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tWe propose an extension to the asyn
hronous π-
al
ulus, the πklt-
al
ulus, for real-time systems where pro
esses exe
ute over dense time,and have the ability to delay a
tions, measure time, and impose timeouts.Other extensions in
lude expli
it data-stru
tures and pattern-mat
hing.We present the 
al
ulus syntax and operational semanti
s and establishsu�
ient 
onditions for legitima
y (a.k.a. �nite variability), and introdu
ethe notion of timed-
ompositionality and the asso
iated timed-
ongruen
e.We also develop an Abstra
t Ma
hine for this 
al
ulus and establish itssoundness w.r.t. the given operational semanti
s.1 Introdu
tionPro
ess algebras [2, 32, 16℄ su
h as CSP [18, 32, 37℄, CCS [23, 24℄ and ACP[7℄ have be
ome a well-established approa
h to modelling and reasoning about
on
urrent systems. They provide a 
on
ise and e�e
tive means to des
ribe andanalyze system behaviour.Departing from their origins in Theoreti
al Computer S
ien
e, pro
ess alge-bras are �nding appli
ations in domains as diverse as Systems Biology [12℄, WebServi
es [34℄, Business Pro
ess Modelling [9℄ and Embedded Systems [10℄. Nev-ertheless, the dire
t appli
ability of �
lassi
al� pro
ess algebras to these domainshas been limited by their own 
apabilities as they do not take into a

ount issuessu
h as time, mobility and spatial distribution, demanded by these appli
ations.This has sparked an interest in the de�nition of new pro
ess algebras that ta
klethese issues.Consider the issue of time. In 
lassi
al pro
ess algebras time is abstra
ted:advan
e in time means 
hange of state, where state 
hanges are the result oftransitions or steps, and therefore time is dis
rete. Hen
e the notion of time1



and that of a 
omputational step are interlo
ked: if a system stops, time stops.However this is not very realisti
. Identifying the passage of time with 
ompu-tational steps does not result in a 
lear approa
h for the des
ription of timingrequirements, making these algebras unsuitable to model and reason about real-time properties of dynami
 systems. This has lead to the de�nition of a numberof pro
ess 
al
uli whi
h extend the existing models with an expli
it notion oftime and some appropriate 
onstru
ts (e.g. [3, 4, 13, 26, 37, 39, 17℄).Similarly, the issue of mobility lead to the 
reation of the π-
al
ulus [25℄. Inthe π-
al
ulus one 
an des
ribe stru
tural 
hanges by modifying the network of
ommuni
ation 
hannels between pro
esses. However, as the 
lassi
al pro
essalgebras, it does not have an expli
it notion of time.There have been a few pro
ess algebras whi
h extend the π-
al
ulus withan expli
it notion of time. One of the best known is the sto
hasti
 π-
al
ulus[30℄, but others have been proposed as well, su
h as the πRT -
al
ulus [22℄, thetimed-π [14℄, and the TDπ-
al
ulus [31℄. These 
al
uli allow the des
riptionof delayable or durable a
tions (usually probabilisti
 delays) with emphasis onmodelling the duration of 
ommuni
ation. This 
ontrasts with the dis
rete-event world view [40℄ where one is more interested on the timing and s
hedulingof events than the duration of intera
tion between 
omponents.1 The abil-ity of delaying an arbitrary pro
ess (not just intera
tion) seems to provide amore �exible modelling approa
h. Furthermore, in the 
ontext of time-sensitivedis
rete-event systems, when waiting for input, the possible 
ontinuation statesdepend not only on timeouts but also on the amount of time the system spendswaiting. Therefore the ability to measure the passage of time, and the ability to
hange behaviour if an event has not o

urred within some time-
onstraint arefundamental operations. While some of the 
al
uli mentioned in
lude timeouts,none in
lude a me
hanism to observe the duration of a
tions within the language(i.e., as a 
onstru
t). Moreover, most of these algebras assume a dis
rete-timemodel whi
h leads to an awkward and ine�
ient approximation of real-timebehaviour. Furthermore, all of these 
al
uli are based on the syn
hronous π-
al
ulus, thus allow mixed-guarded 
hoi
e whi
h is di�
ult to implement inpra
ti
e [27℄.In this paper we introdu
e the πklt-
al
ulus, whi
h extends the asyn
hronous
π-
al
ulus with basi
 real-time 
apabilities, namely, pro
ess delay, time observa-tion and timeouts, and we look into two fundamental issues whi
h have la
kedattention in the 
ontext of timed π-
al
uli. The �rst 
on
erns the issue of timedbehavioural equivalen
e, and the se
ond 
on
erns progress in dense-time.Perhaps the most 
omprehensive study of timed equivalen
es for timed π-
al
uli is found in [11℄ and [5℄. These papers study extensions to the π-
al
ulusin whi
h a
tions have asso
iated timers over dis
rete time. In [11℄ some formsof timed barbed bisimilarity are studied, while [5℄ presents asyn
hronous bisim-ilarities. Nevertheless, these equivalen
es are very stringent, as they require anexa
t mat
h in the timing of the transitions of the pro
esses being 
ompared,1It also 
ontrasts with the so-
alled syn
hrony hypothesis of syn
hronous languages forrea
tive systems su
h as Esterel [8℄, Lustre [15℄ and Signal [21℄, whi
h assumes thata
tions, and in parti
ular intera
tions are instantaneous.2



for all future behaviours, and as far in the future as the pro
esses 
an run. Inthe 
ontext of real-time systems one of the main 
on
erns is to meet so-
alledhard 
onstraints : to ensure a system's response within a 
ertain amount of time
T . In this 
ontext all late responses are failures and therefore we 
an restri
tour equivalen
e 
he
king to equivalen
e up-to time T . This in turn, leads to theissue of 
ompositionality: when is it safe to repla
e one pro
ess by another in atimed 
ontext? In this paper we de�ne su
h a behavioural equivalen
e up-to agiven time, and show it to be 
ompositional in our 
al
ulus.The se
ond major issue that we address 
on
erns progress over dense-timeand the property known as legitima
y (a.k.a. �nite variability). A legitimatesystem is one that 
an perform only a �nite number of a
tions in a �nite amountof time. Hen
e, an illegitimate system may present divergent behaviour (inwhi
h time does not advan
e) or Zeno-behaviour (in whi
h time advan
es butnever beyond a 
ertain point). From a pra
ti
al perspe
tive it is desirable toavoid illegitimate behaviours. While this issue has been explored in the 
ontextof Timed CSP [36℄, it has been negle
ted in the presen
e of mobility. Weaddress this issue here and establish su�
ient 
onditions for legitima
y of apro
ess in our 
al
ulus. We 
ontrast our approa
h with that followed by sometimed pro
ess algebras su
h as Timed CSP whi
h avoid this issue by requiring allre
ursions to have a stri
tly positive time guard, and thus, forbid illegitimatepro
esses by 
onstru
tion. We argue nevertheless, that su
h an approa
h isoverzealous, as it is possible to 
ombine some pro
esses that do not satisfy thetime-guard requirement with legitimate pro
esses to obtain 
omposite legitimatesystems.Our 
al
ulus is intended to help bridge the gap between foundational pro
essalgebras and realisti
 languages and therefore it supports basi
 data stru
turesand pattern mat
hing. In addition to the issues sket
hed above, we developan Abstra
t Ma
hine for whi
h we establish soundness w.r.t. the operationalsemanti
s. The in
lusion of a real-time 
omponent as well as pattern-mat
hingentail substantial di�eren
es with existing Abstra
t Ma
hines for the π-
al
ulus.The 
ontributions of this paper are: a pro
ess algebra that supports mobilityand real-time with some higher-level features; a formal operational semanti
s,in
luding a new timed observational equivalen
e, the notion of timed 
omposi-tionality and timed 
ongruen
e, and the establishment of su�
ient 
onditionsfor legitima
y; a sound abstra
t ma
hine to support exe
ution with a workingimplementation.The remainder of the paper is organized as follows: Se
tion 2 introdu
es the
ore 
al
ulus, its syntax, its operational semanti
s and its basi
 theory. Se
tionSe
tion 3 develops an abstra
t ma
hine for the 
ore 
al
ulus. In se
tion Se
tion4 we 
ontrast this language and theory with some related work. Finally se
tionSe
tion 5 gives some 
on
luding remarks. The apendi
es 
ontain proofs andproof sket
hes.
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P ::=
√ done

| x!E trigger
| ∑

i∈I xi?Fi@yi → Pi listener
| νx.P new/hide
| ∆E → P delay/timer
| P1 ‖ P2 parallel 
omposition
| A(x1, ..., xn) pro
ess instantiation

E ::= n | true | false | �s� | x | 〈E1, ..., Em〉
| op E | E1 op E2 | f(E1, ..., Em)

F ::= n | true | false | �s� | x | 〈F1, ..., Fm〉Table 1: πklt syntax2 Timed, mobile pro
esses: the πklt-
al
ulusThe πklt-
al
ulus is used to des
ribe the behaviour of timed, 
on
urrent, in-tera
ting pro
esses. It provides operators to 
ompose pro
esses in parallel, todes
ribe 
ommuni
ation via events, or equivalently via message-passing over
hannels, to limit the s
ope of events, to delay pro
esses and to observe thepassage of time.Unlike other basi
 pro
ess algebras the πklt-
al
ulus provides some higher-level 
onstru
ts, in parti
ular, it allows the use of 
omplex expressions and data-stru
tures in messages, and uses pattern-mat
hing as a me
hanism to extra
tinformation from data. The reason behind this design de
ision is to present this
al
ulus as an attempt to 
lose the gap between foundational pro
ess algebrasand more realisti
 languages.2.1 Syntax and informal des
riptionDe�nition 1. (Syntax) The set P of πklt terms, the set E of expressions andthe set of patterns F are de�ned by the BNF in Table 1. Here P, Pi range overpro
ess terms, x, y, ... range over the set of (
hannel or variable) names,
A ranges over the set of pro
ess names, E ranges over expressions, and Franges over patterns. Pro
ess de�nitions have the form: A(x1, ..., xn)

def
= P .

op ranges over standard arithmeti
/relational operators, n ranges over �oatingpoint numbers, s ranges over strings, and f ranges over fun
tion names, withfun
tion de�nitions having the form: f(x1, ..., xn)
def
= E.The pro
ess √ simply terminates. The pro
ess x!E triggers an event x andasso
iates this event with the value of expression E. Alternatively, one 
ansay that it sends the message E through 
hannel x. This pro
ess performs
ommuni
ation by uni
asting : if there are multiple listeners, only one of thema

epts the message, and the 
hoi
e is non-deterministi
. Mobility is a
hievedin the same way as in the π-
al
ulus sin
e event/
hannel names are expressions,4



P ::= · · ·
| P1; P2 sequential 
omposition
| (

∑

i∈I xi?Fi@yi → Pi)
E
⊲ Q listener with timeout

| match E with F1 → P1| · · · |Fn → Pn expli
it pattern mat
hing
| if E then P else Q 
onditionalTable 2: Some derived 
onstru
tsand so they 
an be sent as messages. The pro
ess ∑

i∈I βi → Pi is a listener,
onsisting of a list of alternative input guarded pro
esses βi → Pi. Ea
h inputguard βi is of the form xi?Fi@yi, where xi is an event/
hannel name, Fi isa pattern, and yi is a variable. This pro
ess listens to all events (
hannels)
xi, and when xi is triggered with a value v that mat
hes the pattern Fi, the
orresponding pro
ess Pi is exe
uted with yi bound to the amount of timethe listener waited, and the alternatives are dis
arded2. A listener pro
essrepresents, thus, a pro
ess in a state with external 
hoi
e. Pattern-mat
hing ofinputs means that the input value must have the same �shape� as the pattern,and if su

essful, the free names in the pattern are bound to the 
orrespondingvalues of the input3. For example, the value 〈3, true, 7〉 mat
hes the pattern
〈3, x, y〉 with the resulting binding {true/x, 7/y}. The s
ope of these bindings isthe 
orresponding Pi. The su�xes Fi and@yi are optional: x? → P is equivalentto x?y@z → P for some fresh names y and z. Sometimes we write listeners inin�x notation: x1?F1@y1 → P1+· · ·+xn?Fn@yn → Pn. The pro
ess νx.P hidesthe name x from the environment, so that it is private to P . Alternatively, νx.P
an be seen as the 
reation of a new name, i.e. a new event or 
hannel, whoses
ope is P . We write νx1, x2, ..., xn.P for the pro
ess term νx1.νx2....νxn.P .The pro
ess ∆E → P is a delay or timer : it delays the exe
ution of pro
ess
P by an amount of time equal to the value of the expression E. The pro
ess
P1 ‖ P2 is the parallel 
omposition of P1 and P2. In its generalized form, wewrite Πi∈{1,...,n}Pi for P1 ‖ P2 ‖ · · · ‖ Pn. The pro
essA(y1, ..., yn) 
reates a newinstan
e of a pro
ess de�ned by A(x1, ..., xn)

def
= P , where the ports x1, ..., xnare substituted in the body P by the events/
hannels (or values) y1, ..., yn.There are several derived pro
ess terms su
h as the ones shown in Table2. Here we only mention a few of them. These are all de�ned in termsof the operators above. See [28℄ for details. The pro
ess P1; P2 is the se-quential 
omposition of P1 and P2, this is, P1 must terminate before begin-ning P2. The pro
ess term (

∑

i∈I βi → Pi)
E
⊲ Q represents a listener pro-
ess with a timeout. If after an amount of time determined by the valueof the expression E, none of the events have been triggered, 
ontrol passesto Q. We de�ne this term by 
ombining a listener with a delay as follows:2Note that to enable an input guard it is not enough for the event to be triggered: theevent's value must mat
h the guard's pattern as well.3This is essentially the same as pattern-mat
hing as found in languages su
h as ML orHaskell, albeit, without a type system, the stru
ture mat
hed is that given by tuples.5



(Σi∈Iβi → Pi)
E
⊲ Q

def
= νs.((Σi∈Iβi → Pi + s? → Q) ‖ ∆E → s!). Thepro
ess match E with F1 → P1| · · · |Fn → Pn evaluates the expression E andattempts to mat
h it with ea
h pattern Fi. If a pattern Fi mat
hes then the
orresponding pro
ess Pi is exe
uted. This 
onstru
t is synta
ti
 sugar for

νx.(x!E ‖ x?F1 → P1+ · · ·+x?Fn → Pn). Finally, the pro
ess if E then P else Qis shorthand for match E with true → P |false → Q.As in the asyn
hronous π-
al
ulus, an output with a 
ontinuation x!E → Pis synta
ti
 sugar for x!E ‖ P .The su�x @yi of input guards is inherited from Timed CSP, but it is absentin all other timed variants of the π-
al
ulus. This 
onstru
t gives the 
al
ulusthe power to measure the timing of events, and determine future behavioura

ordingly.2.2 Operational semanti
sWe now de�ne formally the semanti
s. LetN denote the set of all possible names(in
luding event names). Let V denote the universe of possible values in
ludingbooleans, real numbers, strings, tuples of values and event (
hannel) names. Wewrite n(v) for the set of all event names o

urring in the value v. To simplify thepresentation we assume we have a fun
tion eval : E → V that given an expressionreturns its value.4 A sequen
e of names or values x1, ..., xn is abbreviated as
~x. A substitution is a fun
tion σ : N → V . We write {v1/x1, ..., vn/xn} or {~v/~x}for the substitution σ where σ(x1) = v1, ..., σ(xn) = vn and σ(z) = z forall z 6∈ {x1, . . . , xn}. We write dom(σ) for {x1, ..., xn}. Furthermore, we write
σ∪σ′ for the substitution that extends σ with the bindings of σ′. Substitution isgeneralized to pro
esses as a fun
tion σ : P → P in the natural way performingthe ne
essary renamings to avoid 
apture of free names as usual. We write Pσfor σ(P ) denoting the pro
ess where all free o

urren
es of ea
h x in σ havebeen (simultaneously) substituted by σ(x). We denote M the set of all namesubstitutions. We write P ≡α Q if Q 
an be obtained from P by renamingof bound names. We denote fn(P ) the set of free names of P (i.e. names notbound by either ν or an input guard). We use R

+
0 to denote the non-negativereals.Pattern-mat
hingPattern mat
hing is formally de�ned by a fun
tion match whi
h takes as inputa pattern, a datum (i.e., a 
on
rete value) and a substitution and returns eithera new substitution whi
h extends the original substitution with the appropriatebindings, or an empty substitution if the datum does not mat
h the pattern.The substitution provided as input is used to ensure that all o

urren
es of avariable in a tuple mat
h the same data.4We do not need a name environment, as all expressions will be 
losed, sin
e the appropriatesubstitutions of free names for values are performed before evaluation takes pla
e.6



P ≡α P ′

P ≡ P ′
νx.

