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Abstract

We propose an extension to the asynchronous m-calculus, the .-
calculus, for real-time systems where processes execute over dense time,
and have the ability to delay actions, measure time, and impose timeouts.
Other extensions include explicit data-structures and pattern-matching.
We present the calculus syntax and operational semantics and establish
sufficient conditions for legitimacy (a.k.a. finite variability), and introduce
the notion of timed-compositionality and the associated timed-congruence.
We also develop an Abstract Machine for this calculus and establish its
soundness w.r.t. the given operational semantics.

1 Introduction

Process algebras [2, 32, 16] such as CSP [18, 32, 37], CCS [23, 24] and ACP
[7] have become a well-established approach to modelling and reasoning about
concurrent systems. They provide a concise and effective means to describe and
analyze system behaviour.

Departing from their origins in Theoretical Computer Science, process alge-
bras are finding applications in domains as diverse as Systems Biology [12], Web
Services [34], Business Process Modelling [9] and Embedded Systems [10]. Nev-
ertheless, the direct applicability of “classical” process algebras to these domains
has been limited by their own capabilities as they do not take into account issues
such as time, mobility and spatial distribution, demanded by these applications.
This has sparked an interest in the definition of new process algebras that tackle
these issues.

Consider the issue of time. In classical process algebras time is abstracted:
advance in time means change of state, where state changes are the result of
transitions or steps, and therefore time is discrete. Hence the notion of time



and that of a computational step are interlocked: if a system stops, time stops.
However this is not very realistic. Identifying the passage of time with compu-
tational steps does not result in a clear approach for the description of timing
requirements, making these algebras unsuitable to model and reason about real-
time properties of dynamic systems. This has lead to the definition of a number
of process calculi which extend the existing models with an explicit notion of
time and some appropriate constructs (e.g. 3, 4, 13, 26, 37, 39, 17]).

Similarly, the issue of mobility lead to the creation of the m-calculus [25]. In
the m-calculus one can describe structural changes by modifying the network of
communication channels between processes. However, as the classical process
algebras, it does not have an explicit notion of time.

There have been a few process algebras which extend the m-calculus with
an explicit notion of time. One of the best known is the stochastic m-calculus
[30], but others have been proposed as well, such as the mRT-calculus [22], the
timed-m [14], and the T'Dm-calculus [31]. These calculi allow the description
of delayable or durable actions (usually probabilistic delays) with emphasis on
modelling the duration of communication. This contrasts with the discrete-
event world view [40] where one is more interested on the timing and scheduling
of events than the duration of interaction between components.! The abil-
ity of delaying an arbitrary process (not just interaction) seems to provide a
more flexible modelling approach. Furthermore, in the context of time-sensitive
discrete-event systems, when waiting for input, the possible continuation states
depend not only on timeouts but also on the amount of time the system spends
waiting. Therefore the ability to measure the passage of time, and the ability to
change behaviour if an event has not occurred within some time-constraint are
fundamental operations. While some of the calculi mentioned include timeouts,
none include a mechanism to observe the duration of actions within the language
(i.e., as a construct). Moreover, most of these algebras assume a discrete-time
model which leads to an awkward and inefficient approximation of real-time
behaviour. Furthermore, all of these calculi are based on the synchronous 7-
calculus, thus allow mixed-guarded choice which is difficult to implement in
practice [27].

In this paper we introduce the my;:-calculus, which extends the asynchronous
m-calculus with basic real-time capabilities, namely, process delay, time observa-
tion and timeouts, and we look into two fundamental issues which have lacked
attention in the context of timed m-calculi. The first concerns the issue of timed
behavioural equivalence, and the second concerns progress in dense-time.

Perhaps the most comprehensive study of timed equivalences for timed -
calculi is found in [11] and [5]. These papers study extensions to the m-calculus
in which actions have associated timers over discrete time. In [11] some forms
of timed barbed bisimilarity are studied, while [5] presents asynchronous bisim-
ilarities. Nevertheless, these equivalences are very stringent, as they require an
exact match in the timing of the transitions of the processes being compared,

1Tt also contrasts with the so-called synchrony hypothesis of synchronous languages for
reactive systems such as EsTEREL [8|, LusTrRE [15] and SigNaL [21], which assumes that
actions, and in particular interactions are instantaneous.



for all future behaviours, and as far in the future as the processes can run. In
the context of real-time systems one of the main concerns is to meet so-called
hard constraints: to ensure a system’s response within a certain amount of time
T. In this context all late responses are failures and therefore we can restrict
our equivalence checking to equivalence up-to time T. This in turn, leads to the
issue of compositionality: when is it safe to replace one process by another in a
timed context? In this paper we define such a behavioural equivalence up-to a
given time, and show it to be compositional in our calculus.

