,t € )
(Vs,t € )
(Vs,t € )
(Vs,t € )
(Vs,t € X)
(Vs,t € )
(Vs,t € X)
(Vs,t € X0)
(Vs,t € 2)
(Vs,t € 2)
(Vs,t € 20)
(Vs,t € 2)
(Vs,t € )
(Vs, t € )
(Vs,t € 30)
(Vs,t € %)
(Vs,t € 3)
(Vs,t € %)
(Vs,t € X0)
(Vs,t € 20)
(Vs, t € )
(Vs,t € 30)
(Vs,t € X)
(Vs,t € X0)
(Vs,t € 5)
(Vs,t € X0)
(Vs,t € )
(Vs,t € X)
(Vs,t € %)
(Vs,t € )
(Vs,t € 20)
(Vs,t € )
(Vs,t € )
(Vs,t € )
(Vs,t € )
(Vs,t € )
(Vs,t € X)
(Vs,t € )
(Vs,t € )
(Vs,t € )
(Vs,t € )
(Vs,t € )
(Vs,t € )
(Vs,t € X)
(Vs,t € )
(Vs,t € 2)
(Vs,t € )
(Vs,t € )
(Vs,t € )
(Vs,t € )
(Vs,t € X)
(Vs,t € 20)
(Vs,t € X)
(Vs,t € 30)
(Vs,t € )
(Vs,t € X0)
(Vs,t € %)
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07 — s 1N&07 t
00 — 5?7007t (Vs,t €X)
00 — s 0N&07t (Vs,tEX)
00 — 5 1°0&07 t  (Vs,t €X)
( )

( )

)

(Vs,t € )

01 - s ?™N&O7t (s, teX
01 — s 0N&O7 ¢ (Vs,t €S
0T - s IN&O7t (Vs,t €D
IN -5 —&17t (Vs,t€EX)
1IN =5 50-&17t (Vs,t€X)
IN 5 s1_&17t (Vs,t€X)
0— s wo&l” t (Vs,t €X)

0 — 5 0yo&l” t (Vs,t €X)
0— s lyo&l” t (Vs t €X)
1—swl&l” t (Vs,t€X)
1—50p,&17 7t (Vs,t€EX)
1—51p1&l7 t (Vs,t €X)
N s A&LTt (Vs t€X)
1IN = s 07 &17t (Vs t € %)
N s 17 &1t (Vs,t €X)
N s V&7t (Vs teX)
N = s 0v&17t (Vs t €X)
N S s 1y&17 t (Vs t€X)
N S s &1t (Vs,t €X)
N - 50,817t (Vs,t€Y)
N S5 1,.&17t (Vs,t€X)
?—sw&l” t (Vs,t €X)
?— 50,817t (Vs,t€X)

? =5 1y,&17 7t (Vs,t €X)
0—sw-&17t (Vs tEX)
0— 50,817t (Vs,t€X)
0—5ly-&17t (Vs,t€EX)
17 = s MN&17t (Vs,t €X)
17 = s00N&17 t (Vs,t€X)
17 = s1N&17 t (Vs,t€X)
10— s 717 ¢t
170 - s 0N&17 ¢t (

10— s 1N&17 ¢ (Vs,t €
17— s ™N&17

171 S s N &1Lt (

171 = s 1IN &1t
™0 g —&? V¢
™0 5 50_&?70t (Vs,tEX)
™0 51 &2Vt (Vs,tEX)
0— s w0&? Pt (Vs,t€X)
0— 5 0,0&? 0t (Vs,t€X)
0— 5 1y0&? Pt (Vs,t €X)
1—swl&?0t (Vs,t€X)
1— 8 0p1&?77° ¢ (Vs,t € )
1—81pn&? Yt (Vs,t €X)
™ s A&Vt (Vs tEYX)
N0 5 s 00&? 0t (Vs,t € )
N0 s 10&?270t (Vs t€EX)
™ s V&0t (Vs t €X)
™S5 0v&?770t (Vs tEY)
™N S5 10&?770t (Vs tEX)
™ S sr&?0t (Vs tEYX)
™ = 50,&770t (Vs,t€Y)

(Vs,t € )

~ S



™ =5 1,&770t (Vs,t€X)
0—sw&?Pt (Vs,te€X)
0—50,&770t (Vs,t€X)
0— 5 1,&?270t (Vs,t€X)
1—sw-&?Pt (Vs,t€X)
1—50,-&2°t (Vs,tEX)
1—51y-&?70t (Vs,t€X)