√ ≡ √
νx.νy.P ≡ νy.νx.P

P ‖ √ ≡ P P1 ‖ P2 ≡ P2 ‖ P1 P1 ‖ (P2 ‖ P3) ≡ (P1 ‖ P2) ‖ P3

β1 → P1 + β2 → P2 ≡ β2 → P2 + β1 → P1

β1 → P1 + (β2 → P2 + β3 → P3) ≡ (β1 → P1 + β2 → P2) + β3 → P3

x /∈ fn(P )

P ‖ νx.Q ≡ νx.(P ‖ Q)

A(x1, ..., xn)
def
= P

A(y1, ..., yn) ≡ P{y1/x1, ..., yn/xn}
∆E → (P1 ‖ P2) ≡ ∆E → P1 ‖ ∆E → P2Table 3: Axioms for stru
tural 
ongruen
e of pro
esses.De�nition 2. (Pattern mat
hing) Let match : F × V × M → M be afun
tion de�ned as:

match(F, v, σ)
def
=



















































σ if F = v and v ∈ Bor F ∈ dom(σ) and σ(F ) = v

σ ∪ {v/F} if F ∈ N and F 6∈ dom(σ)

σn if F = 〈F1, ..., Fn〉 and v = 〈v1, ..., vn〉,where ∀i ∈ {1, ..., n}, σi
def
= match(Fi, vi, σi−1)and σ0

def
= σ

∅ otherwisewhere B is the set of basi
 
onstants (i.e. non-tuple values).The �rst 
ase returns the given substitution when the pattern is a basi

onstant identi
al to the datum or it is a variable whose asso
iated value in thesubstitution is identi
al to the datum. The se
ond 
ase returns the given substi-tution extended with a new asso
iation, binding the pattern to the datum whenthe pattern is a variable not in the given substitution. The third 
ase mat
hestuples: ea
h item in the tuple datum is mat
hed against the 
orresponding itemin the pattern tuple from left to right. The result is the substitution yielded bythe last mat
h. The last 
ase returns the empty substitution when there is amismat
h, sin
e all other 
ases have failed.Stru
tural 
ongruen
eAny well-de�ned semanti
s must ensure that pro
esses whi
h are synta
ti
allyequivalent should behave in the same way. We now de�ne su
h an equivalen
erelation, 
alled stru
tural 
ongruen
e.De�nition 3. (Stru
tural 
ongruen
e over pro
ess terms) The relation
≡⊆ P × P is de�ned to be the smallest 
ongruen
e5 over P whi
h satis�es theaxioms shown in Table 3.5Note that sin
e ≡ is de�ned to be a 
ongruen
e relation, in addition to these axioms, it7



Proposition 1. Every pro
ess is stru
turally 
ongruent to a pro
ess of the form:
νx1, ..., xn.(P1 ‖ · · · ‖ Pk), where ea
h Pi is either a trigger, a listener, a delayor a pro
ess instantiation. We 
all su
h form �
anoni
al normal form�.Timed labelled-transitions systemsThe meaning of a πklt term is formally a timed labelled transition system, this is,a transition system in whi
h we distinguish between transitions due to a
tionsand evolution (passage of time). Formally, a timed label transition system orTLTS is a tuple (S,L,→, ) where S is a set of states, L is a set of labels,
→⊆ S×L×S is a transition relation and ⊆ S×R

+
0 ×S is an evolution relation.A rooted TLTS is a tuple (S, s0,L,→, ) where (S,L,→, ) is a TLTS and

s0 ∈ S is a distinguished initial state. We write s
a→ s′ for (s, a, s′) ∈→ and

s
d
 s′ for (s, d, s′) ∈ . We write s

a→ to mean that ∃s′ ∈ S. s
a→ s′. Typi
allythe set L 
ontains a distinguished element τ used to denote unobservable orsilent a
tions. We write s

a
=⇒ s′ for s(

τ−→ )∗
a−→ (

τ−→ )∗s′.The notion of a TLTS 
hara
terizes a �two-dimensional� nature of time:transitions des
ribe instantaneous a
tions and therefore a sequen
e of transitionsdes
ribes an exe
ution within the same instant of real-time, whereas evolutiondes
ribes the passage of real-time itself.De�nition 4. (Pro
ess transitions and evolution) The meaning of a πkltterm P0 is a rooted TLTS T = (P , P0,A,→, ) where A is the set of a
tionlabels des
ribed below, the relation →⊆ P × A × P is the smallest transitionrelation satisfying the inferen
e rules in Table 4 and  ⊆ P × R
+
0 × P is thesmallest evolution relation satisfying the inferen
e rules in Table 5. The elementsof A are a
tions of the form τ (silent a
tion), x!v (trigger), or x?v (re
eption),where v is a 
onstant or a name. We let α range over A. We write fn(α) (resp.

bn(α)) for the set of free (resp. bound) names of the a
tion α. These are de�nedby the following table:
α τ x!v x?v

fn(α) ∅ {x} ∪ n(v) {x}
bn(α) ∅ ∅ n(v)We impose an additional 
onstraint on the TLTS to guarantee maximalprogress: if P

τ−→ then P 6d . This ensures that internal a
tions are urgent.The rules for parallel 
omposition seem to la
k symmetry as they only de-s
ribe the transitions of the �rst pro
ess. Nevertheless, this symmetry is re
ov-ered by using the 
ongruen
e rule with the 
ommutativity axiom for stru
tural
ongruen
e. Note also that while there is no repli
ation operator as in severalpresentations of the π-
al
ulus, we allow re
ursive de�nitions, thus a
hievingthe same result.The (
hoi
e) rule requires a mat
h between the pattern and the value as-so
iated with the event provided by the environment. If the mat
h is su

essful,satis�es those of an equivalen
e relation and of a 
ongruen
e: it is preserved by all 
ontextsin the language. 8



(trig) x!E
x!eval(E)−−−−−−→ √ (
hoi
e) σ = match(Fi, v, ∅) σ 6= ∅

∑

i∈I xi?Fi@yi → Pi
xi?v−−−→ Pi(σ ∪ {0/yi})(new) P

α−→ P ′ x 6∈ n(α)

νx.P
α−→ νx.P ′

(delay) eval(E) = 0

∆E → P
τ−→ P(par) P

α−→ P ′ bn(α) ∩ fn(Q) = ∅
P ‖ Q

α−→ P ′ ‖ Q
(
omm) P

x!v−−→ P ′ Q
x?v−−→ Q′

P ‖ Q
τ−→ P ′ ‖ Q′(
ngr) P

α−→ P ′ P ≡ Q P ′ ≡ Q′

Q
α−→ Q′Table 4: Pro
ess transitions.

(tidle) √ d
 

√ (ttrig) x!E
d
 x!E(t
hoi
e) ∑

i∈I xi?Fi@yi → Pi
d
 

∑

i∈I xi?Fi@yi → Pi{yi+d/yi}(tnew) P
d
 P ′

νx.P
d
 νx.P ′

(tdelay) 0 6 d 6 eval(E)

∆E → P
d
 ∆(E − d) → P(tpar) P

d
 P ′ Q

d
 Q′

P ‖ Q
d
 P ′ ‖ Q′

(t
ngr) P
d
 P ′ P ≡ Q P ′ ≡ Q′

Q
d
 Q′Table 5: Pro
ess evolution.
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the resulting substitution is applied to the 
orresponding 
ontinuation, bindingthe elapsed time variable yi to 0. This may seem a bit 
ounterintuitive at �rst,but it is explained by the (t
hoi
e) rule: when time advan
es d time units,the elapsed time variables are in
remented by d so when a listener's transitionis triggered the value of this variable will be the 
orre
t amount.An exampleTo illustrate the semanti
s, we look at a short example. Consider the term
x?〈4, z〉@e → ∆(5 − e) → z!e. This term blo
ks waiting from an event x too

ur, with a pair 〈4, z〉 as data, and then responds 5 time units after it beganwaiting, by triggering the re
eived event z with the time elapsed between theit started waiting and the o

urren
e of x. Its TLTS will 
ontain the followingexe
ution:

x?〈4, z〉@e → ∆(5 − e) → z!e
3.2
 x?〈4, z〉@e → ∆(5 − (e + 3.2)) → z!(e + 3.2)
x?〈4,y〉−−−−→ ∆(5 − (0 + 3.2)) → y!(0 + 3.2)
1.8
 ∆0 → y!(0 + 3.2)
τ−→ y!(0 + 3.2)
y!3.2−−−→ √Some propertiesThe operational semanti
s entails the following elementary properties.Proposition 2.1. (Zero time advan
e) For any P ∈ P, P

0
 P .2. (Time determina
y) For any P, P ′, P ′′ ∈ P, d ∈ R

+
0 , if P

d
 P ′ and

P
d
 P ′′, then P ′ ≡ P ′′.3. (Time 
ontinuity) For any P, P ′ ∈ P, d, d′ ∈ R

+
0 , P

d+d′

 P ′ if and only ifthere is a P ′′ su
h that P
d
 P ′′ and P ′′ d′

 P ′.4. (Persisten
y of o�ers) For any P, P ′ ∈ P, d ∈ R
+
0 , and any α 6= τ , if

P
α−→ and P

d
 P ′ then P ′ α−→ .2.3 Timed equivalen
eSeveral timed variants of bisimilarity for timed π-
al
uli have been studied in[11℄, [5℄ and [6℄. The 
al
uli studied by these, extend the π-
al
ulus with dis-
rete time, rather than dense time. Furthermore, the variants of bisimilaritypresented, identify pro
esses based on their entire future behaviour. But this istoo stringent, and as explained in the introdu
tion, all behaviours that violate10



hard response-time 
onstraints of real-time systems are 
onsidered to be fail-ures. Therefore we 
an weaken our 
omparison 
riteria to behaviours up to agiven deadline.Consider the following pro
esses:
A

def
= (a? → P )

3
⊲ Q

B
def
= (a? → P )

5
⊲ QThese systems 
annot be identi�ed under standard notions of bisimilarity. Tosee these, re
all the de�nition of timeout. We 
an expand these to

A = νs.((a? → P + s? → Q) ‖ ∆3 → s!)

B = νs.((a? → P + s? → Q) ‖ ∆5 → s!)Then we see that A has the following exe
ution:
A

3
 νs.((a? → P + s? → Q) ‖ ∆0 → s!)
τ−→ νs.((a? → P + s? → Q) ‖ s!)
τ−→ Qbut this 
annot be mat
hed by B:

B
3
 νs.((a? → P + s? → Q) ‖ ∆2 → s!) 6τ−→Hen
e, A and B 
annot be not identi�ed by any of the existing timed bisimilar-ities for timed π-
al
uli, su
h as those in [11℄ or [5℄ or bisimilarities that mat
hevolution dire
tly (i.e., P

d
 P ′ implies Q

d
 Q′ with P ′ bisimilar to Q′). Eitherway, at time 3 the pro
ess A has an intera
tion that 
annot be mat
hed by B.Nevertheless, before time 3, both A and B have exa
tly the same transitions(a?) and evolutions. But if we have a hard 
onstraint requiring intera
tion be-fore 3 time units, we don't 
are about their behaviour beyond time 3, and so itmakes sense to identify the two pro
esses up-to time 3.In [36℄, S
hneider introdu
ed a notion of timed bisimilarity up-to time Tto 
ompare the behaviour of Timed CSP pro
esses. A good notion of be-havioural/observational equivalen
e is one whi
h satis�es the property thatwhenever two pro
esses are identi�ed, no observer or 
ontext 
an distinguishbetween them. Su
h a property is satis�ed by an equivalen
e relation whi
h ispreserved by all 
ombinators or operators of the language, in other words, by a
ongruen
e relation (
ompositionality). Unfortunately S
hneider's equivalen
eis not a 
ongruen
e in the 
ontext of timed π-
al
uli, be
ause, as ground bisim-ilarity, it is not preserved by listeners (input). In the theory of the π-
al
ulusseveral alternative de�nitions of bisimilarity have been explored to ensure 
om-positionality. Sangiorgi's open bisimilarity [35℄ has the desired feature: it isa 
ongruen
e for all π-
al
ulus operators. This suggests the following equiv-alen
e for dense-time π-
al
uli whi
h 
ombines S
hneider's timed bisimilaritywith Sangiorgi's open bisimilarity. 11



De�nition 5. (Open timed-bisimulation) Let S be a set of terms in somelanguage for whi
h there is a notion of substitution de�ned, where substitutionsare fun
tions σ : S → S. Let (S,L,→, ) a TLTS over S. A relation R ⊆
S ×R

+
0 ×S, is 
alled an open timed-bisimulation if for all t ∈ R

+
0 , whenever

(P, t, Q) ∈ R then, for any substitution σ : S → S and any d ∈ R
+
0 su
h that

d < t :1. ∀α ∈ L. ∀P ′ ∈ S. Pσ
α−→ P ′ ⇒ ∃Q′ ∈ S. Qσ

α−→ Q′ ∧ (P ′, t, Q′) ∈ R2. ∀α ∈ L. ∀Q′ ∈ S. Qσ
α−→ Q′ ⇒ ∃P ′ ∈ S. Pσ

α−→ P ′ ∧ (P ′, t, Q′) ∈ R3. ∀P ′ ∈ S. Pσ
d
 P ′ ⇒ ∃Q′ ∈ S. Qσ

d
 Q′ ∧ (P ′, t − d, Q′) ∈ R4. ∀Q′ ∈ S. Qσ

d
 Q′ ⇒ ∃P ′ ∈ S. Pσ

d
 P ′ ∧ (P ′, t − d, Q′) ∈ RLet

-
def
= {(P, u, Q) ∈ S × R

+
0 × S |

∃R. R is an open time-bisimulation& (P, u, Q) ∈ R}We write P -u Q for (P, u, Q) ∈- and say that P and Q are open timed-bisimilar up to u. If P -u Q, we 
all u the time-limit of the bisimulation .For any given t ∈ R
+
0 , -t

def
= {(P, Q) ∈ S × S | (P, t, Q) ∈-}.This de�nition is appli
able to any TLTS for whi
h states are terms in alanguage with an appropriate notion of substitution. In our 
ontext we willassume that S is P , the set of πklt pro
ess terms, and the TLTS is that givenin de�nition 4.First noti
e that, as Sangiorgi's open bisimilarity, this de�nition quanti�esover substitutions σ. This is to ensure listener pro
esses are identi�ed wheneverpossible. Also noti
e, that the �rst two items are the same as for standard(untimed) open bisimulation, if we ignore t. It is the se
ond two items whi
hmake a di�eren
e in the de�nition.Now, let us revisit the pro
esses A

def
= (a? → P )

3
⊲Q and B

def
= (a? → P )

5
⊲Q.We have that A -3 B, as the two pro
esses have the same transitions andevolution up to any time stri
tly less than 3. Figure 1 on page 13 illustratesthis: any state at time d < 3, both A and B have an a? transition whi
h leadsthem to P , and any pro
ess P is bisimilar with itself up to any time.Open timed-bisimulation satis�es the following properties for any TLTS.Proposition 3. For any TLTS M = (S,L,→, ),1. For any t ∈ R

+
0 , -t is an equivalen
e relation.2. - is an open timed-bisimulation.3. - is the largest open timed-bisimulation.Furthermore, we have the following:12



A

d
��
�O
�O
�O

R3 B

d
��
�O
�O
�O

(a? → P )
3−d
⊲ Q

a?

��

R3−d (a? → P )
5−d
⊲ Q

a?

��

P R3−d PFigure 1: Time bisimulation. Here Rt denotes {(P, Q) | (P, t, Q) ∈ R}.Proposition 4. For any TLTS M = (S,L,→, ), any t, u ∈ R
+
0 , and any

P, P ′, P ′′ ∈ S:1. If P -t P ′ then for any u 6 t, P -u P ′2. If P -t P ′ and P ′ -u P ′′ then P -min{t,u} P ′′Timed 
ompositionalityNow we fo
us on the 
ompositionality properties of open timed-bisimilarity.First, we have that it is 
losed under substitutions:Lemma 1. For any substitution σ, and any t ∈ R
+
0 , if P -t Q then Pσ -t Qσ.As mentioned above, a good observational equivalen
e should be a 
ongru-en
e. However, as we have argued, we are only interested in equivalen
e up-tosome time T , and therefore we only 
are about the observable behaviour up-totime T , whi
h means that the equivalen
e must be preserved by our operatorsonly up to that time. Hen
e we are after a notion of timed-
ompositionality,
hara
terized by a timed-
ongruen
e, whi
h we now formally de�ne:De�nition 6. (Timed-
ongruen
e) Given some set S, and a ternary relation

R ⊆ S × R
+
0 × S, we de�ne R's t-proje
tion to be the binary relation Rt

def
=

{(p, q) ∈ S×S | (p, t, q) ∈ R}. R is 
alled a t-
ongruen
e i� Rt is a 
ongruen
e.
R is 
alled a timed-
ongruen
e if it is a t-
ongruen
e for all t ∈ R

+
0 . R is
alled a timed-
ongruen
e up-to u i� it is a t-
ongruen
e for all 0 6 t 6 u.Open-timed bisimilarity satis�es the stronger property stated by the follow-ing, obtained using Lemma 1:Lemma 2. For any P, P ′, Q1, ..., Qn ∈ P, and any t ∈ R

+
0 , if P -t P ′ then:1. ∆E → P -t+e ∆E → P ′ where e = eval(E)2. νx.P -t νx.P ′ 13



3. P ‖ Q -t P ′ ‖ Q4. x?F@y → P +
∑n

i=1 βi → Qi -t x?F@y → P ′ +
∑n

i=1 βi → Qi whereea
h βi is of the form xi?Fi@yi.The immediate 
onsequen
e, whi
h follows from Proposition 4 and Lemma2 is timed 
ompositionality:Theorem 1. -t is a timed-
ongruen
e up-to t and - is a timed-
ongruen
e.We also obtain the following properties as a 
onsequen
e of Lemma 2, whi
hguarantees equivalen
e up to the least upper bound of the pairwise time-equivalen
es:Corollary 1. For any families of terms {Pi ∈ P}i∈I and {Qi ∈ P}i∈I , if forea
h i ∈ I, Pi -ti
Qi then1. ∏

i∈I Pi -min{ti|i∈I}

∏

i∈I Qi2. ∑

i∈I xi?Fi@yi → Pi -min{ti|i∈I}

∑

i∈I xi?Fi@yi → Qi2.4 Legitima
yWe will now turn our attention to another fundamental issue in the des
riptionof timed systems: legitima
y, a.k.a. �nite variability. Consider the followingpro
ess:
L(x)

def
= νu.((u? → L(x)) ‖ u!)This pro
ess triggers a lo
al event u whi
h enables it to re
ursively 
all itself.In other words, it performs an internal a
tion (the intera
tion on u) and loopsinde�nitely. This means that it has an in�nite exe
ution of internal a
tions:

γ0 = L(x)
τ−→ L(x)

τ−→ L(x)
τ−→ · · ·This kind of exe
ution is 
alled instantaneous divergen
e, sin
e the systemdiverges at a single instant in time (it always has τ transitions, thus neverrea
hing a stable state and forever pros
ribing any time advan
e).There are systems that, even though they are not instantaneous divergent,do exhibit undesirable behaviour. Consider the following:

Z(n)
def
= νu.((u? → Z ′(n)) ‖ u!)