The second major issue that we address concerns progress over dense-time
and the property known as legitimacy (a.k.a. finite variability). A legitimate
system is one that can perform only a finite number of actions in a finite amount
of time. Hence, an illegitimate system may present divergent behaviour (in
which time does not advance) or Zeno-behaviour (in which time advances but
never beyond a certain point). From a practical perspective it is desirable to
avoid illegitimate behaviours. While this issue has been explored in the context
of Timed CSP [36], it has been neglected in the presence of mobility. We
address this issue here and establish sufficient conditions for legitimacy of a
process in our calculus. We contrast our approach with that followed by some
timed process algebras such as Timed CSP which avoid this issue by requiring all
recursions to have a strictly positive time guard, and thus, forbid illegitimate
processes by construction. We argue nevertheless, that such an approach is
overzealous, as it is possible to combine some processes that do not satisfy the
time-guard requirement with legitimate processes to obtain composite legitimate
systems.

Our calculus is intended to help bridge the gap between foundational process
algebras and realistic languages and therefore it supports basic data structures
and pattern matching. In addition to the issues sketched above, we develop
an Abstract Machine for which we establish soundness w.r.t. the operational
semantics. The inclusion of a real-time component as well as pattern-matching
entail substantial differences with existing Abstract Machines for the m-calculus.

The contributions of this paper are: a process algebra that supports mobility
and real-time with some higher-level features; a formal operational semantics,
including a new timed observational equivalence, the notion of timed composi-
tionality and timed congruence, and the establishment of sufficient conditions
for legitimacy; a sound abstract machine to support execution with a working
implementation.

The remainder of the paper is organized as follows: Section 2 introduces the
core calculus, its syntax, its operational semantics and its basic theory. Section
Section 3 develops an abstract machine for the core calculus. In section Section
4 we contrast this language and theory with some related work. Finally section
Section 5 gives some concluding remarks. The apendices contain proofs and
proof sketches.



P = done
| 2lE trigger
| Y i1 Tl FiQy; — P listener
|  wva.P new/hide
| AE—P delay /timer
| P P parallel composition
| Az, ..ymp) process instantiation
E == n | true | false | “s" | = | (E1,..,En)
| opE | EiopEsy | f(E1,....,En)
F == n | true | false | “s" | = | (F1,..,Fy)

Table 1: 7y syntax

2 Timed, mobile processes: the 7;;-calculus

The my-calculus is used to describe the behaviour of timed, concurrent, in-
teracting processes. It provides operators to compose processes in parallel, to
describe communication via events, or equivalently via message-passing over
channels, to limit the scope of events, to delay processes and to observe the
passage of time.

Unlike other basic process algebras the g -calculus provides some higher-
level constructs, in particular, it allows the use of complex expressions and data-
structures in messages, and uses pattern-matching as a mechanism to extract
information from data. The reason behind this design decision is to present this
calculus as an attempt to close the gap between foundational process algebras
and more realistic languages.

2.1 Syntax and informal description

Definition 1. (Syntax) The set P of 7, terms, the set £ of expressions and
the set of patterns F are defined by the BNF in Table 1. Here P, P; range over
process terms, x,y, ... range over the set of (channel or variable) names,
A ranges over the set of process names, E ranges over ezpressions, and F

o def
ranges over patterns. Process definitions have the form: A(xq,...,2,) “l p.
op ranges over standard arithmetic/relational operators, n ranges over floating

point numbers, s ranges over strings, and f ranges over function names, with
def

function definitions having the form: f(zq,...,2,) = E.

The process / simply terminates. The process x!F triggers an event x and
associates this event with the value of expression E. Alternatively, one can
say that it sends the message F through channel z. This process performs
communication by wunicasting: if there are multiple listeners, only one of them
accepts the message, and the choice is non-deterministic. Mobility is achieved
in the same way as in the 7-calculus since event/channel names are expressions,



Py Py sequential composition

|
| e zi?FiQy; — P) 3 Q listener with timeout
match E with Fy — Py|---|F,, — P, explicit pattern matchin,
g
if F'then Pelse conditional
|