77 s TN&? 0t
727 55 00N&?0t (Vs,tEX)
77 s IN&? 0t (Vs,t €Y
270 5 5 7N&?2 0t (Vs t € X)
20 s 0N0&?2 V¢ (Vs tEX)
270 5 s 1N 0t (Vs,t €X)
( )

( )

)

(Vs,t € )

271 g ?N&? 0 ¢
271 5 s ONL&?0 ¢
271 s INL&? 0 ¢
0N — s — &0V ¢
0N — 50_&07C¢
0N —s1_&0-C¢
0 — s w0&0-7° ¢t
0— 5 0,o&0-0 ¢t
0— s 1,o&00 ¢t
1— s wl&0V ¢
1— 5 0up1&077° ¢
1— 8 1p1&070 ¢
0N s A&OA ¢
0N — 5 0A&0-C ¢t
0N — s 1,&00 ¢
0N — s V&0t
0N — 5 0y&07 ¢
0N 5 1,&00 ¢
0N — 5 r&0-0 ¢t
0N — 5 0,.&070 ¢
0N — 5 1,.&0°0 ¢
0— s w&0-Y ¢
0— s 0,&070 ¢t
0— 5 1,&0770 ¢
1— s w-&070¢t
1 — 5 0p-&070t
1— 5 14-&070 ¢
07 — 5 ?N&070 ¢
07 — s 0N&0OV ¢
07 — s 1N\&0-C ¢t
00 — 5 70800 ¢ )
00 =5 0N&0-Vt (Vs,tEX)
00 = 5 1°0&0C ¢t (Vs,t € X)
01 — s ?™N&OVt (Vs t €X)
( )
)

Vs, t €2
(Vs,t e X
(Vs,t € )
(Vs,t € )
(Vs,t € X0)
(Vs,t € %)
(Vs,t € )
(Vs,t € %)
(Vs,t € )
(Vs,t € 30)
(Vs,t € )
(Vs,t € )
(Vs,t € )
(Vs,t € X)
(Vs,t € )
(Vs,t € )
(Vs,t € 30)
(Vs,t € )
(Vs,t € )
(Vs,t € )
(Vs,t € X)
(Vs,t € )
(Vs,t € 2)
(Vs,t € )
(Vs,t € )
(Vs,t € )
(Vs,t € )
(Vs,t € 2)
(Vs,t € %)
(Vs,t € 2

01— s 0N &0 ¢
01 — s 1N &0 ¢
1IN0 s —&10¢
1N 5 50 &1V ¢
1N 551 _&170¢
0— s w0&1-0 ¢
0— 5 0uo&170 ¢t
0— s lyo&l Pt
1— s wl&l1V ¢
1— 5 0p1&1-70¢

(Vs,t € 2
(Vs,t € )
(Vs,t € )
(Vs,t € %)
(Vs,t € )

(Vs,t € )

(Vs,t € %)
(Vs,t € 3)

(Vs,t € )

1— 5 1y1&1770 ¢
1N s A&L Pt (Vs tEX)
1N 5 5 0A&1 Yt (Vs,t €X)
1N 5 10&1°0 ¢t (Vs,t€Y)
)
)
)

(Vs,t € )