Z ′(n)
def
= ∆2−n → Z(n + 1)This also produ
es an in�nite exe
ution:

γ1 = Z(1)
τ−→ Z ′(1)

1/2

 Z(2)
τ−→ Z ′(2)

1/4

 Z(3)
τ−→ Z ′(3)

1/8

 · · ·While in this exe
ution time advan
es, it never progresses beyond time 2.This sort of exe
ution is known as Zeno behaviour.Instantaneous divergen
e and Zeno behaviour have something in 
ommon:they represent behaviours of a pro
ess performing an in�nite number of a
tions14



in a �nite amount of time. Those behaviours are not realisti
, and we shouldavoid them. This gives rise to a fundamental question: how 
an we know if asystem will behave in a way that time always progresses? In other words, wewant to know what are the su�
ient 
onditions for a system to have properlyde�ned timed behaviour.A system whi
h 
an only perform a �nite amount of a
tions in a �nite amountof time is 
alled legitimate. Some timed pro
ess algebras su
h as existing timed
π-
al
uli of [11℄, [5℄ and [6℄, avoid the issue by restri
ting the time base to adis
rete domain. This eliminates Zeno-behaviours but not divergent behaviours.Others, whi
h a

ept dense-time domains, su
h as Timed CSP avoid the issueby requiring all re
ursions to have a stri
tly positive time guard, and thus,forbid by 
onstru
tion, illegitimate pro
esses. We argue nevertheless, that su
han approa
h disallows perfe
tly useful pro
esses, as it will be illustrated below.It is preferable to be aware under what 
onditions we 
an guarantee legitima
y,without sa
ri�
ing expressiveness.Now we formalize the notion of legitima
y and establish su�
ient 
onditionsfor legitima
y.Legitimate exe
utionsBe
ause of the properties of Proposition 2, every exe
ution 
an be written inthe following form:

γ = P0
d0
 P ′

0
α0−→ P1

d1
 P ′

1
α1−→ P2

d2
 P ′

2
α2−→ · · ·This allows to de�ne the length of the exe
ution as len(γ)

def
= n where n isthe number of transitions, the exe
ution's duration as dur(γ)

def
=

∑len(γ)
i=0 di andits a
tion tra
e as atr(γ)

def
= 〈α0, α1, α2, ...〉.De�nition 7. (Legitima
y) A legitimate exe
ution is an exe
ution γ su
hthat len(γ) = ∞ implies that dur(γ) = ∞. A legitimate pro
ess is a pro
esssu
h that all its exe
utions are legitimate.This de�nition implies that every �nite exe
ution is legitimate so illegitimatebehaviours 
an arise only from in�nite exe
utions. In our 
al
ulus, the only wayto obtain an in�nite exe
ution is via re
ursion. Hen
e we have to look at thedelays between re
ursive invo
ations.Well-timed de�nitionsSuppose that a pro
ess P may invoke some de�nition A(~x)

def
= Q. Sin
e thisinvo
ation may o

ur anywhere inside P , some amount of time may pass fromthe beginning of P until A is a
tually invoked. This amount of time may dependon P itself or its environment, if the invo
ation is inside a listener. We de�nea fun
tion mdA whi
h, for a pro
ess P , gives the minimum delay between thestart of P and any invo
ation of A in P .15



De�nition 8. (Minimum delay for invo
ation) Let A(~x)
def
= Q be somepro
ess de�nition. De�ne mdA : P → R

+
0 ∪ {∞} as follows:

mdA(
√

)
def
= ∞

mdA(x!E)
def
= ∞

mdA(∆E → P )
def
= eval(E) + mdA(P )

mdA(νx.P )
def
= mdA(P )

mdA(P1 ‖ P2)
def
= min{mdA(P1), mdA(P2)}

mdA(Σi∈Ixi?Fi@yi → Pi)
def
= min{mdA(Pi) | i ∈ I}

mdA(A(~y))
def
= 0

mdA(B(~y))
def
= mdA(Q′{~y/~x})where B 6= A and B(~x)

def
= Q′We say that P is t-guarded for A, if t 6 mdA(P ).Using this notion we 
an de�ne what it means for a pro
ess de�nition tohave proper timed behaviour.De�nition 9. (Well-timed de�nition) A de�nition A(~x)

def
= P with ~x =

x1, ..., xn, is said to be well-timed if there is a b ∈ R
+
0 su
h that b > 0 and forall ~v = v1, ..., vn, where ea
h vi ∈ V , mdA(P{~v/~x}) > b.This de�nition states that there must be a stri
tly positive lower bound onthe minimal delay before any possible instantiation of A in its body. Noti
ethat this in
ludes any indire
t invo
ation of A, by de�nition of minimal delay.We will need the following, whi
h states that transitions and evolutions arepreserved and re�e
ted by substitution.Proposition 5. For any P, P ′ ∈ P, d ∈ R

+
0 , α ∈ A, and any substitution σ,1. if P

α−→ P ′ then Pσ
σ(α)−−−→ P ′σ2. if P

d
 P ′ then Pσ

d
 P ′σ3. if Pσ

α−→ P ′ then there is a α′ and a Q su
h that P
α′

−→ Q with α = σ(α′)and P ′ = Qσ.4. if Pσ
d
 P ′ then there is a Q su
h that P

d
 Q and P ′ = QσThis proposition allows us to 
on
lude that legitima
y is preserved by sub-stitutions.Lemma 3. Let P ∈ P, and σ any substitution. If P is legitimate, so is Pσ.This leads us to the main result:Theorem 2. (Su�
ient 
onditions for legitima
y) Let D be a �nite setof pro
ess de�nitions and P a pro
ess whi
h invokes only de�nitions in D. Ifall de�nitions in D are well-timed then P is legitimate.16



ExamplesLet us revisit the examples at the beginning of this se
tion. First, we saw thatthe de�nition L leads to a divergent exe
ution γ0 whi
h is illegitimate, sin
e
len(γ0) = ∞ but dur(γ0) = 0. In this 
ase, we have that the problem is thatthe de�nition of L is not well-timed: the minimum delay before any re
ursiveinvo
ation of L is mdL(P{y/x}) = 0 for any y, where P = νu.((u? → L(x)) ‖ u!),and therefore there is no b > 0 su
h that mdL(P{y/x}) > b for any y.In the se
ond example, we saw how the de�nition of Z led to an in�niteexe
ution γ1 where we have that len(γ1) = ∞ but dur(γ1) = Σ∞

i=0
1/2i = 2, soit is illegitimate. In this 
ase, we 
an 
he
k that mdZ(P{y/n}) = 2−y for any ywhere P = νu.((u? → Z ′(n)) ‖ u!). But there is no b > 0 su
h that b 6 2−y forall y. Hen
e, the de�nition of Z is not well-timed.On the other hand, 
onsider the following variation of Z:

B(n)
def
= νu.((u? → B′(n)) ‖ u!)

B′(n)
def
= ∆(1 + 2−n) → B(n + 1)In this 
ase, we have the exe
ution

γ2 = B(1)
τ−→ B′(1)

1+1/2

 B(2)
τ−→ B′(2)

1+1/4

 B(3)
τ−→ B′(3) · · ·So dur(γ2) = Σ∞

i=0(1+1/2i) = ∞, and therefore it is a legitimate exe
ution. Thisis be
ause mdZ(P{y/n}) = 1+2−y for any y where P = νu.((u? → B′(n)) ‖ u!).But there is a b > 0 su
h that b 6 1 + 2−y for all y, namely b = 1, and so B hasa well-timed de�nition.Legitima
y and non-well-timed de�nitionsWe remarked that some timed pro
ess algebras su
h as Timed CSP require allre
ursions to have a stri
tly positive time guard, and thus, forbid by 
onstru
-tion, illegitimate pro
esses. But su
h requirement is a bit ex
essive. Considerfor example the following pro
ess de�nition:
C(a, b)

def
= a? → b! → C(a, b)It is easy to establish that mdC(P{a′

/a, b′/b}) = 0 for any a′, b′ where P = a? →
b! → C(a, b). Therefore this de�nition is not well-timed. But should we forbidsu
h de�nition? Consider the pro
ess D(a, b)

def
= a! → b? → D(a, b). If we
ombine an instan
e of C with an instan
e of D, as in E = νa, b.(C(a, b) ‖

D(a, b)) we obtain a divergent exe
ution
E

τ−→ νa, b.(b! → C(a, b) ‖ b? → D(a, b))
τ−→ E

τ−→ · · ·But what if we 
onsider the following alternative 
ontext: D′(a, b)
def
= a! →

∆0.1 → b? → D′(a, b)? Then the pro
ess E′ = νa, b.(C(a, b) ‖ D′(a, b)) has a17



legitimate exe
ution:
E′ τ−→ νa, b.(b! → C(a, b) ‖ ∆0.1 → b? → D′(a, b))

0.1
 νa, b.(b! → C(a, b) ‖ ∆0 → b? → D′(a, b))
τ−→ νa, b.(b! → C(a, b) ‖ b? → D′(a, b))
τ−→ E′

· · ·This does not 
ontradi
t Theorem 2, be
ause the Theorem establishes su�
ient,but not ne
essary 
onditions for legitima
y. Hen
e, some pro
ess de�nitionslike C, while not well-timed, may be 
ombined with other pro
esses to obtainlegitimate systems, and therefore they should not be dismissed by 
onstru
tion.Legitima
y and time-bisimulationWe introdu
ed the notion of open time-bisimilarity as a means to 
ompare thebehaviour of pro
esses up to a given time. How is open time-bisimilarity relatedto legitima
y? Naturally, if two pro
esses are equivalent, their evolution overtime must be equivalent, and therefore, they should both be legitimate or bothillegitimate. We prove formally this statement. First, we need the followingLemma.Lemma 4. Let P, Q ∈ P. If P -t Q and γP is an exe
ution beginning with Psu
h that dur(γP ) < t, then there is an exe
ution γQ, starting at Q, su
h that
atr(γP ) = atr(γQ), len(γP ) = len(γQ) and dur(γP ) = dur(γQ).From this, the result follows: open-time-bisimilarity preserves legitima
y(and illegitima
y.)Theorem 3. Let P, Q ∈ P. If P -t Q for all t ∈ R

+
0 then P is legitimate ifand only if Q is legitimate.3 An Abstra
t Ma
hine for the πklt-
al
ulusPro
ess algebras 
an be used stri
tly as spe
i�
ation languages, but when wesee them as modelling or programming languages we be
ome interested in howthe �models� or programs are to be exe
uted. An operational semanti
s for su
ha language given as a set of Plotkin-style SOS rules, des
ribes exe
ution, but ata very high-level of abstra
tion. It is not always 
lear how a set of indu
tivelyde�ned rules de�ning an LTS, or even a non-labelled redu
tion system, is to beexe
uted by a ma
hine. A 
ommonly a

epted approa
h is to de�ne an Abstra
tMa
hine for the language whi
h 
aptures the operational semanti
s pres
ribedby the inferen
e rules, and whi
h des
ribes 
omputation at an appropriate levelof abstra
tion su
h that it 
an be easily implemented. In this se
tion we des
ribesu
h Abstra
t Ma
hine for the πklt 
al
ulus and proof it is sound w.r.t. theoperational semanti
s. 18



3.1 Abstra
t Ma
hine spe
i�
ationWhen ignoring time, our Abstra
t Ma
hine is quite similar to Turner's Abstra
tMa
hine for the π-
al
ulus [38℄. But unlike Turner's we have to take into a

ountevolution over real-time. In spite of supporting dense time, our 
al
ulus 
an be
lassi�ed as a dis
rete-event formalism [40℄, sin
e 
hanges of state o

ur only atspe
i�
 instants. Therefore, we 
an simulate the exe
ution of a pro
ess by meansof event-s
heduling. The key idea is to treat ea
h πklt term as a simulationevent to be exe
uted by an event-s
heduler (and not to be 
onfused with a
ommuni
ation event in the language itself). Su
h event s
heduler forms theheart of our Abstra
t Ma
hine.The global queueThe event-s
heduler 
ontains a queue of simulation events (terms) to be exe-
uted, but rather than store them all in a single linear queue, we divide theminto time-slots, i.e., sequen
es of all simulation events to be exe
uted at a giveninstant in time. Hen
e the global event queue is a time-ordered queue of time-slots, ea
h of whi
h is a queue of terms. We des
ribe the operation of ourAbstra
t Ma
hine by showing how it evolves in these two �dimensions� of time:the �verti
al dimension� whi
h 
orresponds to the exe
ution of all terms in a sin-gle time-slot, and the �horizontal dimension�, whi
h 
orresponds to the advan
ein time, i.e. the progress of the global queue.De�nition 10. (Global queue) The set R of global queue states , rangingover R is de�ned by the following BNF, where T ranges over the set T of time-slots :
R ::= (t1, T1) · (t2, T2) · · · · · (tn, Tn) | 〈〉
T ::= P1 :: P2 :: · · · :: Pm | ǫwhere ea
h Pi ∈ P , ea
h ti ∈ R

+
0 , and for ea
h i > 1, ti < ti+1.Event observers and the heapPro
esses intera
t through (
ommuni
ation) events (a.k.a. 
hannels) introdu
edby the ν operator. Furthermore, multiple pro
esses 
an trigger and/or listen tothe same event. Hen
e ea
h su
h event 
an a�e
t multiple pro
esses. So there
an be multiple attempts to intera
t through it, and therefore we need to keeptra
k of ea
h of these requests in an observer set6, 
ontaining observers, i.e.,requests to either trigger the event or listen to it7. We also de�ne the heap,whi
h is essentially a map asso
iating ea
h event name to its observer set.De�nition 11. (Event observers and heap) The set of event observers ,ranged over by O, observer sets , ranged over by Q and the set H of heaps ,6Analogous to �
hannel queues� in Turner's terminology.7In Turner's terminology, triggers are �writers� and listeners are �readers�.19



ranged over by H , are de�ned by the following BNF:
O ::= !v | ?(F, y, P, t, c)

Q ::= {O1, O2, · · · , On} | ∅
H ::= x1 7→ Q1, x2 7→ Q2, ..., xm 7→ Qm | ǫwhere, as usual, v ∈ V , F ∈ F , P ∈ P , and t ∈ R

+
0 .We denote H{x 7→ Q} for the heap where the entry for x is updated to Q.Formally:

ǫ{x 7→ Q} def
= x 7→ Q

(H, x 7→ Q){x 7→ Q′} def
= H, x 7→ Q′

(H, x′ 7→ Q){x 7→ Q′} def
= H{x 7→ Q′}, x′ 7→ Q where x 6= x′We extend this notation to indexed sets of names: H{xi 7→ Qi}i∈I stands for

H{x1 7→ Q1} · · · {xn 7→ Qn} for I = {1, ..., n}.Observers of the form !v are output observers, and denote an attempt totrigger the given event with a value v. Observers of the form ?(F, y, P, t, c)denote input observers, with a pattern F to mat
h, elapsed-time variable y, body
P to exe
ute when the event is triggered with a mat
hing value and whi
h startlistening at time t. This tag t is ne
essary in order to assign the 
orre
t elapsedtime to y on
e the event is triggered. Su
h time-stamp is not present in Turner'sma
hine, sin
e his is �time agnosti
�. The last item, c is a tag used to identifythe original πklt listener, so that ea
h bran
h of a listener ∑

i∈I xi?Fi@yi → Piwill have an observer ?(Fi, yi, Pi, t, c) sharing the same identi�er c. This is alsoabsent from Turner's ma
hine, sin
e he does not implement the 
hoi
e operator.We assume the standard set theoreti
al operations are available for observersets: e.g., Q ∪ {O} denotes the observer set that adds O to Q, Q\O is the setthat results from removing O from Q, O ∈ Q tests for membership, et
.Note also, that unlike Turner's ma
hine, any given non-empty observer set
an 
ontain both inputs and outputs simultaneously, be
ause it is possible thatthe value asso
iated with a triggered event does not mat
h any of the patternsof the available input observers and thus the 
orresponding output observermust be suspended with the existing inputs on the same observer set. Hen
ethe following auxiliary de�nitions will be useful to extra
t the relevant observersfrom a set.De�nition 12. Given an observer set Q, we denote:
inputs(Q)

def
= {O ∈ Q |O is of the form ?(F, y, P, t, c)}

outputs(Q)
def
= {O ∈ Q |O is of the form !v}

patt(?(F, y, P, t, c))
def
= F tag(?(F, y, P, t, c))

def
= c val(!v)

def
= v20



and we de�ne the following fun
tions:
inms(v, Q)

def
= {(O, σ) |O ∈ inputs(Q), σ = match(patt(O), v, ∅), σ 6= ∅}

outms(F, Q)
def
= {(O, σ) |O ∈ outputs(Q), σ = match(F, val(O), ∅), σ 6= ∅}whi
h give us the set of observers and bindings for su

essful mat
hes betweena value v (resp. a pattern F ) and the patterns (resp. values) available as input(resp. output) observers in the set.Furthermore, we need the ability to remove input observers from all bran
hesof a listener on
e a bran
h has been triggered. To this end, we de�ne thefollowing whi
h removes all c tagged inputs from an observer set Q:

withdraw(Q, c)
def
= {O ∈ inputs(Q) | tag(O) 6= c} ∪ outputs(Q)whi
h we use to de�ne the following fun
tion that removes all su
h inputs any-where in the heap8:

remalts(ǫ, c)
def
= ǫ

remalts((H, x 7→ Q), c)
def
= remalts(H, c), x 7→ withdraw(Q, c)Exe
uting time-slotsWe now des
ribe the �verti
al dimension� of time, i.e., the exe
ution of termswithin one time-slot.De�nition 13. (Time-slot exe
ution) The behaviour of time-slots at a time

t ∈ R
+
0 is de�ned as the smallest relation →t⊆ (H × T ) × (H × T ) satisfyingthe axioms in Table 6.The rule (nil) simply ignores a terminated pro
ess. The (spawn) rulesbreak a parallel 
omposition into its 
omponents and s
hedules their exe
utionin the 
urrent time-slot in an arbitrary order. Unlike Turner's ma
hine, this isnon-deterministi
. The (restr) rule allo
ates a new spot for the new event,and initializes its observer set to empty.The (out-f) rule des
ribes the 
ase when we trigger an event x, and there isno mat
hing listener in x's observer set (output failure). In this 
ase we simplyadd a new trigger observer to x's observer set and 
ontinue. The (out-s) rule(output su

ess) applies when there is a mat
hing observer O with σ being theresulting bindings. In this 
ase, we remove all observers belonging to the listenerwhi
h has mat
hed the event (those tagged with c), and then exe
ute the body

P of the observer, applying the substitution σ extended with the binding of theelapsed time variable y to the di�eren
e between the 
urrent time t and thetime u when the re
eiver started listening. Note that sin
e there might be more8This de�nition is ine�
ient sin
e it traverses the entire heap. In pra
ti
e, the inputobservers 
ontain a list of pointers to the relevant heap entries to remove the alternativese�
iently. 21



(nil) −
(H,

√
:: T ) →t (H, T )(spawn1) −

(H, (P1 ‖ P2) :: T ) →t (H, T :: P1 :: P2)(spawn2) −
(H, (P1 ‖ P2) :: T ) →t (H, T :: P2 :: P1)(restr) k fresh
(H, νx.P :: T ) →t (H{k 7→ ∅}, P{k/x} :: T )(out-f) H(x) = Q v = eval(E) inms(v, Q) = ∅

(H, x!E :: T ) →t (H{x 7→ Q ∪ {!v}}, T )(out-s) H(x) = Q (O, σ) ∈ inms(eval(E), Q) 6= ∅ O =?(F, y, P, u, c)

(H, x!E :: T ) →t (remalts(H, c), P (σ ∪ {t−u/y}) :: T )(inp-f) c fresh ∀i ∈ I. H(xi) = Qi outms(Fi, Qi) = ∅
(H,

∑

i∈I xi?Fi@yi → Pi :: T ) →t (H{xi 7→ Qi ∪ {?(Fi, yi, Pi, t, c)}}i∈I , T )(inp-s) ∃i ∈ I. H(xi) = Qi (O, σ) ∈ outms(Fi, Qi) 6= ∅
(H,

∑

i∈I xi?Fi@yi → Pi :: T ) →t (H{xi 7→ Qi\O}, Pi(σ ∪ {0/yi}) :: T )(inst) A(~x)
def
= P

(H, A(~v) :: T ) →t (H, T :: P{~v/~x})Table 6: Time-slot exe
ution
22



than one su

essful mat
h, the 
hoi
e is non-deterministi
, 
ontrasting againwith Turner's ma
hine.The rules (inp-s) and (inp-f) are the dual of (out-s) and (out-f). Inrule (inp-f), when attempting to exe
ute a listener, if there are no mat
hingtriggers in the relevant observer sets, we simply add the appropriate observersto the 
orresponding observer sets. Note that the added observers are taggedwith the 
urrent time t, and with the same tag c. On the other hand, in rule(inp-s), one of the bran
hes su

eeds in mat
hing the pattern with an observer
O and binding σ. In this 
ase, we remove the output observer from the event'sobserver set and exe
ute the body of the 
orresponding bran
h, applying thesubstitution σ and binding yi to 0, sin
e the listener did not have to wait.9Finally, the rule, (inst) deals with pro
ess instantiations. This simply as-sumes the set of pro
ess de�nitions is available, and s
hedules the exe
ution ofthe body of the de�nition repla
ing its parameters by the arguments providedby the instantiation.10Note that there is no rule asso
iated with the ∆ operator. We spe
ify itsbehaviour in the des
ription of the global s
heduler below.Global event s
hedulerNow that we have the exe
ution rules for time-slots, we 
an de�ne the behaviourof the global event s
heduler. For this purpose we will assume we have a fun
tion
insort : R

+
0 ×P×R → R whi
h, given a time, inserts a term in the appropriatetime-slot in the global queue, i.e., whi
h satis�es the following:

insort(t, P, 〈〉) = (t, P )
insort(t, P, (t1, T1) · · · · · (ti, Ti) · · · · · (tn, Tn))

= (t1, T1) · · · · · (ti, Ti :: P ) · · · · · (tn, Tn)if t = ti for some i ∈ {1, ..., n}
insort(t, P, (t1, T1) · · · · · (ti, Ti) · (ti+1, Ti+1) · · · · · (tn, Tn))

= (t1, T1) · · · · · (ti, Ti) · (t, P ) · (ti+1, Ti+1) · · · · · (tn, Tn)if t /∈ {t1, ..., tn} and ti < t < ti+1Now we 
an de�ne the global s
heduler.De�nition 14. (S
heduler) The behaviour of the s
heduler is given by thesmallest relations →֒0, →֒1, →֒2⊆ (H×R) × (H×R) whi
h satisfy the rules inTable 7.11The rule (timeslot) states that as long as there are terms in the 
urrenttime-slot then they are exe
uted. The (advan
e) rule states that when the
urrent time-slot is empty, simply move on to the next available time-slot. Fi-nally, the (s
hed) rule des
ribes the behaviour of the delay operator: to exe
ute
∆E → P simply 
ompute the value d of E and insert P at time t + d (where t9Note that in this 
ase we don't have to traverse the heap to remove input observers be
auseit is a listener whi
h is being exe
uted and we have not added any input observers for it.10In the a
tual implementation the heap is repla
ed by a stru
tured environment thatsupports lexi
al s
oping and whi
h stores not only named events but also pro
ess de�nitions.11The subs
ripts denote �verti
al� step (0), �horizontal� step (1), and �s
heduling� (2).23



(timeslot) (H, T ) →t (H ′, T ′) T 6= ǫ

(H, (t, T ) · R) →֒0 (H ′, (t, T ′) · R)(advan
e) −
(H, (t, ǫ) · R) →֒1 (H, R)(s
hed) d = eval(E)

(H, (t, ∆E → P :: T ) · R) →֒2 (H, insort(t + d, P, (t, T ) · R))Table 7: S
heduler.is the 
urrent time). Note that this is inserted in (t, T ) ·R be
ause the value of
E may be 0. Also note that this may 
reate a new time-slot, if there was noneat time t + d.ExampleWe illustrate the Abstra
t Ma
hine with a sample exe
ution. Consider thepro
esses Q

def
= ∆3.2 → x!1 and P

def
= x?1@e → P1 where P1

def
= ∆(5− e) → P2for some P2. Under the TLTS semanti
s we have the following exe
ution for

νx.(P ‖ Q):
νx.(P ‖ Q)

3.2
 νx.(x?1@e → P1{e+3.2/e} ‖ ∆0 → x!1)
τ−→ νx.(x?1@e → P1{e+3.2/e} ‖ x!1)
τ−→ νx.(P1{e+3.2/e}{0/e})
≡ νx.(∆(5 − (e + 3.2)) → P2{e+3.2/e}){0/e}
≡ νx.∆(5 − (0 + 3.2)) → P2{e+3.2/e}{0/e}
1.8
 νx.∆0 → P2{e+3.2/e}{0/e}
τ−→ νx.P2{e+3.2/e}{0/e}
≡ νx.P2{3.2/e}Now we'll see how this is mimi
ked by the Abstra
t Ma
hine. Suppose thatthe 
urrent time is 7.12 Let us see the exe
ution of the time-slot 
ontaining only

νx.(P ‖ Q), assuming the heap is initially empty (just to simplify notation):
(ǫ, νx.(P ‖ Q)) →7 (k 7→ ∅, (P ‖ Q){k/x}) (restr) k fresh

≡ (k 7→ ∅, (P{k/x} ‖ Q{k/x}))
→7 (k 7→ ∅, P{k/x} :: Q{k/x}) (spawn1)
→7 (k 7→ {?(1, e, P1{k/x}, 7, c)}, Q{k/x}) (inp-f) c freshHen
e, at the global queue level we have:12Any time will do.
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(ǫ, (7, νx.(P ‖ Q)))
→֒0 (k 7→ ∅, (7, (P ‖ Q){k/x})) (timeslot)
≡ (k 7→ ∅, (7, (P{k/x} ‖ Q{k/x})))
→֒0 (k 7→ ∅, (7, P{k/x} :: Q{k/x})) (timeslot)
→֒0 (k 7→ {?(1, e, P1{k/x}, 7, c)}, (7, Q{k/x})) (timeslot)
≡ (k 7→ {?(1, e, P1{k/x}, 7, c)}, (7, ∆3.2 → k!1))
→֒2 (k 7→ {?(1, e, P1{k/x}, 7, c)}, insort(7 + 3.2, k!1, (7, ǫ))) (s
hed)
≡ (k 7→ {?(1, e, P1{k/x}, 7, c)}, (7, ǫ) · (10.2, k!1))
→֒1 (k 7→ {?(1, e, P1{k/x}, 7, c)}, (10.2, k!1)) (advan
e)
→֒0 (k 7→ ∅, (10.2, P1{k/x}{10.2−7/e})) (out-s) + (timeslot)
≡ (k 7→ ∅, (10.2, ∆(5 − 3.2) → P2{3.2/e}{k/x}))
→֒2 (k 7→ ∅, (10.2, ǫ) · (12, P2{3.2/e}{k/x})) (s
hed)
→֒1 (k 7→ ∅, (12, P2{3.2/e}{k/x})) (advan
e)Here we used (spawn1) whi
h sele
ted the left pro
ess P to be exe
uted�rst. This resulted in registering the input observer in k's observer set. If wehad used (spawn2) instead, then Q would have been exe
uted �rst, resulting inthe s
heduling happening �rst, but P would remain in the time-slot for time 7,and thus it would be exe
uted before advan
ing in time.3.2 SoundnessWe now establish that redu
tions in our Abstra
t Ma
hine 
orrespond to valid

πklt exe
utions following the same approa
h as that in [38℄ for the π-
al
ulus.To do this we �rst en
ode the states of our Abstra
t Ma
hine as πklt terms. Weneed to en
ode the heap, its observer sets, time-slots and the global queue. Weuse x ∈ H to denote that there is an entry for x in the heap H .De�nition 15. (En
oding the ma
hine state) The set of triggers in theheap entry for x and the set of all triggers in the heap are given by:
triggers(Q, x)

def
= {x!v | !v ∈ outputs(Q)}

alltriggers(H)
def
=

⋃

x∈H

triggers(H(x))The set of bran
hes of a listener with tag c is given by:
branches(H, c, t)

def
=

⋃

x∈H

alts(H(x), c, x, t)

alts(Q, c, x, t)
def
= {x?F@y → P{y+(t−u)/y} | ?(F, y, P, u, c) ∈ inputs(Q)}The set of all listeners in the heap is given by:

alllisteners(H, t)
def
= {

∑

branches(H, c, t) | c ∈ alltags(H)}
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where
alltags(H)

def
=

⋃

x∈H

tags(H(x))

tags(Q)
def
= {tag(O) |O ∈ inputs(Q)}The en
oding of the heap H at time t, is given by:

JHKt
def
= (

∏

alllisteners(H, t)) ‖ (
∏

alltriggers(H))The en
oding of a time-slot T = P1 :: P2 :: · · · :: Pn is:
JT K

def
= P1 ‖ P2 ‖ · · · ‖ PnThe en
oding of a heap/time-slot pair at time t is:

J(H, T )Kt

def
= νx1, ..., xk.(JHKt ‖ JT K)The en
oding of the global queue R = (t1, T1) · (t2, T2) · ... · (tm, Tm) is:

JRK
def
= JT1K ‖ ∆(t2 − t1) → JT2K ‖ · · · ‖ ∆(tm − t1) → JTmKThe en
oding of the ma
hine state (H, R) is de�ned as:

J(H, R)K
def
= νx1, ..., xk.(JHKcurtime(R) ‖ JRK)where {x1, ..., xk} are the names of entries in the heapH and where curtime((t, T )·

R)
def
= t is the time-stamp of the �rst time-slot.13A few 
omments about this en
oding. First, note that to 
reate a singlelistener we have to quantify over the possible entries in the heap. This is be
auseea
h bran
h of a listener may listen to di�erent events/
hannels, and therefore,the 
orresponding input observers may be dispersed over multiple heap entries.This is why we use the tags c, to identify all input observers whi
h belongto the same listener. Se
ond, note that the de�nition alts whi
h gives us thealternative bran
hes of a listener in some observer set, substitutes y + (t − u)for y in P , where t is the 
urrent time and u is the time-stamp of the inputobserver, i.e., when the listener began listening. This is be
ause the en
oding
orresponds to taking a �snapshot� of the ma
hine's state at time t, but ea
hlistener may have registered at some time u 6 t so we have to take into a

ountthe time already elapsed. The en
oding JRK for the global queue 
onsiders the�rst time-slot to represent the 
urrent one, so all future time-slots are delayedrelative to the 
urrent time t1.In the following we will write =⇒ for (

τ−→ ) ≡ ∪ ≡, this is P =⇒ Q if thereis zero or one redu
tions from P to Q (modulo stru
tural 
ongruen
e). We �rstestablish the 
onsisten
y of exe
ution within one time-slot at time t.13Note that J(H, R)K is in 
anoni
al normal form (
f. Proposition 1).26



Lemma 5. (Sound time-slot exe
ution)If (H, T ) →t (H ′, T ′) then J(H, T )Kt =⇒ J(H ′, T ′)KtFrom this, the validity of the s
heduler's rules follows:Theorem 4. (Abstra
t Ma
hine Validity)1. If (H, R) →֒0 (H ′, R′) then J(H, R)K =⇒ J(H ′, R′)K2. If (H, R) →֒1 (H ′, R′) then J(H, R)K
d
 =⇒ J(H ′, R′)K with d = t2 − t1where R = (t1, T1) · (t2, T2) · ...3. If (H, R) →֒2 (H ′, R′) then J(H, R)K ≡ J(H ′, R′)K3.3 Implementation: kilteraWe have implemented the Abstra
t Ma
hine des
ribed in this Se
tion, formingthe basis of a language 
alled kiltera. This language in
ludes all the basi
 andderived 
onstru
ts mentioned in this paper, plus some whi
h we have not men-tioned, su
h as event/
hannel arrays, indexed parallel 
omposition, and loops,all de�ned in terms of the 
ore. Table 8 shows the ASCII syntax equivalent of

πklt terms in kiltera.The implementation follows the spe
i�
ation quite 
losely, but there is onedi�eren
e, for the sake of e�
ien
y. While the Abstra
t Ma
hine presented hereuses substitution, the a
tual implementation uses frame environments to sup-port lexi
al s
oping, a

ording to the standard approa
h followed by fun
tionalprogramming languages. This also allows us to support lo
al variable de�ni-tions and nested pro
ess de�nitions. Furthermore, pro
ess de�nitions result in
losures whi
h are treated as �rst 
lass values and thus 
an be 
ommuni
ated.The language also supports some primitives for mobile distributed 
omputa-tion and the implementation supports truly distributed (virtual time) simulationbased on Time-Warp [19℄.4 Related workThere have been several timed extensions to the π-
al
ulus. We now 
ontrastthem with πklt. Most of the timed extensions assume a dis
rete time model, andnone in
lude a time-observing 
onstru
t as @y in πklt listeners. Most are basedon the syn
hronous π-
al
ulus, whereas πklt is based on asyn
hronous 
ommu-ni
ation. Only a 
ouple have reported on notions of behavioural equivalen
eand 
ompositionality. To the best of our knowledge, none of the previous workon timed π-
al
uli has studied time-bounded equivalen
es, none has dealt withthe issue of legitima
y (�nite variability) and no Abstra
t Ma
hine has beenproposed. Furthermore the only other language in this family, apart from ours,with an a
tual implementation is the sto
hasti
 π-
al
ulus.27



πklt notation kiltera ASCII notation√ done
x!E trigger x with E

x1?F1@y1 → P1 + · · · + xn?Fn@yn → Pn whenx_1 with F_1 after y_1 ->P_1| ......| x_n with F_n after y_n ->P_n
νx1, ..., xn.P event x_1, ..., x_n inP

∆E → P wait E ->P
P1 ‖ · · · ‖ Pn parP_1...P_n
A(x1, ..., xn) A[x_1,...,x_n℄

A(x1, ..., xn)
def
= P pro
ess A[x_1,...,x_n℄:PTable 8: kiltera notation for πklt syntaxThe sto
hasti
 π-
al
ulusThe sto
hasti
 π-
al
ulus [30℄ makes a small but signi�
ant modi�
ation to thesyntax and semanti
s of the (syn
hronous) π-
al
ulus, by asso
iating rates to(input and output) a
tions. The meaning of this rate is that the given a
tionis 
ompleted only after an amount of time whi
h is drawn from an exponentialdistribution determined by the rate. As πklt, pro
esses exe
ute with respe
t toa global 
lo
k over 
ontinuous time. But, unlike πklt, the amount of delay is arandom variable over a distribution, and therefore, transitions and their timing,are probabilisti
. Semanti
ally, ea
h transition also has a rate, whi
h depends onthe rate of the 
orresponding term. This implies that 
ommuni
ation betweenpro
esses has a rate whi
h depends on the rates of the parti
ipating input andoutput a
tions.The probabilisti
 nature of this 
al
ulus results in a theory whi
h is sub-stantially di�erent from ours, in s
ope and purpose. While both the sto
hasti


π-
al
ulus and πklt 
an be used to reason about quantitative aspe
ts of the tim-ing behaviour of systems, the emphasis of the sto
hasti
 π theory is on proba-bilisti
 analysis and performan
e evaluation, whereas πklt's theory is fo
used onthe dis
rete-event behaviour of systems, fo
using in properties of legitima
y, be-havioural equivalen
e and 
ompositionality. We have not seen any 
omparableresults in the theory of the sto
hasti
 π-
al
ulus.28



The πRT -
al
ulusThe 
al
ulus introdu
ed in [22℄ extends the π-
al
ulus with a timeout operatorfrom Timed CSP [37, 36℄ as well as allowing transmission of time values. Like
πklt, it has a model of 
omputation based on a global 
lo
k, but unlike πklt,time is dis
rete. The model of 
omputation in
ludes several properties similarto πklt's, su
h maximal progress, time determina
y and time 
ontinuity, Nev-ertheless, the status of these properties in their theory is not 
lear: are theyassumptions or derived properties? To the best of our knowledge, the theory ofthis 
al
ulus has not been developed. The authors do not report any results re-garding the issues we have treated in this paper, namely legitima
y, equivalen
eand 
ompositionality.The Tπ and TDπ-
al
uliOf the timed-π 
al
uli we surveyed, we have found the Tπ and TDπ-
al
uli[31℄ to have one of the most developed theories. This algebra extends the π-
al
ulus in several ways: 1) 
omputation pro
eeds with respe
t to a global 
lo
kover dis
rete time; 2) input and output a
tions (i.e., listeners and triggers),have asso
iated timers, whi
h represent timeouts; 3) it supports distributed
omputation in a sense similar to πdklt, where pro
esses exe
ute in lo
ations, and
an move between lo
ations; 4) it has a type system whi
h assigns 
apabilitiesto 
hannels (e.g., read or write), and lo
ations (e.g., 
an move). Its theory is
entered around several notions of barbed bisimulation, whi
h identify pro
essesbased on the satisfa
tion of 
ertain predi
ates known as barbs. Di�erent variantsof this equivalen
e are proposed whi
h distinguish pro
esses depending on theirtype information, and/or their timing behaviour.There are several obvious similarities as well as di�eren
es between πklt andthis 
al
ulus. First, both have a notion of timed exe
ution with respe
t to aglobal 
lo
k, but while in TDπ time is dis
rete, in πklt it is 
ontinuous. Se
ond,the timer tags on 
hannels of TDπ are easily emulated with timeouts in πklt,but while πklt provides a me
hanism to observe the elapsed time, TDπ does not.Furthermore, unlike πRT and πklt, time values are not transmittable as data.Third, TDπ provides a type system, while πklt's pro
esses are untyped. Theremaining distin
tion are with respe
t to the model of distributed pro
essing,so we leave the 
omparison of these features to the se
ond part of this paper.As with the previously dis
ussed variants, the theory does not provide anyresults regarding legitima
y, unlike our theory. They do dis
uss a timed barbedbisimilarity relation, but it is a mu
h more stringent equivalen
e than our ownopen-timed bisimilarity. Whereas their equivalen
e requires an exa
t mat
h inthe timing of transitions, our equivalen
e requires mat
h up to a given time.For example, 
onsider the pro
esses (a? → P )

3
⊲ Q1 and (a? → P )