N s V&1Vt (Vs t €D
N S 5 00&10t (Vs,teX
N s 10&170t (Vs teX
N = s r&10t (s, t €X)
N = 50,810t (Vs,t€X)
N - 51,&170 ¢t (Vs,t€X)
0—sw&l Pt (Vs,teX)
0— 5 0,&170t (Vs,t€EX)
0—s1,&1° 0t (Vs,t€X)
1—sw-&17Pt (Vs,tEX)
1—50,-&170¢t (Vs,tEX)
1—51y-&1°t (Vs,t €X)
17— s 7N&10t (Vs,t €X)
17 = s 00N&10t (Vs,t€EX)
17— s IN&1 Yt (Vs,t €X)
10 = s N1Vt (Vs,t €X)
10— s 0N0&1-0 ¢ (Vs,t €X)
170 - s 1N&1V ¢t (Vs,t €X)
171 — s ?™N&1 0t (Vs t €X)
17— s 0N&1Vt (Vs,t €X)
17— s 1IN &1Vt (Vs,t €X)
™ s &2t (Vs,t€X)
™ S 50_&771t (Vs t€EX)
™N s 1 &7t (Vs,t€X)
0— s wo&? 1t (Vs,t€X)
0 — 5 0,0&?7 Tt (Vs,t €X)
0 — s 1y0&?7 1t (Vs,t €X)
1—swl&?™t (Vs,t€X)
1—50,1&?7 ¢ (Vs,t €X)
1—s51pm&?t (Vs,t €X)
™ s AN&?NE (Vs t€X)
N S s 08&?7M (s, t €Y
N s 18?27t (Vs tEY)
™ s V&Nt (Vs tEX)
™ S s 00&?7T (Vs tEX)
N s &t )
™ Sosr&?N
™ =5 0,&770 ¢
™ S5 1,&770 ¢
1—sw&? 1t
1 — 5 0,&27 ¢
1— s 1,&271 ¢t
0— s w&?71t
0— 5 0p=&?271 ¢t
0— s lya&?71 ¢
77— s IN&? N ¢
77— s ON&? 7t
77— s IN&?T
270 5 N2 ¢ )
20 5 s 0N0&27 ¢t )
20 5 s 1NNt (s, t € X)
t )
t

(Vs,t €2
(Vs,t € )
(Vs,t € )
(Vs, t € )
(Vs,t € )
(Vs,t € %)
(Vs,t € )
(Vs,t € X0)
(Vs,t € )
(Vs,t € )
(Vs,t €2
(Vs,t € X
(Vs,t€eX

7270 — s PNI&? AN
27— s 0N &7
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271 s 1INt
oM — s —&01 ¢
0N — 5 0_&0-71 ¢
0N — 5 1_&071 ¢
0 — s w0&0- 1 t

0 — 5 0yo&0- 1 ¢
0 — s 1uo&0 1 ¢t
1—swl&0 1t
1— 5 0p1&071 ¢t
1 — 5 118071 ¢t
0N — s A&OM
0N — 5 0A&071 ¢t (Vs,t €X)
0N — 5 1,&0- 1t (Vs,t €X)
ON — s V&1t (Vs tEX)
0N — 5 0y&0- 1t (Vs,t €X)
0N — 5 1y&0-1 ¢t (Vs t €X)
0N — 5 r&01t (Vs,t €X)
0N — 5 0,.&0 t (Vs,t €X)
0N — 5 1,&01 ¢ (Vs,t €X)
1—sw&0t (Vs,t €X)
1— 50,807t (Vs,t €X)
1— 51,807t (Vs,t €X)
0— s w-&0 1t (Vs,t€X)
0— 5 0p-&07 1t (Vs,tEX)
0— 5 1y-&0 1t (Vs,t €X)
07 — s N&0O1t (Vs t €X)
07 — s 0N&0T (Vs t €X)
07 — s 1N&0Tt (Vs t €X)
070 =5 ?7°0&0-1 ¢ (Vs,t €
00 — s 0N&0 1t (

00 — 5 1°9&0 1t (

01 — s NGOt (Vs t €
0T = s 0N &0t (

0 — 5 1N&O ¢
N s — &1t
N s 0_&171 ¢
N = s 1_ &1 ¢
0— s w0&1-71 ¢

0 — 5 0yo&17 ¢
0— s lyo&l 1t
1— s wl&l ™ ¢

1 — 5 04p1&171 ¢t
1— 5 Lyp1&171 ¢t
N s A&7t
1IN = s 07 &1t (Vs t€X)
IN = s 17 &1t (Vs,t€X)
N s V&Lt (Vs tEX)
N S s 0v&17T (st €X)

(Vs,t € 2)
(Vs,t € )
(Vs,t € X0)
(Vs,t € )
(Vs,t € )

(Vs,t € %)

(Vs, t € )
(Vs,t € 30)

(Vs,t € %)

(Vs,t € )
(Vs,t € )

(Vs,t €
(Vs,t € )
(Vs,t € %)
(Vs, t € )
(Vs,t € )

(Vs,t € )

(Vs,t € 3)
(Vs,t € )

(Vs,t € )

(Vs,t € %)
(Vs,t € 2)

N 5 s 10&17T (Vs t €X)
N S s &1t (st €Y
N = 5 0,&171 (Vs t €X)
N =5 1,&170 (Vs t€X)
1—sw&l 1t (Vs,teX)
1— 50,817t (Vs,t €X)
1— 51,817 t (Vs,t €X)
0—sw-&l71t (Vs,t€X)
0— 5 0y-&171t (Vs,t€X)