5
⊲ Q2. In

πklt, we are able to show these pro
esses as equivalent up to time 3, whi
hin
ludes equivalen
e of all intermediate states between time 0 (in
luded) andtime 3 (ex
luded). The 
orresponding TDπ pro
esses 
ould not be identi�ed atall, be
ause their timeouts are di�erent. This makes timed barbed bisimilarity29



in TDπ a very stringent equivalen
e. Furthermore there are no results regardingits 
ompositionality, whether it is a 
ongruen
e, whether it is preserved by theoperators in the language. We suspe
t that in fa
t, it is not a 
ongruen
e, forthe same reasons that strong, ground bisimilarity is not a 
ongruen
e in the π-
al
ulus, or (non-open) timed-bisimilarity is not a 
ongruen
e in πklt: it ignorestransmitted values over 
hannels.The πt and πmlt-
al
uliThe πt and πmlt-
al
uli [5, 6℄ are similar to the Tπ and TDπ-
al
uli. Theysupport time, and in the 
ase of πmlt, lo
ations and message failures. Like πklt
ommuni
ation is asyn
hronous. Nevertheless, time is dis
rete. Their timer 
on-stru
t 
orresponds in πklt to a single-bran
hing listener with a timeout. The the-ory studies several bisimilarities, establishing 
ompositionality of strong, timed-
losed, renaming-
losed asyn
hronous bisimilarity. While the requirements oftime-
losedness and renaming-
losedness are similar to those of our open timed-bisimilarity, their equivalen
e is de�ned only in the dis
rete-time setting, andidenti�es pro
esses with respe
t to the entire future, unlike our equivalen
e up-tosome time.The timed-π 
al
ulusAnother timed extension to the π-
al
ulus was provided in [14℄. This extensionintrodu
es a delay operator and an integral operator, whi
h is nothing but asum (a 
hoi
e operator) over a 
ontinuous time domain. Unfortunately thereis nothing mu
h to 
omment about this, sin
e no theory is developed for thislanguage, no results regarding legitima
y, equivalen
e, 
ompositionality, or anyother interesting property. Furthermore, there is no mention of an implementa-tion either.The Spa
ePi 
al
ulusAnother related pro
ess algebra re
ently introdu
ed is Spa
ePi [20℄, an exten-sion to the π-
al
ulus with both 
ontinuous time and spa
e. In this algebra,pro
esses have an asso
iated position in the eu
lidean ve
tor spa
e R
n, as wellas a movement fun
tion whi
h updates the pro
ess's position. Communi
ation
hannels have an asso
iated radius, whi
h determines how far a pro
ess 
ansend or re
eive a message. Time, while 
ontinuous, is divided in 
omputationintervals, so that the movement fun
tion spe
i�es where a pro
ess will be at theend of the interval, if it does not intera
t with other pro
esses.This 
al
ulus is quite di�erent than πklt. While it presents some novel fea-tures, like radius for 
hannels, it seems to impose a rather unnatural stru
tureto time in the form of time-intervals, apparently, to justify the meaning of themovement fun
tions. The result is that the modeller is for
ed to be aware ofsu
h imposition, and develop models a

ordingly. In addition, to the best ofour knowledge, there are no theoreti
al results for this language, no properties30



regarding its semanti
s, su
h as 
onditions for legitima
y, or adequate notionsof behavioural equivalen
e. Furthermore, there are no tools yet to supportmodelling and simulation with this 
al
ulus.The φ-
al
ulusThe φ-
al
ulus [33℄ is another timed variant of the π-
al
ulus for hybrid, embed-ded systems. Its distinguishing 
hara
teristi
 is the ability to des
ribe hybridsystems 
onsisting of an environment whi
h runs over 
ontinuous time and apro
ess expression whi
h performs dis
rete a
tions whi
h may 
hange the 
ontin-uous environment. The emphasis of this 
al
ulus is on hybrid systems, whereas
πklt is 
on
erned with dis
rete-event systems.Previous version of kilteraTo end, we would like to mention that the language presented in this paper was�rst published in [29℄, where rendez-vous was the main form of 
ommuni
ation.In the author's thesis, this was 
hanged to asyn
hronous 
ommuni
ation, addedmulti
asting and a form of ephemeral or transient intera
tion. In this paper wehave de
ided to trim the language ba
k to make it 
loser to the π-
al
ulus, dueto several di�
ulties introdu
ed by mixing multi
asting, transient intera
tionand time. This allows us to take advantage of a large body of work that isalready in pla
e for the π-
al
ulus.5 Con
lusions and future workWe have introdu
ed the πklt-
al
ulus, a dense-time extension to the asyn
hronous
π-
al
ulus whi
h adds some high-level features su
h as pattern-mat
hing. Wehave given an operational semanti
s in terms of timed-labelled transition sys-tems, and developed its basi
 theory, in
luding a notion of timed 
omposi-tionality and a timed-bisimilarity up-to a given time, whi
h is shown to be atimed-
ongruen
e. We also explored the issue of legitimate pro
ess de�nitionsand established su�
ient 
onditions for legitima
y. We developed an Abstra
tMa
hine for the 
al
ulus, based on event-s
heduling, and established its sound-ness with respe
t to the operational semanti
s. We have implemented this in alanguage 
alled kiltera. We view this language as a step towards �lling the gapbetween foundational pro
ess algebras and realisti
 languages, spe
ially in the
ontext of real-time mobile systems.In the se
ond part we will present the distributed 
omputation extensionsto the 
ore language, as well as a distributed Abstra
t Ma
hine, based on theTimeWarp algorithm [19℄. These have been implemented in the kiltera simulator.There are multiple dire
tions for future resear
h. First, 
on
erning the 
oretheory, an axiomatization of open-time bisimilarity would be interesting to sup-port automati
 veri�
ation. Weaker variants of this equivalen
e are also of inter-est, as well as fully-abstra
t denotational models, and 
omparisons with similar31



models. The apli
ability of real-time temporal logi
s and model-
he
king ap-proa
hes 
an be valuable. At the meta-theory level it might be interesting toexplore the idea of rule formats for timed pro
ess algebras whi
h yield timed-
ongruen
es, in the same vein as those des
ribed in [1℄.From the point of view of language features, several issues should be ex-plored, in
luding type systems, and with respe
t to the distributed features,a
tive pro
ess migration. The implementation is mostly a proof of 
on
ept,with the simulator written entirely in Python, and thus it is not very fast.Optimization strategies for the Abstra
t Ma
hine are also issues to be explored.The implementation is available at http://www.kiltera.org.Referen
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 propertiesProposition 1. Every pro
ess is stru
turally 
ongruent to a pro
ess of the form:
νx1, ..., xn.(P1 ‖ · · · ‖ Pk), where ea
h Pi is either a trigger, a listener, a delayor a pro
ess instantiation. We 
all su
h form �
anoni
al normal form�.Proof. (Sket
h) Using the s
ope extrusion axiom for stru
tural 
ongruen
e (P ‖
νx.Q ≡ νx.(P ‖ Q) if x /∈ fn(P )) together with the α-
onversion axiom (P ≡ Qif P ≡α Q) we 
an extra
t, from all parallel subterms, any νx whi
h is not insidea listener or delay, to the outermost position.Proposition 2.1. (Zero time advan
e) For any P ∈ P, P

0
 P .2. (Time determina
y) For any P, P ′, P ′′ ∈ P, d ∈ R

+
0 , if P

d
 P ′ and

P
d
 P ′′, then P ′ ≡ P ′′.3. (Time 
ontinuity) For any P, P ′ ∈ P, d, d′ ∈ R

+
0 , P

d+d′

 P ′ if and only ifthere is a P ′′ su
h that P
d
 P ′′ and P ′′ d′

 P ′.4. (Persisten
y of o�ers) For any P, P ′ ∈ P, d ∈ R
+
0 , and any α 6= τ , if

P
α−→ and P

d
 P ′ then P ′ α−→ .Proof. All these 
an be proven using standard indu
tion on the stru
ture of P .We show here time determina
y and time 
ontinuity. The rest are similar. Webegin with time determina
y.Case 1. P ≡ √, P ≡ x!E, P ≡ ∆E → P ′, or P ≡ ∑

i∈I βi → Pi. In ea
h ofthese 
ases, there is only one axiom that 
an be applied, or the (t
ngr) rule,and therefore the result is uniquely determined up-to ≡.Case 2. P ≡ νx.P1. Assume that the statement holds for P1 (whi
h is a sub-term of P ): if P1
d
 P ′

1 and P1
d
 P ′′

1 then P ′
1 ≡ P ′′

1 . Suppose that P
d
 P ′ and

P
d
 P ′′. Ea
h of these must be the 
on
lusion of the (tnew) rule. Therefore

P ′ ≡ νx.P ′
1 for some P ′

1 su
h that P1
d
 P ′

1. Similarly P ′′ ≡ νx.P ′′
1 for some P ′′

1su
h that P1
d
 P ′′

1 . Hen
e, by indu
tion hypothesis, P ′
1 ≡ P ′′

1 , and sin
e ≡ isa 
ongruen
e, νx.P ′
1 ≡ νx.P ′′

1 , this is P ′ ≡ P ′′ are required.35



Case 3. P ≡ P1 ‖ P2. Assume that the statement holds for ea
h sub-term P1and P2. Suppose that P
d
 P ′ and P

d
 P ′′. Ea
h 
ase must be the 
on
lusionof (tpar). Therefore, P ′ ≡ P ′

1 ‖ P ′
2 for some P ′

1 su
h that P1
d
 P ′

1 and some
P ′

2 su
h that P2
d
 P ′

2. Similarly, sin
e P
d
 P ′′, we have that P ′′ ≡ P ′′

1 ‖ P ′′
2for some P ′′

1 su
h that P1
d
 P ′′

1 and some P ′
2 su
h that P2

d
 P ′′

2 . Hen
e, byour indu
tion hypothesis, we 
on
lude that P ′
1 ≡ P ′′

1 and P ′
2 ≡ P ′′

2 . And sin
e ≡is a 
ongruen
e, we have that P ′
1 ‖ P ′

2 ≡ P ′′
1 ‖ P ′′

2 . This is, P ′ ≡ P ′′ as required.Now we show time 
ontinuity.Case 1. P ≡ √ or P ≡ x!E (⇐) Assume there is a P ′′ su
h that P
d
 P ′′ and

P ′′ d′

 P ′. Then P ′′ ≡ P and P ′ ≡ P . So, by (tidle) if P ≡ √ or by (ttrig)if P ≡ x!E, P
d+d′

 P ′. (⇒) Dually, whenever P
d+d′

 P ′, it is possible to �nd a
P ′′, namely P ′′ ≡ P , su
h that P

d
 P ′′ and P ′′ d′

 P ′.Case 2. P ≡ ∆E → P1. (⇐) Assume there is a P ′′ su
h that P
d
 P ′′ and

P ′′ d′

 P ′. Then P ′′ ≡ ∆(E − d) → P1 where 0 6 d 6 eval(E). Therefore,
P ′ ≡ ∆((E − d) − d′) → P1 where 0 6 d′ 6 eval(E − d). But this means that
P ′ ≡ ∆(E−(d+d′)) → P1 and 0 6 d+d′ 6 eval(E), so by (tdelay), P d+d′

 P ′.(⇒) Suppose P
d+d′

 P ′. Then, it must be the 
ase that P ′ ≡ ∆(E− (d+d′)) →
P1 with 0 6 d+ d′ 6 eval(E). De�ne P ′′ ≡ ∆(E − d) → P1. Then P

d
 P ′′ and

P ′′ d′

 P ′.Case 3. P ≡ νx.P1. Assume the statement is true for the sub-term P1. (⇐)Suppose there is a P ′′ su
h that P
d
 P ′′ and P ′′ d′

 P ′. Then P ′′ ≡ νx.P ′′
1 forsome P ′′

1 su
h that P1
d
 P ′′

1 . Hen
e it must be that P ′ ≡ νx.P ′
1 for some P ′

1su
h that P ′′
1

d′

 P ′
1. This implies that P1

d+d′

 P ′
1 by the indu
tion hypothesis,and this in turn implies that νx.P1

d+d′

 νx.P ′′
1 by (tnew), in other words,

P
d+d′

 P ′. (⇒) Suppose P
d+d′

 P ′. Then, P ′ ≡ νx.P ′
1 for some P ′

1 with
P1

d+d′

 P ′
1. So, by indu
tion hypothesis, there is a P ′′

1 su
h that P1
d
 P ′′

1and P ′′
1

d′

 P ′
1. De�ne P ′′ ≡ νx.P ′′

1 . It follows that P
d
 P ′′ and P ′′ d′

 P ′ by(tnew).Case 4. P ≡ P1 ‖ P2. Assume the statement is true for the sub-terms P1 and
P2. (⇐) Suppose there is a P ′′ su
h that P

d
 P ′′ and P ′′ d′

 P ′. Then
P ′′ ≡ P ′′

1 ‖ P ′′
2 for some P ′′

1 and P ′′
2 where P1

d
 P ′′

1 and P2
d
 P ′′

2 . Hen
e,it is also the 
ase that P ′ ≡ P ′
1 ‖ P ′

2 for some P ′
1 and P ′

2 where P ′′
1

d′

 P ′
1and P ′′

2
d′

 P ′
2. We 
on
lude, by indu
tion hypothesis, that P1

d+d′

 P ′
1 and

P2
d+d′

 P ′
2. So, by (tpar), we have that P1 ‖ P2

d+d′

 P ′
1 ‖ P ′

2, this is, P
d+d′

 P ′.36



(⇒) Suppose P
d+d′

 P ′. Then, P ′ ≡ P ′
1 ‖ P ′

2 for some P ′
1 and P ′

2 where
P1

d+d′

 P ′
1 and P2

d+d′

 P ′
2. So, by indu
tion hypothesis, there are P ′′

1 and P ′′
2su
h that P1

d
 P ′′

1
d′

 P ′
1 and P2

d
 P ′′

2
d′

 P ′
2. Therefore, by using (tpar), weobtain that P1 ‖ P2

d
 P ′′

1 ‖ P ′′
2

d′

 P ′
1 ‖ P ′

2. This is, P
d
 P ′′ and P ′′ d′

 P ′,where P ′′ ≡ P ′′
1 ‖ P ′′

2 .Case 5. P ≡ Σi∈Iβi → Pi, where for ea
h i ∈ I, βi is of the form xi?Fi@yi.(⇐) Suppose there is a P ′′ su
h that P
d
 P ′′ and P ′′ d′

 P ′. Then P ′′ ≡
Σi∈Iβi → P ′′

i where P ′′
i ≡ Pi{yi+d/yi}. Hen
e, P ′ ≡ Σi∈Iβi → P ′

i where P ′
i ≡

P ′′
i {yi+d′

/yi}. So we have that P ′
i ≡ Pi{yi+d/yi}{yi+d′

/yi} ≡ Pi{yi+(d+d′)/yi}by 
omposition of substitutions. Hen
e, P
d+d′

 P ′ by (t
hoi
e). (⇐) Sup-pose P
d+d′

 P ′. So P ′ ≡ Σi∈Iβi → P ′
i with P ′

i ≡ Pi{yi+(d+d′)/yi}. De-�ne P ′′ ≡ Σi∈Iβi → P ′′
i with P ′′

i ≡ Pi{yi+d/yi}. Hen
e, P ′′
i {yi+d′

/yi} ≡
Pi{yi+d/yi}{yi+d′

/yi} ≡ Pi{yi+(d+d′)/yi} ≡ P ′
i . So, by (t
hoi
e), P ′′ d′

 P ′and by de�nition of P ′′ and (t
hoi
e), we also have that P
d
 P ′′, as required.B Timed-equivalen
eProposition 3. For any TLTS M = (S,L,→, ),1. For any t ∈ R

+
0 , -t is an equivalen
e relation.2. - is an open timed-bisimulation.3. - is the largest open timed-bisimulation.Proof. We only show the se
ond, for illustration. Assume that P -t Q, i.e.that (P, t, Q) ∈-. By de�nition of -, there must be an open timed-bisimulation

R su
h that (P, t, Q) ∈ R. We now 
he
k that - satis�es the four 
onditions ofopen timed-bisimulation.1. Suppose that Pσ
α−→ P ′ for some σ, α and P ′. Then, Qσ

α−→ Q′ and
(P ′, t, Q′) ∈ R, sin
e R is an open timed-bisimulation. But sin
e there isan open timed-bisimulation that 
ontains (P ′, t, Q′), then P ′ -t Q′.2. This is analogous to the previous item.3. Suppose that d < t and Pσ

d
 P ′. Then Qσ

d
 Q′ and (P ′, t− d, Q′) ∈ R,sin
e R is an open timed-bisimulation. But sin
e there is an open timed-bisimulation that 
ontains (P ′, t − d, Q′), then P ′ -t−d Q′.4. This is analogous to the previous item.37



Proposition 4. For any TLTS M = (S,L,→, ), any t, u ∈ R
+
0 , and any

P, P ′, P ′′ ∈ S:1. If P -t P ′ then for any u 6 t, P -u P ′2. If P -t P ′ and P ′ -u P ′′ then P -min{t,u} P ′′Proof. We show 1 �rst. Pi
k any t ∈ R
+
0 . Consider the following relation:

R
def
=

⋃

06z6t Rz where
Rz

def
= {(P, u, Q) ∈ P × R

+
0 × P |u 6 z and P -z Q}We 
laim that R is an open timed-bisimulation. To see this, take any (P, u, Q) ∈

R. Then there must be a z ∈ R
+
0 su
h that z 6 t and (P, u, Q) ∈ Rz. Hen
e u 6

z and P -z Q. Now we 
he
k the four 
onditions of open timed-bisimulation:1. Suppose that Pσ
α−→ P ′ for some σ, α and P ′. Sin
e P -z Q we 
on
ludethat Qσ

α−→ Q′ for some Q′ and P ′ -z Q′. Sin
e u 6 z and P ′ -z Q′ hold,we 
on
lude that (P ′, u, Q′) ∈ Rz and therefore (P ′, u, Q′) ∈ R.2. Analogous to the previous item.3. Suppose that d < u and Pσ
d
 P ′ for some σ and P ′. Sin
e u 6 z wehave that d < z, and sin
e P -z Q we 
on
lude that Qσ

d
 Q′ for some

Q′ and P ′ -z−d Q′. Sin
e u 6 z, we have that u − d 6 z − d, and sin
e
P ′ -z−d Q′, we obtain that (P ′, u − d, Q′) ∈ Rz−d, but d < u 6 z so
0 < z − d and z 6 t whi
h means that z − d 6 t, so 0 6 z − d 6 t whi
himplies that (P ′, u − d, Q′) ∈ R.4. Analogous to the previous item.So we 
on
lude that R is indeed an open timed-bisimulation. Suppose that

P -t Q and u 6 t. Then (P, u, Q) ∈ Rt, whi
h means that (P, u, Q) ∈ R. Inother words, P -u Q.Now we show 2. Assume that P -t P ′ and P ′ -u P ′′. Let m = min t, u so
m 6 t and m 6 u. Hen
e, by what we just proves (1), we have that P -m P ′and P ′ -m P ′′, whi
h by transitivity implies P -m P ′′.Lemma 1. For any substitution σ, and any t ∈ R

+
0 , if P -t Q then Pσ -t Qσ.Proof. LetR =

⋃

t∈R
+

0

Rt with Rt
def
= {(Pσ, t, Qσ) |σis any substitution and P -t

Q}. We 
laim that R is an open timed-bisimulation. First, note that if P -t Qthen (P, t, Q) ∈ Rt (and thus (P, t, Q) ∈ R)), sin
e the identity fun
tion is a sub-stitution. Assume that (P, Q) ∈ R. Then (P, Q) ∈ Rt for some t and P = P0σ0and Q = Q0σ0 for some substitution σ0 and some P0, Q0 with P0 -t Q0. Takeany substitution σ. Then 38



1. Suppose Pσ
α−→ P ′. This is, P0σ0σ

α−→ P ′. But P0 -t Q0, so Q0σ0σ
α−→ Q′with P ′ -t Q′, whi
h implies that (P ′, t, Q′) ∈ Rt and thus Qσ

α−→ Q′ and
(P ′, t, Q′) ∈ R as required.2. This is the dual of the previous 
ase.3. Suppose d < t and Pσ

d
 P ′. This is, P0σoσ

d
 P ′. Sin
e P0 -t Q0, wehave that Q0σ0σ

d
 Q′ and P ′ -t−d Q′. But this implies that (P ′, t −

d, Q′) ∈ Rt−d . Therefore Qσ
d
 Q′ and (P ′, t − d, Q′) ∈ R.4. This is the dual of the previous 
ase.We 
on
lude that R is an open timed-bisimulation. So, for any σ, if P -t Qthen (Pσ, t, Qσ) ∈ Rt, and therefore (Pσ, t, Qσ) ∈ R, i.e. Pσ -t Qσ.Lemma 2. For any P, P ′, Q1, ..., Qn ∈ P, and any t ∈ R

+
0 , if P -t P ′ then:1. ∆E → P -t+e ∆E → P ′ where e = eval(E)2. νx.P -t νx.P ′3. P ‖ Q -t P ′ ‖ Q4. x?F@y → P +

∑n
i=1 βi → Qi -t x?F@y → P ′ +

∑n
i=1 βi → Qi whereea
h βi is of the form xi?Fi@yi.Proof.1. We �rst show that ∆E → P -t+e ∆E → P ′ where e = eval(E) giventhat P -t P ′. Let R =

⋃

u∈R
+

0

Ru with Ru
def
= R′

u∪ -u where
R′

u
def
= {(∆E → P1, u, ∆E → P2) |P1 -u−e P2 & e = eval(E) 6 u}We 
laim that R is an open timed-bisimulation. Suppose that (Q1, u, Q2) ∈

R. Then (Q1, u, Q2) ∈ Ru. Hen
e either (Q1, u, Q2) ∈ R′
u or Q1 -u Q2.Case 1. (Q1, u, Q2) ∈ R′

u. Then Qi
def
= ∆E → Pi for i ∈ {1, 2} and

P1 -u−e P2 with e = eval(E) 6 u. Now we 
he
k the four 
onditionsfor open timed-bisimulation:(a) Suppose Q1σ
α−→ Q′

1. This transition 
ould be derived only by the(delay) rule. Hen
e, α = τ , e = eval(Eσ) = 0 and Q′
1 ≡ P1σ.Sin
e e = 0, this transition 
an be mat
hed, using (delay), by

Q2σ
α−→ Q′

2 where Q′
2 ≡ P2σ. But P1 -u−e P2 and -t is 
losedunder substitution (Lemma 1), therefore, Q′

1 -u−e Q′
2, but e = 0,so Q′

1 -u Q′
2, whi
h implies that (Q′

1, u, Q′
2) ∈ R.(b) This is the dual of the previous item.39



(
) Suppose d < u and Q1σ
d
 Q′

1. This evolution 
ould be derivedonly by the (tdelay) rule. Hen
e Q′
1 ≡ ∆(E − d)σ → P1σ. Let

e′ = eval((E − d)σ) = e − d where e = eval(Eσ). This 
an bemat
hed by Q2σ
d
 Q′

2 where Q′
2 ≡ ∆(E − d)σ → P2σ. Weknow that P1 -u−e P2, and sin
e -t is 
losed under substitution(Lemma 1), we have that P1σ -u−e P2σ. But note that e = e′+d,so u− e = u− e′ − d = (u− d)− e′. Furthermore, sin
e e 6 u wehave that e′ 6 u − d. Also note that, by de�nition,

R′
u−d = {(∆E′ → P ′

1, u − d, ∆E′ → P ′
2) |

P ′
1 -(u−d)−e′ P ′

2 & e′ = eval(E′) 6 u − d}Hen
e, by taking P ′
1 ≡ P1σ, P ′

2 ≡ P2σ and E′ = (E−d)σ we havethat (Q′
1, u−d, Q′

2) ∈ R′
u−d and therefore (Q′

1, u−d, Q′
2) ∈ Ru−d,and (Q′

1, u − d, Q′
2) ∈ R as required.(d) This is the dual of the previous item.Case 2. Q1 -u Q2. We 
he
k the four 
onditions for open time-bisimulation:(a) Suppose Q1σ

η−→ Q′
1. Then Q2σ

η−→ Q′
2 and Q′

1 -u Q′
2, hen
e

(Q′
1, u, Q′

2) ∈ R.(b) This is the dual of the previous item.(
) Suppose d < u and Q1σ
d
 Q′

1. Then Q2σ
d
 Q′

2 and Q′
1 -u−d

Q′
2, hen
e (Q′

1, u − d, Q′
2) ∈ R.(d) This is the dual of the previous item.We 
on
lude that R is indeed an open timed-bisimulation. Now, supposethat P1 -t P2. Then we have that (∆E → P1, t + e, ∆E → P2) ∈ R′

t+e,where e = eval(E), and so (∆E → P1, t+ e, ∆E → P2) ∈ R, whi
h meansthat ∆E → P1 -t+e ∆E → P2, as required.2. Now we show that νx.P -t νx.P ′ given that P -t P ′. Let R =
⋃

u∈R
+

0

Ruwhere
Ru

def
= {(νx.P1, u, νx.P2) |P1 -u P2}We 
laim that R is an open time-bisimulation. Let (νx.P1, u, νx.P2) ∈ R.So (νx.P1, u, νx.P2) ∈ Ru and therefore P1 -u P2. We pro
eed to 
he
kthe four 
onditions of open time-bisimulation:(a) Suppose (νx.P1)σ

α−→ X . For simpli
ity assume that x does not o

urin σ either as a sour
e or as a target.14 This way we 
an assume that
(νx.P1)σ = νx.P1 and (νx.P2)σ = νx.P2σ. The transition must havebeen derived by (new):

P1σ
α−→ P ′

1 x /∈ n(()α)

νx.P1σ
α−→ X ≡ νx.P ′

114If x o

urs in σ we 
an simply rename it with a fresh name x′ to νx′.P1{x
′/x} and

νx′.P2{x
′/x} . 40



Hen
e x /∈ n(α) and P1σ
α−→ P ′

1. But P1 -u P2 so the transi-tion P1σ
α−→ P ′

1 
an be mat
hed by P2σ
α−→ P ′

2 with P ′
1 -u P ′

2.So by (new), νx.P2σ
α−→ Y ≡ νx.P ′

2. Sin
e P ′
1 -u P ′

2, we havethat (νx.P ′
1, u, νx.P ′

2) ∈ Ru, i.e. (X, u, Y ) ∈ Ru and therefore
(X, u, Y ) ∈ R.(b) Suppose (νx.P2)σ

η−→ Y . This is the dual of the previous item.(
) Suppose d < u and (νx.P1)σ
d
 X . For simpli
ity assume that xdoes not o

ur in σ either as a sour
e or as a target. If it is we 
ansimply rename it with a fresh name. This way we 
an assume that

(νx.P1)σ = νx.P1 and (νx.P2)σ = νx.P2σ. This transition 
ouldhave been derived only by (tnew):
P1σ

d
 P ′

1

νx.P1σ
d
 X ≡ νx.P ′

1So it must be that P1σ
d
 P ′

1. But P1 -u P2, and so P1σ
d
 P ′

1 
anbe mat
hed by P2σ
d
 P ′

2 and P ′
1 -u−d P ′

2. Therefore by (tnew),
νx.P2σ

d
 Y ≡ νx.P ′

2. Sin
e P ′
1 -u−d P ′

2, we have that (νx.P ′
1, u −

d, νx.P ′
2) ∈ Ru−d, i.e. (X, u − d, Y ) ∈ Ru−d and therefore (X, u −

d, Y ) ∈ R.(d) Suppose d < u and (νx.P2)σ
d
 Y . This is the dual of the previousitem.We 
on
lude that R is an open time-bisimulation. Suppose P1 -t P2.Therefore (νx.P1, t, νx.P2) ∈ Rt and so (νx.P1, t, νx.P2) ∈ R whi
h meansthat νx.P1 -t νx.P2.3. Now we prove that P ‖ Q -t P ′ ‖ Q given that P -t P ′. Let R

def
=

⋃

t∈R
+

0

Rt where
Rt

def
= {(P1 ‖ Q, t, P2 ‖ Q) |P1 -t P2, Q is any pro
ess}We 
laim that R is an open time-bisimulation. From this the result followsdire
tly. Suppose (P1 ‖ Q, t, P2 ‖ Q) ∈ R. So (P1 ‖ Q, t, P2 ‖ Q) ∈ Rt.Hen
e P1 -t P2 by de�nition of Rt. Now we pro
eed to 
he
k ea
h of thefour 
onditions of time-bisimulation:(a) Suppose that (P1 ‖ Q)σ

α−→ X . We need to show that there isa Y su
h that (P2 ‖ Q)σ
α−→ Y with (X, t, Y ) ∈ R. Note that

(P1 ‖ Q)σ ≡ P1σ ‖ Qσ by de�nition of substitution. We pro
eed by
onsidering the possible 
ases of how this transition was derived:41



Case 1. The transition was derived by rule (par):
P1σ

α−→ P ′
1 bn(α) ∩ fn(Qσ) = ∅

P1σ ‖ Qσ
α−→ X ≡ P ′

1 ‖ Qσso it must be the 
ase that P1σ
α−→ P ′

1 and bn(α) ∩ fn(Qσ) = ∅.But we know that P1 -t P2, so P2σ
α−→ P ′

2 and P ′
1 -t P ′

2. So byapplying (par), we have that P2σ ‖ Qσ
α−→ Y ≡ P ′

2 ‖ Qσ, andsin
e P ′
1 -t P ′

2, we have that (P ′
1 ‖ Qσ, t, P ′

2 ‖ Qσ) ∈ Rt, i.e.
(X, t, Y ) ∈ Rt and so (X, t, Y ) ∈ R.Case 2. The transition was derived by rule (
omm): In this 
ase wehave two possibilities: either the input x?v was performed by P1σor it was performed by Qσ. Both 
ases are analogous, so we'llshow only the �rst:

P1σ
x?v−−→ P ′

1 Qσ
x!v−−→ Q′

P1σ ‖ Qσ
τ−→ X ≡ P ′

1 ‖ Q′so it must be the 
ase that P1σ
x?v−−→ P ′

1 and Qσ
x!v−−→ Q′. Butwe know that P1 -t P2, so P2σ

x?v−−→ P ′
2 and P ′

1 -t P ′
2. So byapplying (par), we have that P2σ ‖ Qσ

τ−→ Y ≡ P ′
2 ‖ Q, andsin
e P ′

1 -t P ′
2, we have that (P ′

1 ‖ Q, t, P ′
2 ‖ Q) ∈ Rt, i.e.

(X, t, Y ) ∈ Rt and so (X, t, Y ) ∈ R.(b) Suppose that (P2 ‖ Q)σ
α−→ Y . This is analogous to the previous
ase.(
) Suppose that d < t and (P1 ‖ Q)σ ≡ P1σ ‖ Qσ

d
 X . We need toshow that there is a Y su
h that (P2 ‖ Q)σ ≡ P2σ ‖ Qσ

d
 Y and

(X, t − d, Y ) ∈ R. As before, we pro
eed by 
onsidering the possible
ases of how this evolution was derived. But this 
ould have beenderived only by (tpar):
P1σ

d
 P ′

1 Qσ
d
 Q′

P1σ ‖ Qσ
d
 X ≡ P ′

1 ‖ Q′so it must be that P1σ
d
 P ′

1 and Qσ
d
 Q′. But sin
e P1 -t P2,

P2σ
d
 P ′

2 and P ′
1 -t−d P ′

2. By (tpar), we obtain P2σ ‖ Qσ
d
 Y ≡

P ′
2 ‖ Q′, and sin
e P ′

1 -t−d P ′
2, we 
on
lude that (P ′

1 ‖ Q′, t− d, P ′
2 ‖

Q′) ∈ Rt−d, i.e. (X, t − d, Y ) ∈ Rt−d and so (X, t − d, Y ) ∈ R.(d) Suppose that d < t and (P2 ‖ Q)σ ≡ P2σ ‖ Qσ
d
 Y . This isanalogous to the previous 
ase.42



Now that we have established that R is an open timed-bisimulation, theresult follows, be
ause if we assume that P -t P ′, then there is an opentimed-bisimulation, R, su
h that (P ‖ Q, t, P ′ ‖ Q) ∈ R, for any Q, i.e.,
P ‖ Q -t P ′ ‖ Q.4. Finally we prove that given P -t P ′, β → P +

∑n
i=1 βi → Qi -t β →

P ′ +
∑n

i=1 βi → Qi where β is of the form x?F@y and ea
h βi is of theform xi?Fi@yi. Let R =
⋃

u∈R
+

0

Ru with Ru
def
= R′

u∪ -u where
R′

u
def
= {(β → P + Σi∈Iβi → Qi, u, β → P ′ + Σi∈Iβi → Qi) |P -u P ′}We �rst 
laim that R is an open time-bisimulation. Suppose that (P1, u, P2) ∈

R. Then (P1, u, P2) ∈ Ru. Hen
e either (P1, u, P2) ∈ R′
u or P1 -u P2.Case 1. (P1, u, P2) ∈ R′

u. Then P1 ≡ β → P + Σi∈Iβi → Qi, P2 ≡
β → P ′ + Σi∈Iβi → Qi, and P -u P ′. Note that P1σ ≡ βσ →
Pσ + Σi∈Iβiσ → Qiσ and P2σ ≡ βσ → P ′σ + Σi∈Iβiσ → Qiσ. Wenow 
he
k the four 
onditions of open timed-bisimulation:15(a) Suppose P1σ

α−→ P ′
1. This transition 
ould be derived only by the(
hoi
e) rule. There are two possibilities, either the transitionwas taken by the βσ bran
h, or by any of the βiσ bran
hes.Sub
ase 1: Suppose that the βσ transition was taken. Then,

α = σ(x?v) for some v where σ′ = match(F, v, ∅) 6= ∅, and
P ′

1 = Pσσ′{0/y}. This transition 
an by mat
hed by P2σ, sin
eit has the same guard βσ, so P2σ
α−→ P ′

2 where P ′
2 = P ′σσ′{0/y}.But we know that P -u P ′, and sin
e -u is 
losed under sub-stitution (Lemma 1) we have that P ′

1 -u P ′
2 whi
h entails that

(P ′
1, u, P ′

2) ∈ Ru and therefore (P ′
1, u, P ′

2) ∈ R.Sub
ase 2 : Suppose that some βiσ transition was enabled in-stead. Then, α = σ(xi?v) for some v where σ′ = match(Fi, v, ∅) 6=
∅, and P ′

1 = Qσσ′{0/yi}. This transition 
an by mat
hed by
P2σ, sin
e it has the same guard βσ, so P2σ

α−→ P ′
2 where P ′

2 =
Qσσ′{0/yi}. Hen
e P ′

1 = P ′
2 whi
h implies that P ′

1 -u P ′
2 and so

(P ′
1, u, P ′

2) ∈ Ru and therefore (P ′
1, u, P ′

2) ∈ R.(b) Suppose P2σ
α−→ P ′

2. This 
ase is the exa
t symmetri
 of theprevious one.(
) Suppose d < u and P1σ
d
 P ′

1. This 
ould be derived onlyby (t
hoi
e). This implies that P ′
1 ≡ βσ → Pσ{y+d/y} +

Σi∈Iβiσ → Qiσ{yi+d/yi}. This 
an be mat
hed by P2σ
d
 P ′

2where P ′
2 ≡ βσ → P ′σ{y+d/y} + Σi∈Iβiσ → Qiσ{yi+d/yi}. Sin
e

P -u P ′, by 
losure under substitution (Lemma 1) we have that
Pσ{y+d/y} -u P ′σ{y+d/y}. Furthermore, we have that, u−d 6 u15For simpli
ity we assume that bound variables in P1 and P2 have been renamed if ne
es-sary. 43



be
ause 0 6 d < u, and therefore Pσ{y+d/y} -u−d P ′σ{y+d/y} byProposition 4. Hen
e (P ′
1, u−d, P ′

2) ∈ R′
u and so (P ′

1, u−d, P ′
2) ∈

R.(d) Suppose d < u and P2σ
d
 P ′

2. As in the previous 
ase.Case 2. P1 -u P2. We 
he
k the four 
onditions for open time-bisimulation:(a) Suppose P1σ
α−→ P ′

1. Then P2σ
α−→ P ′

2 and P ′
1 -u P ′

2, hen
e
(P ′

1, u, P ′
2) ∈ R.(b) This is the dual of the previous item.(
) Suppose d < u and P1σ

d
 P ′

1. Then P2σ
d
 P ′

2 and P ′
1 -u−d P ′

2,hen
e (P ′
1, u − d, P ′

2) ∈ R.(d) This is the dual of the previous item.Now that we have established that R is an open timed-bisimulation,the result follows, be
ause if we assume that P -t P ′, then thereis an open timed-bisimulation, R, su
h that (β → P +
∑

i∈I βi →
Qi, t, β → P ′ +

∑

i∈I βi → Qi) ∈ R, i.e., β → P +
∑

i∈I βi → Qi -t

β → P ′ +
∑

i∈I βi → Qi.Theorem 1. -t is a timed-
ongruen
e up-to t and - is a timed-
ongruen
e.Proof. This follows from Lemma 2 together with Proposition 4: For any given
t ∈ R

+
0 , given P -t P ′ we obtain ∆E → P -t+e ∆E → P ′ where e = eval(E)by Lemma 2, whi
h implies ∆E → P -t ∆E → P ′ by Proposition 4, sin
e

t 6 t + e, and so -t is preserved by delays. The rest of the items in Lemma 2show that it is also preserved by all other operators, hen
e, for any t ∈ R
+
0 , -is a t-
ongruen
e, and so - is a timed-
ongruen
e. Furthermore, -t is a timed-
ongruen
e up-to t be
ause ea
h -u is a 
ongruen
e for ea
h 0 6 u 6 t.Corollary 1. For any families of terms {Pi ∈ P}i∈I and {Qi ∈ P}i∈I , if forea
h i ∈ I, Pi -ti

Qi then1. ∏

i∈I Pi -min{ti|i∈I}

∏

i∈I Qi2. ∑

i∈I xi?Fi@yi → Pi -min{ti|i∈I}

∑

i∈I xi?Fi@yi → QiProof. This is a 
onsequen
e of Lemma 2.1. By indu
tion on the size of I. Let I = {1, ..., n − 1}, P =
∏

i∈I Pi,
Q =

∏

i∈I Qi and M = min{ti|ti ∈ I}. Our goal is to show that P ′ -M ′ Q′where P ′ = P ‖ Pn, Q′ = Q ‖ Qn and M ′ = min{ti|ti ∈ I ′} with
I ′ = I ∪ {n} assuming the indu
tion hypothesis that P -M Q. From
P -M Q we get by Lemma 2 that P ‖ Pn -M Q ‖ Pn. Also, by Lemma2 we have that Q ‖ Pn -tn

Q ‖ Qn sin
e Pn -tn
Qn by assumption.Hen
e, by Proposition 4 we have that P ‖ Pn -min{M,tn} Q ‖ Qn. But

min{M, tn} = M ′ and so P ′ -M ′ Q′.44



2. Also by indu
tion. The argument mimi
ks the previous one, repla
ing ‖with +.C Legitima
yProposition 5. For any P, P ′ ∈ P, d ∈ R
+
0 , α ∈ A, and any substitution σ,1. if P