0— 5 ly-&171t (Vs,t€X) 10 5 s &1t (Vs,t€X) 170 - s 0N&1L7Nt (Vs t €X)
17 s MN&17Tt (Vs,tex) 170 550 0&17t (Ws,iteX) 170 s 1IN&1Tt (Vs t €Y
17— s00N&1Tt (Vs,te€X) 170 s 100&17T (Vs t€X)
17 = s 1N&17Tt (Vs,t€X) 171 = s ™N&11T (Vs teX)

B All circuits of < 4 gates evaluating to one

Following is the list of all strings of length less than 20 that encode circuits
evaluating to one, or, equivalently, the list of literal representations of all
circuits containing 4 gates or less. These are:

e 1 circuit of 1 gate, represented with a string of length 2,

e 3 circuits of 2 gates, each represented with a string of length 5,

e 18 circuits of 3 gates, each represented with a string of length 9, and
e 198 circuits of 4 gates, each represented with a string of length 14.

a cy1  (see Figure 5(e) on page 13 and Figure 6 on page 18)
aa Cuo b cwt

a a Cypo Cr Cym

aacCyl b ey
aaaCyybcwo db ey
aaacybcew b ey
aaacyybcew ¢ b ey

a @ @ Cyo b Cwl bb Cwl
aaacyybcew ¢ b ey
aaacCyybcyl ¢ Cy Cy

A a QA Cyuy Cr Cy— b b cy

A Qa Cpy Cr Cym Cr b Cy—

A aa Cyy Cr Coym Cr Cy Cy
aaacy bew bbcey
aaacy bcew ber ey

aaacy by ¢ Cy Cy

aaacy beyl bbey

aaacy beyl ¢ Ca Cy

aaacy beyl ¢ ey Cy

A a4 a Cyl Cr Cy— b b cyi

A A G Cyl Cr Cym b Cp Coy

A @ a Cyl Cr Cym Cr Cy Cyp
aaaacy b cwobbceyw bbb ey
aaaacy by bbcyw bb e ey
aaaacybcwybbcew bce, b ey
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Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cwo
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0

Cw0
Cw0
Cw0
Cw0

Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0

b Cw0 bb Cw0
b Cw0 bb Cuwl
b cwo b eyt
b Cw0 bb Cuw1l
b Cw0 bb Cuw1l
b Cw0 bb Cuw1l

cr b bcy-
bbb cyr
bc by
b c, ¢y cy
¢ bbcy-
¢ bey ey

bewb e cumn bbb ey

b cwo b cr
b cwo b e,
becwo b e
b cwo b e

b Cw0
b Cw0
b Cw0
b Cw0
b Cw0
b cwo
b Cw0
b Cw0
b Cw0
b Cw0
b Cw0
b Cw0
b Cw0
b Cwl
b Cwi
b Cwi
b Cw1l
b Cwl
b Cwi
b Cwi
b Cwi
b cuw1
b Cw1l
b Cwl
b Cwi
b Cw1
b Cwi
b Cyl
b Cw1l
b Cwi
b Cwi
b Cwi
b Cw1l
b Cwl

Cu—

Cuw—

¢ b ey
b cyp
b cy
b cy
b cyn

Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr

bb Cw0
bb Cw0
bb Cw0
b b cwo
bb Cw0
bb Cuw1l
bb Cuw1l
bb Cuw1l
bb Cuw1
bb Cuwl
bb Cuw1l

Ca
CA
CA
CA
Cv
Cv
Cv
Cv

Cw
Cw
Cw
Cw
Cu
Cw
Cw
Cw

Cw— b ¢ b Cym
Cw— b cp ey Cy

cr bbb cy-
cr bey ey
bbbcyr
bc, b ey
bc ey ey
¢ bbcy-
cr bey ey
bbbyt
bbec cpya
bc bcy-
¢ bbcy-
bbb cyt
bbc, cp-
bec bey-
¢ b by

bbb cyt

bbe, cya
be. ey ey
cr b b cy-
¢ ey b ey
bbb cyt

b ¢, ch Cy
be ey ey
cr b by
cr bey ey
¢ ey b ey

ber cpy= bbb cy

b e,
b e,
b c,
b c,

Cop
Cop
Cov

Co—

¢ b ey
b cy
b cyn
b cyn
b cy

Cr
Cr
Cr
Cr

bbc cy-
be ey ey
¢ b b ey
¢ cy by
bbb cyt

be, cp ey
be ey ey
cr bbb cy-
¢ bey ey
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b Cw1l
i:g b Cwi
Cwo cwl
Cwo b cw1
Cwo b cw1
Cwo b cw1
Cwo b cw1
Cwo b cw1
Cwo b cwl
Cwo b cw1
Cwo b cw1
Cw0 b Cyw

Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0
Cw0

Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
CT’
Cr
Cr
Cr
Cr
C’l"
Cr

Co
Co
Coon
Cy—
Cw—
Cy—
Coyy—
Coyp—
Cy—
Cw—
Co
Co
Co
Coon
Cw—
Cw—
Co
Cos
Coon
Cw—
Cw—
Cuw—
Cyy—
Coyy—
Coy—
Cop—
Co
Co
Co
Coon
Cu

Cw—

Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr

Ca
CA
CA
CA
CA
Cv
Cv
Cv
Cv
Cv
Cv

b cyn
Cuw
Cuw
Cw
Cw
Cw
Cuw
Cuw
Cuw
Cw
Cw
Cw

b Cw0
o 2 b Cw0
bb Cw0
bb Cw0
bb Cw0
bb Cwl
bbd Cwl
bbd Cw1l
bb Cwl
bb Cw1l
bb Cwl

cr ey b ey
bbb cyr
bbc, cqzﬁ
b Cr Cv Cy
cr b bbcqgﬁ
w
CTbCl;/ Cwl
Z Cr CA Cy
bc ey ey
bbcy-
o b ey cy
. Cv b Cw
gTb b Cw1l
bbc, cléﬂ
b Cr Cy Cy
cr bbb cy-
c: cy b ey
bbb cyt
bc, ch ey
bc ey ey
bbcy
ET b ey cy
c: cy b ey

bbby
b ¢, Cp

b c,
b e,
b e,

b c,

Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
CT‘
Cr
Cr
Cr
cr
CT
Cr

Cuw
Cuw
Cuw

Cw—

b Cy
b Cy
b cy—
b cy—
b cy—
b cy

CA
CA
CA
CA
CA
Cv
Cv
Cv
Cv
Cv
Cv

Cuw
Cw
Cw
Cw
C'LU
Cw
Cw
Cw
Cw
Cw
Cuw

bbec, cqgﬁ
b Cr Cv Cy
bbcy
o cy b ey

Crb b Cuwl
Z Cr Cp Cy
bc ey cy
bbcy-
Z: b CZ Zw
w

Zc)rbcl\; Cuwl
bbec, cigﬁ
b Cr Cv Cy
cr b bbcqzﬁ
w

crbcl;/cwl
2 Cr Cp Cy
be ey ey
b b ey
N b ey cy
Z: cy b ey
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Cw1
Cw1l
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cwl
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cwl
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1

b Cw0
b Cw0
b Cw0
b Cw0
b Cw0
b Cw0
b Cw0
b Cw0
b Cw0
b Cw0
b Cw0
b Cw0
b Cw0
b Cw0
b Cw0
b Cw0
b cwo
b Cw0
b Cw0
b Cw0
b Cw0
b Cw0
b Cw0
b Cw0
b Cw0
b Cw0
b Cw0
b Cw0
b Cw0
b Cw0
b Cw0
b Cw0
b cwo
b Cw1l
b Cwl
b Cwi
b Cw1
b Cwi1
b Cyl
b Cw1l
b Cwi
b Cwi
b Cwi
b Cw1l
b Cw1l

bbcwo
bwaO
bwaO
bbcwo
bbcwo
bbcwl
bbcwl
bwal
bbcwl
bbcwl
bbcwl
b c,
b c,
b c,
b c,
be,
b c,

Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr

bb Cw0
b b cuo
bb Cw0
bb Cw0
bb Cw0
bb Cw0
bb Cuwl
bb Cwl
bb Cw1l
bb Cuw1l
bb Cuw1
bb Cuwl