α−→ P ′ then Pσ
σ(α)−−−→ P ′σ2. if P

d
 P ′ then Pσ

d
 P ′σ3. if Pσ

α−→ P ′ then there is a α′ and a Q su
h that P
α′

−→ Q with α = σ(α′)and P ′ = Qσ.4. if Pσ
d
 P ′ then there is a Q su
h that P

d
 Q and P ′ = QσProof. We'll show only the �rst two items. By indu
tion on the derivation of

P
α−→ P ′ and P

d
 P ′ respe
tively. We pro
eed by 
ase analysis on the stru
tureof P .Case 1. P ≡ √. In this 
ase, P has no transitions, so 1 is va
uously true. For2 note that √σ ≡ √ and √ d

 
√, hen
e Pσ

d
 P ′σ.Case 2. P ≡ x!E. This has only one transition: P

α−→ √ where α = x!eval(E).By de�nition of substitution, Pσ ≡ σ(x)!Eσ. But by (trig), Pσ
α′

−→ √, where
α′ ≡ σ(x)!eval(Eσ) = σ(α). For evolution, suppose that P

d
 P ′. Then P ′ ≡ Pand so P ′σ ≡ Pσ. By (ttrig), Pσ

d
 Pσ ≡ P ′σ.Case 3. P ≡ ∆E → Q. We have that Pσ ≡ ∆Eσ → Qσ. 1) The only transitionthat P has is from (delay), whi
h implies that if P α−→ P ′ then α = τ , eval(E) =

0, and P ′ ≡ Q. This means that eval(Eσ) = 0, and so, by (delay), Pσ
α−→

P ′σ. 2) If P
d
 P ′ then 0 6 d 6 eval(E) and P ′ ≡ ∆(E − d) → Q. So,

P ′σ ≡ ∆(Eσ − d) → Qσ. But this means that Pσ
d
 P ′σ by (tdelay).Case 4. P ≡ νx.Q. Let σ be any substitution. We 
an assume, without loss ofgenerality that x does not o

ur in σ16. We now show ea
h item:1) A transition P

α−→ P ′ must have been derived by (new). Then P ′ ≡ νx.Q′for some Q′ su
h that Q
α−→ Q′ with xn(α). Then by indu
tion hypothesis,

Qσ
σ(α)−−−→ Q′σ. Hen
e, by (new), νx.Qσ

σ(α)−−−→ νx.Q′σ. But we assumed that xdoes not o

ur in σ, so we have (νx.Q)σ
σ(α)−−−→ (νx.Q′)σ.2) An evolution P

d
 P ′must have been derived with (tnew). Hen
e P ′ ≡16If x o

urs in σ, we 
an simply rename x for a fresh name.45



νx.Q′ for some Q′ su
h that Q
d
 Q′. By indu
tion we have that Qσ

d
 Q′σ, andso, by (tnew), we have νx.Qσ

d
 νx.Q′σ, whi
h implies (νx.Q)σ

d
 (νx.Q′)σ.Case 5. P ≡ Pl ‖ Pr. Let σ be any substitution. Assume, without loss ofgenerality that names of σ (either as sour
es or as targets) are not bound namesof P , and also that the bound names of Pl are not free in Pr.171) The transition P

α−→ P ′ must have been derived (par) or (
omm).Sub-
ase 1) It was derived by (par). Then P ′ ≡ P ′
l ‖ Pr for some P ′

l su
h that
Pl

α−→ P ′
l and bn(α) ∩ fn(Pr) = ∅. We know that bn(α) ⊆ bn(Pl) and so thesebound names do not o
urr in σ by our assumption. Hen
e bn(σ(α)) = bn(α).Sin
e the target names of σ are not bound names in P (and therefore in Pl)then fn(Prσ) ∩ bn(Pl) = ∅ and therefore fn(Prσ) ∩ bn(σ(α)) = ∅. This, andthe indu
tion hypothesis, Plσ

σ(α)−−−→ P ′
l σ, imply, by (par), that Pσ ≡ Plσ ‖

Prσ
σ(α)−−−→ P ′

l σ ‖ Prσ ≡ P ′σ.Sub-
ase 2) It was derived by (
omm). Then α = τ and P ′ ≡ P ′
l ‖ P ′

r forsome P ′
l and P ′

r su
h that Pl
x!v−−→ P ′

l and Pr
x?v−−→ P ′

r for some x and v. Byindu
tion hypothesis, Plσ
σ(x!v)−−−−→ P ′

l σ and Prσ
σ(x?v)−−−−→ P ′

rσ. But sin
e σ(x!v) =
σ(x)!σ(v) and σ(x?v) = σ(x)?σ(v),18 we 
on
lude, by (
omm), that Pσ ≡ Plσ ‖
Prσ

σ(α)−−−→ P ′
l σ ‖ P ′

rσ ≡ P ′σ sin
e σ(τ) = τ .2) The evolution P
d
 P ′ must have been derived by (tpar). Hen
e P ′ ≡

P ′
l ‖ P ′

r for some P ′
l and P ′

r su
h that Pl
d
 P ′

l and Pr
d
 P ′

r. By indu
tionhypothesis, Plσ
d
 P ′

l σ and Prσ
d
 P ′

rσ, from whi
h we 
on
lude, by (tpar),that Pσ ≡ Plσ ‖ Prσ
d
 P ′

l σ ‖ P ′
rσ ≡ P ′σ.Case 6. P ≡ Σi∈Iβi → Pi where ea
h βi = xi?Fi@yi. Without loss of generality,we assume that the bound names of the guards do not o

ur in σ19. Then wehave that Pσ ≡ Σi∈Iβiσ → Piσ, where ea
h βiσ = σ(xi)?Fi@yi.1) A transition P

α−→ P ′ must have been derived with (
hoi
e), and so α = xk?vfor some xk and v, and P ′ ≡ Pkσ′′ for some substitution σ′′ = σ′ ∪{0/yk} where
σ′ = match(Fk, v, ∅) 6= ∅ with βk = xk?Fk@yk. Let ς ′

def
= match(Fk, σ(v), ∅)and ς ′′

def
= ς ′ ∪ {0/yk}. Sin
e the stru
ture and 
onstants of σ(v) are the sameof those of v, we have that σ′ and ς ′ are essentially the same, modulo σ, thisis, ς ′(z) = σ(σ′(z)) for any z ∈ N , and ς ′ = ∅ ⇔ σ′ = ∅. Sin
e this transitiono

urred, σ′ 6= ∅ and therefore ς ′ 6= ∅. This allows us to 
on
lude that Pσ

σ(α)−−−→17If this is not the 
ase, as usual we 
an rename bound names of P with fresh names noto

urring in σ or Pr .18Note that this is a substitution σ applied to an input a
t ion α = x?v, not to an inpurpro
ess x?y → P . Substitution for pro
esses is de�ned in the standard way to avoid 
apture offree variables. The key is that in a transition P
x?v
−−→ P ′ the a
tion x?v represents the a
tionprovided by the environment, i.e., the value v is not the bound name in P , but the data sentthrough 
hannel x. Hen
e, v is not bound in the a
tion, whereas y is bound in x?y → P .19If they o

ur in σ, we 
an simply rename them.46



P ′′ where σ(α) = σ(xk)?σ(v) and P ′′ ≡ Pkσς ′′ by (
hoi
e). We 
laim that
σς ′′ = σ′′σ. To see this, 
onsider any name z ∈ N . We have three possibilities:a) z = yk, b) z ∈ n(Fk) or 
) z /∈ n(Fk) ∪ {yk}. In ea
h 
ase we have thatthe substitutions 
oin
ide: a) ς ′′(σ(yk)) = ς ′′(yk) sin
e yk does not o

ur in
σ and a substitution is always de�ned to be the identity on names whi
h arenot in its sour
e. Hen
e ς ′′(σ(yk)) = 0 by de�nition of ς ′′. On the other hand,
σ(σ′′(yk)) = σ(0) = 0, by de�nition of σ′′. b) ς ′′(σ(z)) = ς ′′(z) sin
e z doesnot o

ur in σ's sour
e; but we know that ς ′(z) = σ(σ′(z)), hen
e ς ′′(σ(z)) =
σ(σ′(z)). 
) ς ′′(σ(z)) = σ(z) sin
e none of the variables in n(Fk) ∪ {yk} o

urin the targets of σ, and therefore ς ′′ a
ts as the identity on anything that doesnot have names in n(Fk) ∪ {yk}. On the other hand, σ(σ′′(z)) = σ(z) for thesame reason: σ′′ is the identity on names not in n(Fk)∪{yk}. In the three 
aseswe have seen that σς ′′ = σ′′σ, and therefore Pkσς ′′ ≡ Pkσ′′σ so we have that
P ′′ ≡ P ′σ and therefore Pσ

σ(α)−−−→ P ′σ.2) An evolution P
d
 P ′ must have been derived with (t
hoi
e), so P ′ ≡

Σi∈Iβi → P ′
i where P ′

i ≡ Pi{yi+d/yi}. So P ′σ ≡ Σi∈Iβiσ → P ′
iσ. On theother hand we have, by (t
hoi
e), that Pσ

d
 Σi∈Iβiσ → Qi where Qi ≡

Piσ{yi+d/yi}. But sin
e none of the yi o

ur in σ, we have that {yi+d/yi}σ =

σ{yi+d/yi}, so Qi ≡ Pi{yi+d/yi}σ ≡ P ′
iσ, and therefore Pσ

d
 P ′σ.Case 7. P ≡ A(~y). Let σ be any substitution. We assume that the de�nition of

A is 
losed, i.e. if A(~x)
def
= Q then fn(Q) ⊆ ~x.1) A transition P

α−→ P ′ must have been obtained by (
ngr), and therefore
Q{~y/~x} α−→ Q′ for some Q and Q′. By indu
tion hypothesis we have that
Q{~y/~x}σ σ(α)−−−→ Q′σ. Without loss of generality we 
an assume that none ofthe names in ~x o

ur in σ20. Hen
e {~y/~x}σ = σ{σ(~y)/~x} and so Q{~y/~x}σ =
Qσ{σ(~y)/~x}, but the de�nition of A is 
losed, fn(Q) ⊆ ~x whi
h means that
Qσ = Q sin
e none of the names in ~x o

urs in σ. Therefore Q{~y/~x}σ =

Q{σ(~y)/~x} and so Q{σ(~y)/~x} σ(α)−−−→ Q′σ, from whi
h we 
on
lude, by (
ngr),that A(σ(~y))
σ(α)−−−→ Q′σ, or in other words Pσ

σ(α)−−−→ P ′σ where P ′ ≡ Q′.2) The evolution P
d
 P ′ must be derived by (t
ngr), whi
h implies that

d = 0 and P ′ ≡ P . Hen
e Pσ ≡ A(σ(~y))
0
 A(σ(~y)) ≡ P ′σ.Lemma 3. Let P ∈ P, and σ any substitution. If P is legitimate, so is Pσ.Proof. Let γσ be any exe
ution of Pσ:

γσ = Pσ
d0
 Q′

0
α0−→ Q1

d1
 Q′

1
α1−→ Q2

d2
 Q′

2
α2−→ · · ·Then, by Proposition 5, this exe
ution has the form

Pσ
d0
 P ′

0σ
σ(α′

0)−−−→ P1σ
d1
 P ′

1σ
σ(α′

1)−−−→ P2σ
d2
 P ′

2σ
σ(α′

2)−−−→ · · ·20If they o

ur we 
an rename them in Q by fresh names.47



for some P ′
0, P1, P

′
1, P2, P

′
2, ... and some α′

0, α
′
1, α

′
2, .... su
h that

γ = P
d0
 P ′

0

α′

0−→ P1
d1
 P ′

1

α′

1−→ P2
d2
 P ′

2

α′

2−→ · · ·Note that len(γ) = len(γσ), sin
e there is a one-to-one relation between evo-lutions and transitions in γ with those in γσ. Furthermore, dur(γ) = dur(γσ)sin
e the substitution preserves the amount of time in ea
h evolution. But weassumed that P is legitimate, and therefore, γ is a legitimate exe
ution. Hen
eeither len(γ) < ∞ or len(γ) = ∞ and dur(γ) = ∞. But this is to say that either
len(γσ) < ∞ or len(γσ) = ∞ and dur(γσ) = ∞, i.e. that Pσ is legitimate.Theorem 2. (Su�
ient 
onditions for legitima
y) Let D be a �nite setof pro
ess de�nitions and P a pro
ess whi
h invokes only de�nitions in D. Ifall de�nitions in D are well-timed then P is legitimate.Proof. By indu
tion on the stru
ture of P .Case 1. P ≡ √ or P ≡ x!E. These pro
esses have no in�nite exe
utions, sothey are always legitimate.Case 2. P ≡ ∆E → Q. Assume the statement holds for Q. Let γ be anyexe
ution of P . If it is �nite, then it is legitimate, by de�nition. Assume that γis in�nite. Then, it must begin by P

e
 P ′ τ−→ Q where e = eval(E). Let γ1 bethe remainder of the exe
ution, starting from Q. By indu
tion hypothesis, γ1must be legitimate, so dur(γ1) = ∞. But dur(γ) = e + dur(γ1), so dur(γ) = ∞as required.Case 3. P ≡ νx.Q. Assume the statement holds for Q. Let γ be any exe
utionof P . If it is �nite, then it is legitimate, by de�nition. Assume that γ isin�nite. Then, it must begin with P

d
 P ′

1
α1−→ P1. The evolution must havebeen obtained by (tnew), whi
h means that P ′

1 ≡ νx.Q′
1 for some Q′

1 and
Q

d
 Q′

1 by a shorter inferen
e. Sin
e P ′
1 ≡ νx.Q′

1, the transition must havebeen obtained by (new), whi
h implies that P1 ≡ νx.Q1 for some Q1 su
hthat Q′
1

α1−→ Q1. By repeating this over γ we obtain an exe
ution γ1 startingfrom Q. By indu
tion hypothesis, γ1 must be legitimate, so dur(γ1) = ∞. But
dur(γ) = dur(γ1), be
ause it has exa
tly the same evolutions, so dur(γ) = ∞ asrequired.Case 4. P ≡ Pl ‖ Pr. Assume the statement holds for Pl and Pr. Let γ be anyexe
ution of P . If it is �nite, then it is legitimate, by de�nition. Assume that γ isin�nite. Then it must begin with a pair P

d
 P ′

l ‖ P ′
r and P ′

l ‖ P ′
r

α−→ P
(1)
l ‖ P

(1)
r .The evolution must have been the result of (tpar), and therefore Pl

d
 P ′

l and
Pr

d
 P ′

r. The transition may have been the result of either (par) or (
omm).If it was the result of (
omm), then we have that P ′
l

αl−→ P
(1)
l and P ′

r
αr−−→ P

(1)
rfor some 
omplementary a
tions αl and αr. If it was the result of a (par) rule,then we have that either P ′

l
α−→ P

(1)
l or P ′

r
α−→ P

(1)
r . In either 
ase we 
an build a48



pair of in�nite exe
utions γl and γr ea
h beginning with Pl and Pr respe
tively.But by indu
tion hypothesis, γl and γr are legitimate, so dur(γl) = ∞ and
dur(γr) = ∞. But the evolutions of P and its derivatives are exa
tly the sameas those of Pl and Pr, sin
e evolution of a parallel 
omposition is the evolutionof its parts by equal amounts of time as stated by the (tpar) rule. This meansthat dur(γ) = dur(γl) = dur(γr) = ∞, and therefore γ is legitimate.Case 5. P ≡ Σi∈Iβi → Pi. Assume the statement holds for ea
h Pi. Let
γ be any exe
ution of P . If it is �nite, then it is legitimate, by de�nition.Assume that γ is in�nite. Then, it must begin with P

d
 P ′ xk?v−−−→ P ′

kσ forsome d, xk and v, where βk = xk?Fk@yk, σ = match(Fk, v, ∅) ∪ {0/yk}, P ′ =
∑

i∈I βi → Pi{yi+d/yi} and P ′
k = Pk{yk+d/yk}. Let γ1 be the remainder of theexe
ution, starting from P ′

kσ. By indu
tion hypothesis, any exe
ution startingfrom Pk must be legitimate, hen
e, by Lemma 3, γ1 must be legitimate as well,so dur(γ1) = ∞. But dur(γ) = d + dur(γ1), so dur(γ) = ∞ as required.Case 6. P ≡ A(~y). Let γ be any exe
ution of P . If it is �nite, then it islegitimate, by de�nition. Assume that γ is in�nite. Then, sin
e D is �nite,there must be a pro
ess de�nition B ∈ D whi
h is invoked in�nitely often, i.e.
γ 
ontains an in�nite number of o

urren
es B(~z1), B(~z2), B(~z3), .... Hen
e γhas the form

P
γ0

=⇒ B(~z1)
γ1

=⇒ B(~z2)
γ2

=⇒ B(~z3)
γ3

=⇒ · · ·where ea
h γi is a �nite exe
ution between ea
h invo
ation of B. Sin
e thede�nition B(~x)
def
= Q is well-timed, there is a b > 0 su
h that for all ~zk,

mdB(Q{~zk/~x}) > b. But this means that there is a b > 0 su
h that forall k > 1, dur(γk) > mdB(Q{~zk/~x}) > b. Hen
e dur(γ) = Σ∞
k=0dur(γk) >

dur(γ0) + Σ∞
k=1b = ∞ as required.Lemma 4. Let P, Q ∈ P. If P -t Q and γP is an exe
ution beginning with Psu
h that dur(γP ) < t, then there is an exe
ution γQ, starting at Q, su
h that

atr(γP ) = atr(γQ), len(γP ) = len(γQ) and dur(γP ) = dur(γQ).Proof. The exe
ution γP must be of the form
P

d0
 P ′

0
α0−→ P1

d1
 P ′

1
α1−→ P2

d2
 P ′

2
α2−→ · · ·We 
an show, by indu
tion on i, that for ea
h pair evolution/transition Pi

di
 

P ′
i

αi−→ Pi+1 there is a pair evolution/transition Qi
di
 Q′

i
αi−→ Qi+1 where

Pi -ui
Qi with ui = t−Σi−1

j=0dj . The �rst pair is P
d0
 P ′

0
α0−→ P1, where d0 < t.But sin
e P -t Q, then Q

d0
 Q′

1 with P ′
0 -t−d0

Q′
0, whi
h in turn implies that

Q′
0

α0−→ Q1 with P1 -t−d0
Q1. So we 
an form Q

d0
 Q′

0
α0−→ Q1. So in general,assuming that the statement holds for all k < i, we show it for i. In parti
ular,we assume it holds for k = i− 1: Pi−1 -ui−1