Cu—
Cw—

Cw—

b cyw
b cy
b cy
b ey
b cyn

CA
Ca
CA
Ca
Ca
Cv
Cv
Cv
Cv
Cv
Cv

Cw
Cw
Cw
Cu
Cw
Cw
Cw
Cw
Cu
Cw

Cw

bbb cyr
bbc cpy-
b by
¢ bey ey
¢ ey b ey
bbbcy
bec by
b, ey cy
¢ bep ey
¢ bey ey
¢ ey b ey
Cw— bbb Cwl
Cw— b ¢ b Cym
Cw— b cp ey Cy

cr ben ey
cr bey ey
cr ey by
bbb cyr

bbec, cy-
b e, bcy-
cr bey ey
cr ey bey
bbbyt

bbec ey
bcr bcy-
cr bey ey
cr ey b ey
bbbyt

becr bey-
bc ey ey
cr ben ey
cr bey ey
cr ey b ey

bbb cyr

bbc cy-
b c, ¢y cy
¢ bey ey
¢ ca b ey
cr ey b ey
bbb cyr

b ¢, ch Cy
be ey ey
cr ben ey
cr bey ey
¢, ca b ey
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Cw1
Cw1l
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cwl
Cw1l
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1
Cwl
Cw1
Cw1
Cw1
Cw1
Cw1
Cw1

bewi bbeyr cr ey bey

bcyr b e,
bcyr e,
bcwyr e,
beyl ber
becpl by
bcpr e,

b ey cr
b ey
bcwr ¢
bcur ¢
b Cwl Cr
b cyp1 Cr
b cyp1
b ey cr
bcuwr ¢
b cyp1 cr
b cp1 Cr
b ey cr
b ey
bcuwr ¢
bcwr ¢
b Cw1l Cr
b cyp1 cr
b cu1
bcwt ¢
bcuwr ¢

Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr
Cr

Cuw—
Cuw—
Cw—
Cw—

Cu—

b cy
b cy
b cy
b cyn
b cy-
b cyp

CA
CA
Ca
Ca
CA
CA
Ca
Cv
Cv
Cv
Cv
Cv
Cv
Cv

Cy
Cu
Cw
Cw
Cw
Cw
Cw
Cw
Cw
Cw
Cw
Cu
Cw
Cw

Cuw— b b cyo
Cw— b b cyo
Cw— b b cyo
Cw— b b cyo
Cw— b b cyo
Cw— b b cyn
Cw— b b cy
Cw— b b ey
Cuw— b b cy
Cw— b by
Cw— b b cy
Cw— by
Cw— b cp
Cw— b cp
Cw— b Cp
Cw— b c,
Cw— b cp

Cw— Cr b

Cw— bbb Cyr1

bbec, cy-
bc ey ey
cr bey ey
cr ca b ey
cr ey b ey
bbb cyr
bbec, cy-
be ey ey
cr by ey
cr can b ey
¢ Cy by
bbb cyr
bc, ch cy
be ey ey
cr bep ey
¢ bey ey
¢ ch b ey
¢ ¢y b ey
bbb cyt
b e cep ey
be. ey ey
¢ ben ey
¢ bey ey
cr ca b ey
cr ey by
bbbcyr
bbe cy-
b e, bcy-
cr bey ey
cr ey by
bbb cyr
b e, b ey
bc ey ey
¢ ben ey
cr bey ey
cr ey by

Cw— bbbyt

Cw— b e b ey
Cw— b e ey ey
Cw— Cr b CA Cy
Cw— Cr b ey cy
Cw— Cr Cy b Cy
Cw— bbby
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A A aaCyl Cr Cpn Cr b Cy— b by oy
QA aaCyl Cr Cyn Cr b Cy— by b cy
A A aacCyl C Cym Cr b ey ¢ bey ey
A aaacCyl C Cym Cr b ey ¢ ey b ey
A QA aQCyl Cr Cym Cr CA Cyy bbby
A A QQCyl Cr Coym Cr CA Cp b Cp Cymn
A QG QA Cyl Cr Cym Cr CA Cw b Cr b Cymy
A A A aQ Cyl Cr Cyn Cr CA Cy Cr b Cy Cy
QA aa Cyl Cp Cyn Cr CA Cy Cp Cy b Cy
A A QA Cyl Cr Cym Cr Cy Cy bbby
A A QQCyl Cr Cy Cr Cy Cyp b Cr by,
A 4 a4 Cyl Cp Cyy— Cr Cy Cy bcr Cy Cy
A A QA a Cyl Cr Cyn Cr Cy Cy Cr b Cp Cy
A A A a Cyl Cp Cyn Cr Cy Cy Cr b Cy Cy
QG aa Cyl Cp Cyn Cr Cy Cy Cp Cy b Cy
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