Qi−1 with ui−1 = t− Σi−2
j=0dj . We49



have that Pi−1
di−1

 P ′
i−1

αi−1−−−→ Pi. But note that Σi−1
j=0dj 6 dur(γP ) < t andso di−1 + Σi−2

j=0dj < t. Therefore di−1 < ui−1. Hen
e, from Pi−1 -ui−1
Qi−1and Pi−1

di−1

 P ′
i−1 we dedu
e that Qi−1

di−1

 Q′
i−1 with P ′

i−1 -u′

i−1
Q′

i−1where u′
i−1 = ui−1 − di−1 = t − (di−1 + Σi−2

j=0dj) = t − Σi−1
j=0dj . This in turnimplies, together with P ′

i−1

αi−1−−−→ Pi, that Q′
i−1

αi−1−−−→ Qi and Pi -ui
Qi where

ui = u′
i−1 = t − Σi−1

j=0dj , and so Qi−1
di−1

 Q′
i−1

αi−1−−−→ Qi. So we 
an build anexe
ution γQ starting with Q with the form
Q

d0
 Q′

0
α0−→ Q1

d1
 Q′

1
α1−→ Q2

d2
 Q′

2
α2−→ · · ·whi
h has the same tra
e and therefore, atr(γP ) = atr(γQ), len(γP ) = len(γQ)and dur(γP ) = dur(γQ).Theorem 3. Let P, Q ∈ P. If P -t Q for all t ∈ R

+
0 then P is legitimate ifand only if Q is legitimate.Proof. It is enough to prove that if Q is legitimate then so is P . We prove thisby 
ontradi
tion. Assume that Q is legitimate, but P is not. Then there is anin�nite exe
ution γP starting at P su
h that dur(γP ) = t < ∞ for some t ∈ R

+
0 .But P -t Q by assumption, so by Lemma 4, there must be an exe
ution γQbeginning with Q su
h that len(γP ) = len(γQ) and dur(γP ) = dur(γQ). Butthis is to say that len(γQ) = ∞ and dur(γQ) = t < ∞, i.e. Q is illegitimate.A 
ontradi
tion.D Abstra
t Ma
hine SoundnessLemma 5. (Corre
t time-slot exe
ution)If (H, T ) →t (H ′, T ′) then J(H, T )Kt =⇒ J(H ′, T ′)KtProof. We pro
eed by 
ase analysis on the rules for time-slot transitions. Inthis proof we'll use the following notational short
uts: A = Πalllisteners(H, t),

B = Πalltriggers(H)Case 1. Rule (nil). (H,
√

:: T ) →t (H, T )

J(H,
√

:: T )Kt = νx̃.(JHKt ‖ J
√

:: T K)

= νx̃.(JHKt ‖
√ ‖ JT K)

≡ νx̃.(JHKt ‖ JT K)

= J(H, T )KtCase 2. Rule (spawn1). (H, (P1 ‖ P2) :: T ) →t (H, T :: P1 :: P2)

J(H, (P1 ‖ P2) :: T )K = νx̃.(JHKt ‖ J(P1 ‖ P2) :: T K)

= νx̃.(JHKt ‖ (P1 ‖ P2) ‖ JT K)

≡ νx̃.(JHKt ‖ JT K ‖ P1 ‖ P2)

= J(H, T )Kt50



Case 3. Rule (spawn2). As the previous 
ase.Case 4. Rule (restr). (H, νx.P :: T ) →t (H{k 7→ ∅}, P{k/x} :: T ) with k fresh.First note that if H ′ = H{k 7→ ∅} then we have that H ′(k) = ∅ and therefore
alts(H ′(k), c, k, t) = ∅ for any c and t. This implies that alllisteners(H ′, t) =
alllisteners(H, t) and therefore JH ′Kt = JHKt. Hen
e,

J(H, νx.P :: T )Kt = νx̃.(JHKt ‖ Jνx.P :: T K)

= νx̃.(JHKt ‖ νx.P ‖ JT K)

≡ νx̃.(JHKt ‖ νk.P{k/x} ‖ JT K)

≡ νx̃, k.(JHKt ‖ P{k/x} ‖ JT K)

≡ νx̃, k.(JH{k 7→ ∅}Kt ‖ P{k/x} ‖ JT K)

= J(H{k 7→ ∅}, P{k/x} :: T )KtCase 5. Rule (out-f). (H, x!E :: T ) →t (H{x 7→ Q ∪ {!v}}, T ) given that
inms(v, Q) = ∅ where H(x) = Q and v = eval(E).Let H ′ = H{x 7→ Q ∪ {!v}}. So outputs(H ′(x)) = {!v} ∪ outputs(Q) =
{!v} ∪ outputs(H(x)) and therefore triggers(H ′, x) = {x!v} ∪ triggers(H, x)whi
h entails that alltriggers(H ′) = {x!v} ∪ alltriggers(H), and so B′ =
Πalltriggers(H ′) = x!v ‖ Πalltriggers(H) = x!v ‖ B. On the other hand,noti
e that A′ = Πalllisteners(H ′, t) = Πalllisteners(H, t) = A be
ause H ′doesn't add any new listeners. Hen
e,

J(H, x!E :: T )Kt = νx̃.(JHKt ‖ Jx!E :: T K)

= νx̃.(JHKt ‖ x!E ‖ JT K)

= νx̃.(A ‖ B ‖ x!E ‖ JT K)

≡ νx̃.(A′ ‖ B′ ‖ JT K)

= νx̃.(JH ′Kt ‖ JT K)

= J(H ′, T )KtCase 6. Rule (out-s). (H, x!E :: T ) →t (remalts(H, c), P (σ ∪ {t−u/y}) :: T )given that (O, σ) ∈ inms(v, Q) 6= ∅ where v = eval(E), H(x) = Q and
O =?(F, y, P, u, c).Let H ′ = remalts(H, c). Sin
e (O, σ) ∈ inms(v, Q), then we know that O ∈
inputs(Q) and σ = match(F, v, ∅) 6= ∅. Hen
e, there is a listener on x, with(unique) tag c, with the form L =

∑

branches(H, c, t) =
∑∪z∈Halts(H(z), c, z, t) =

x?F@y → P{y+(t−u)/y} + D where D are the remaning alternatives. By using(
hoi
e) we 
an dedu
e L
x?v−−→ P{y+(t−u)/y}σ{0/y} = P (σ ∪ {t−u/y}). Then,by (
omm) we obtain L ‖ x!E

τ−→ P (σ ∪ {t−u/y}) ‖ √ ≡ P (σ ∪ {t−u/y}). Notealso that H ′ is H with all c-tagged observers removed, so alltriggers(H ′) =
alltriggers(H) and alllisteners(H ′, t) = alllisteners(H, t)\{L} and hen
e, B′ =
Πalltriggers(H ′) = B and A′ = Πalllisteners(H ′, t) = Πalllisteners(H, t)\{L},i.e., the set of listeners without L, so A = A′ ‖ L. By applying (par) we obtain,51



B ‖ A ‖ x!E ≡ B ‖ A′ ‖ L ‖ x!E
τ−→ B′ ‖ A′ ‖ P (σ ∪ {t−u/y}) . Hen
e,

J(H, x!E :: T )Kt = νx̃.(JHKt ‖ Jx!E :: T K)

= νx̃.(JHKt ‖ x!E ‖ JT K)

= νx̃.(A ‖ B ‖ x!E ‖ JT K)
τ−→ νx̃.(A′ ‖ B′ ‖ P (σ ∪ {t−u/y}) ‖ JT K)

≡ νx̃.(JH ′Kt ‖ JP (σ ∪ {t−u/y}) :: T K)

= J(H ′, P (σ ∪ {t−u/y}) :: T )KtCase 7. Rule (inp-f). (H, L :: T ) →t (H{xi 7→ Qi ∪ {?(Fi, yi, Pi, t, c)}}i∈I , T )where L =
∑

i∈I xi?Fi@yi → Pi, c is fresh, and for ea
h i ∈ I, H(xi) = Qi and
outms(Fi, Qi) = ∅.LetH ′ = H{xi 7→ Qi∪{?(Fi, yi, Pi, t, c)}}i∈I . First note thatB′ = Πalltriggers(H ′) =
B, son
e no triggers are being added. As for listeners, note that for ea
h
i ∈ I, inputs(H ′(xi)) = {?(Fi, yi, Pi, t, c)} ∪ inputs(H(xi)), and therefore,
alts(H ′(xi), c, xi, t) = {xi?Fi@yi → Pi|?(Fi, yi, Pi, t, c) ∈ inputs(H ′(xi))} sin
e
{yi+(t−t)/yi} = {yi+0/yi} = {yi/yi} is the identity substitution. Hen
e branches(H ′, c, t) =
{xi?Fi@yi → Pi}. Note that sin
e c is fresh, there is no observer O in H su
hthat tag(O) = c. Therefore for all tags c′ in H , c′ 6= c and so alltags(H ′) =
alltags(H) ∪ {c}, and also branches(H ′, c′, t) = branches(H, c′, t). Hen
e,
A′ = Πalllisteners(H ′, t)

= Π{
∑

branches(H ′, c′, t)|c′ ∈ alltags(H ′)}

= Π{
∑

branches(H ′, c′, t)|c′ ∈ alltags(H) ∪ {c}}

=
∑

branches(H ′, c, t) ‖ Π{
∑

branches(H ′, c′, t)|c′ ∈ alltags(H), c′ 6= c}
= L ‖ ASo it follows that

J(H, L :: T )Kt = νx̃.(JHKt ‖ JL :: T K)

= νx̃.(JHKt ‖ L ‖ JT K)

= νx̃.(A ‖ B ‖ L ‖ JT K)

≡ νx̃.(A′ ‖ B′ ‖ JT K)

= νx̃.(JH ′Kt ‖ JT K)

= J(H ′, T )KtCase 8. Rule (inp-s). (H, L :: T ) →t (H{xj 7→ Qj\O}, Pj(σ ∪ {0/yj}) :: T )where L =
∑

i∈I xi?Fi@yi → Pi, and there is an j ∈ I for whi
h H(xj) = Qjand (O, σ) ∈ outms(Fj , Qj) 6= ∅.Let H ′ = H{xj 7→ Qj\O}. Sin
e (O, σ) ∈ outms(Fj , Qj) 6= ∅, O must be of theform !v and σ = match(Fj , v, ∅) 6= ∅. Hen
e, there is a trigger on xj , xj !v. By(
hoi
e) we have that L
xj?v−−−→ Pj(σ ∪ {0/yj}). By (
omm) we have that xj !v ‖52



L
τ−→ √ ‖ Pj(σ∪{0/yj}) ≡ Pj(σ∪{0/yj}). Sin
e H ′ is the same as H with an out-put observer removed, its listeners are the same, so A′ = Πalllisteners(H ′, t) =

A, and its triggers are those of H minus xj !v: outputs(Qi\O) = outputs(Qj)\Oso triggers(Qj\O, xj) = triggers(Qj, xj)\{xj!v} and soB′ = Πalltriggers(H ′) =
Πalltriggers(H)\{xj!v}, this is, B = B′ ‖ xj !v. Hen
e,

J(H, L :: T )Kt = νx̃.(JHKt ‖ JL :: T K)

= νx̃.(JHKt ‖ L ‖ JT K)

= νx̃.(A ‖ B ‖ L ‖ JT K)
τ−→ νx̃.(A′ ‖ B′ ‖ P (σ ∪ {0/yj}) ‖ JT K)

≡ νx̃.(JH ′Kt ‖ JP (σ ∪ {0/yj}) :: T K)

= J(H ′, P (σ ∪ {0/yj}) :: T )KtCase 9. Rule (inst). (H, A(~v) :: T ) →t (H, T :: P{~v/~x}) where A(~x)
def
= P .By de�nition of 
ongruen
e, A(~v) ≡ P{~v/~x}, so

J(H, A(~v) :: T )Kt = νx̃.(JHKt ‖ JA(~v) :: T K)

= νx̃.(JHKt ‖ A(~v) ‖ JT K)

≡ νx̃.(JHKt ‖ P{~v/~x} ‖ JT K)

= νx̃.(JHKt ‖ JT :: P{~v/~x}K)Theorem 4. (Abstra
t Ma
hine Validity)1. If (H, R) →֒0 (H ′, R′) then J(H, R)K =⇒ J(H ′, R′)K2. If (H, R) →֒1 (H ′, R′) then J(H, R)K
d
 =⇒ J(H ′, R′)K with d = t2 − t1where R = (t1, T1) · (t2, T2) · ...3. If (H, R) →֒2 (H ′, R′) then J(H, R)K ≡ J(H ′, R′)KProof. To prove the result, let us rewrite the en
oding of the queue R = (t1, T1)·

(t2, T2) · ... · (tn, Tn) as follows: Let R = (t1, T1) · R1 where R1 = (t2, T2) · ... ·
(tn, Tn). De�ne JRK

def
= JT1K ‖ JR1Kt1 where the auxiliary fun
tion J−Kt overqueues is de�ned as J〈〉Kt

def
=

√ and J(t, T ) ·R1Kt1
def
= (∆(t−t1) → JT K) ‖ JR1Kt1 .It is straightforward to see that the previous de�nition is just the unfolding ofthis de�nition. Intuitively, JRKt en
odes the queue R advan
ing ea
h timer by

t (i.e., the delay for ea
h time-slot is substra
ted t).Now we prove ea
h of the three items.
53



1. Assume that (H, R) →֒0 (H ′, R′). Hen
e it must have been derived using(timeslot) where R is of the form (t1, T1) · R1 and R′ is of the form
(t1, T

′
1) · R1 with T1 6= ǫ and (H, T1) →t (H ′, T ′

1). So by Lemma 5 wehave that J(H, T1)Kt1 =⇒ J(H ′, T ′
1)Kt1 . This is, ν~x.(JHKt1 ‖ JT1K) =⇒

ν~x.(JH ′Kt1 ‖ JT ′
1K), whi
h, by using the properties of 
ongruen
e impliesthat ν~x.(JHKt1 ‖ JT1K ‖ JR1Kt1)=⇒ ν~x.(JH ′Kt1 ‖ JT ′

1K ‖ JR1Kt1), so,
J(H, R)K = ν~x.(JHKt1 ‖ JRK)

= ν~x.(JHKt1 ‖ JT1K ‖ JR1Kt1)

=⇒ ν~x.(JH ′Kt1 ‖ JT ′
1K ‖ JR1Kt1)

= ν~x.(JH ′Kt1 ‖ JR′K)

= J(H ′, R′)Kwhere JR′K = J(t1, T
′
1) · R1K = JT ′

1K ‖ JR1Kt12. Assume that (H, R) →֒1 (H ′, R′). In this 
ase, it must be that R =
(t1, ǫ) · R1, R′ = R1 and H ′ = H . Let us assume that R1 = (t2, T2) · R2for some R2, so that JR1Kt1 = ∆(t2 − t1) → JT2K ‖ JR2Kt1 . Furthermore,let d = t2 − t1. First we will show that JR2Kt1

d
 JR2Kt2 . The remainderof the queue, R2 
an be empty or have more timeslots. If it is empty, then

JR2Kt =
√ for any t. Suppose that it is not empty, i.e., R2 = (t3, T3) ·R3.Hen
e JR2Kt1 = ∆(t3 − t1) → JT3K ‖ JR3Kt1 . Hen
e, by (tdelay) we have
an show that

JR2Kt1
d
 ∆(t3 − t1 − d) → JT3K ‖ JR3Kt1+d

= ∆(t3 − t2) → JT3K ‖ JR3Kt2

= JR2Kt2Now we will show that JHKt1
d
 JHKt2 . To do this, re
all that JHKt1 =

Πalllisteners(H, t1) ‖ Πalltriggers(H). First note that under evolu-tion, the set of triggers in the heap does not 
hange at all, only lis-teners 
hange, by updating the elapsed-time variables of ea
h bran
hin ea
h listener, in
rementing them with d. Ea
h listener in JHKt1 hasthe form L =
∑

i∈I xi?Fi@yi → Pi{yi+(t1−u)/yi} where u is the timewhen the listener was registered. By using (t
hoi
e), ea
h su
h listenerevolves as follows: L
d
 L′ =

∑

i∈I xi?Fi@yi → Pi{yi+(t1−u)/yi}{yi+d/yi}but the 
omposition of substitutions {yi+(t1−u)/yi}{yi+d/yi} is the sameas the substitution {yi+d+(t1−u)/yi} whi
h is the same as {yi+(t2−u)/yi}sin
e d = t2 − t1. Hen
e ea
h resulting listener is of the form L′ =
∑

i∈I xi?Fi@yi → Pi{yi+(t2−u)/yi} whi
h when we put all together inparallel gives us Πalllisteners(H, t2) and sin
e the triggers remained thesame, by using the (tpar) rule on all listeners and triggers, we 
on
ludethat JHKt1
d
 Πalllisteners(H, t2) ‖ Πalltriggers(H) = JHKt2 .Having established that JR2Kt1

d
 JR2Kt2 and JHKt1

d
 JHKt2 we obtain54



the result as follows:
J(H, R)K = ν~x.(JHKt1 ‖ JRK)

= ν~x.(JHKt1 ‖ JǫK ‖ JR1Kt1)

= ν~x.(JHKt1 ‖ √ ‖ ∆(t2 − t1) → JT2K ‖ JR2Kt1)
d
 ν~x.(JHKt2 ‖ ∆0 → JT2K ‖ JR2Kt2)
τ−→ ν~x.(JHKt2 ‖ JT2K ‖ JR2Kt2)

= ν~x.(JHKt2 ‖ JR1K)

= J(H ′, R′)K3. Assume that (H, R) →֒2 (H ′, R′). Hen
e, R is of the form (t1, ∆E → P ::
T1)·R1, H ′ = H and R′ = insort(t1+d, P, (t1, T1)·R1) where d = eval(E).Suppose that the queue (t1, T1) ·R1 has the form (t1, T1) · (t2, T2) · ... · (t1 +
d, T ′) · ... · (tn, Tn), where there is a non-empty time-slot (t1 + d, T ′) with
T ′ = P1 :: P2 :: · · · :: Pm. Hen
e, we have that

JR1Kt1 = ∆(t2 − t1) → JT2K ‖ · · · ‖ ∆(t1 + d − t1) → JT ′K ‖ · · ·
= ∆(t2 − t1) → JT2K ‖ · · · ‖ ∆d → JT ′K ‖ · · ·Let T ′′ = T ′ :: P , the result of inserting P in the time-slot21 t1 + d. Then,we have that

JR′K = J(t1, T1) · (t2, T2) · ... · (t1 + d, T ′′) · ...K
= JT1K ‖ ∆(t2 − t1) → JT2K ‖ · · · ‖ ∆(t1 + d − t1) → JT ′′K ‖ · · ·
= JT1K ‖ ∆(t2 − t1) → JT2K ‖ · · · ‖ ∆d → JT ′′K ‖ · · ·
≡ JT1K ‖ ∆(t2 − t1) → JT2K ‖ · · · ‖ ∆d → JT ′K ‖ ∆d → P ‖ · · ·
≡ ∆d → P ‖ JT1K ‖ ∆(t2 − t1) → JT2K ‖ · · · ‖ ∆d → JT ′K ‖ · · ·
= ∆d → P ‖ JT1K ‖ JR1Kt1Hen
e we obtain the following:

J(H, R)K = ν~x.(JHKt1 ‖ JRK)

= ν~x.(JHKt1 ‖ J∆E → P :: T1K ‖ JR1Kt1)

= ν~x.(JHKt1 ‖ ∆E → P ‖ JT1K ‖ JR1Kt1 )

≡ ν~x.(JHKt1 ‖ JR′K)

= J(H ′, R′)K

21If we assume that there was no su
h time-slot, the result is the same.55