Table 2: Some derived constructs

and so they can be sent as messages. The process ) ;. 3 — P; is a listener,
consisting of a list of alternative input guarded processes 3; — P;. Each input
guard (3; is of the form z;?7F;Qy;, where z; is an event/channel name, F; is
a pattern, and y; is a variable. This process listens to all events (channels)
xi, and when z; is triggered with a value v that matches the pattern Fj, the
corresponding process P; is executed with y; bound to the amount of time
the listener waited, and the alternatives are discarded?. A listener process
represents, thus, a process in a state with external choice. Pattern-matching of
inputs means that the input value must have the same “shape” as the pattern,
and if successful, the free names in the pattern are bound to the corresponding
values of the input®. For example, the value (3,true,7) matches the pattern
(3, x,y) with the resulting binding {true/z, 7/y}. The scope of these bindings is
the corresponding P;. The suffixes F; and Qy; are optional: 7 — P is equivalent
to z7y@z — P for some fresh names y and z. Sometimes we write listeners in
infix notation: z17F1Qy; — P+ --4x,7F,Qy, — P,. The process vz.P hides
the name z from the environment, so that it is private to P. Alternatively, vz.P
can be seen as the creation of a new name, i.e. a new event or channel, whose
scope is P. We write vxy, s, ..., x,. P for the process term vxi.vxs....vx,.P.
The process AE — P is a delay or timer: it delays the execution of process
P by an amount of time equal to the value of the expression E. The process
Py | Pz is the parallel composition of P, and P,. In its generalized form, we
write Iljcqy,... ) P for P1 || Py || -+ || P,. The process A(yi, ..., yn) creates a new

instance of a process defined by A(z1,...,x,) def P, where the ports x1, ..., x,
are substituted in the body P by the events/channels (or values) y1, ..., Yn.
There are several derived process terms such as the ones shown in Table
2. Here we only mention a few of them. These are all defined in terms
of the operators above. See [28] for details. The process Pi; P, is the se-
quential composition of P, and P, this is, P, must terminate before begin-

ning P». The process term (3,.; 8 — FP) EQ represents a listener pro-
cess with a timeout. If after an amount of time determined by the value
of the expression F, none of the events have been triggered, control passes
to Q. We define this term by combining a listener with a delay as follows:

?Note that to enable an input guard it is not enough for the event to be triggered: the
event’s value must match the guard’s pattern as well.

3This is essentially the same as pattern-matching as found in languages such as ML or
Haskell, albeit, without a type system, the structure matched is that given by tuples.



(SiciBi — PVEQ Y vs((Dierfs — P+ 57 — Q) | AE — s!). The

process match F with F} — Pi|---|F, — P, evaluates the expression F and
attempts to match it with each pattern F;. If a pattern F; matches then the
corresponding process P; is executed. This construct is syntactic sugar for
ve.(¢E || 2?7Fy — Py+---+a?F, — P,). Finally, the process if F then P else )
is shorthand for match F with true — P|false — Q.

As in the asynchronous m-calculus, an output with a continuation z!E — P
is syntactic sugar for «!E || P.

The suffix @Qy; of input guards is inherited from Timed CSP, but it is absent
in all other timed variants of the m-calculus. This construct gives the calculus
the power to measure the timing of events, and determine future behaviour
accordingly.

2.2 Operational semantics

We now define formally the semantics. Let N denote the set of all possible names
(including event names). Let V denote the universe of possible values including
booleans, real numbers, strings, tuples of values and event (channel) names. We
write n(v) for the set of all event names occurring in the value v. To simplify the
presentation we assume we have a function eval : £ — V that given an expression
returns its value.* A sequence of names or values z1,...,z, is abbreviated as
Z. A substitution is a function o : N'— V. We write {v1/e1, ..., /2, } or {¥/z}
for the substitution ¢ where o(z1) = v1, ..., o(zn) = v, and o(z) = z for
all z & {z1,...,z,}. We write dom(o) for {x1,...,z,}. Furthermore, we write
oUdg’ for the substitution that extends o with the bindings of /. Substitution is
generalized to processes as a function o : P — P in the natural way performing
the necessary renamings to avoid capture of free names as usual. We write Po
for o(P) denoting the process where all free occurrences of each = in ¢ have
been (simultaneously) substituted by o(x). We denote M the set of all name
substitutions. We write P =, @ if ) can be obtained from P by renaming
of bound names. We denote fn(P) the set of free names of P (i.e. names not
bound by either v or an input guard). We use R to denote the non-negative
reals.

Pattern-matching

Pattern matching is formally defined by a function match which takes as input
a pattern, a datum (é.e., a concrete value) and a substitution and returns either
a new substitution which extends the original substitution with the appropriate
bindings, or an empty substitution if the datum does not match the pattern.
The substitution provided as input is used to ensure that all occurrences of a
variable in a tuple match the same data.

4We do not need a name environment, as all expressions will be closed, since the appropriate
substitutions of free names for values are performed before evaluation takes place.



P=,P
P=F
Plly=r P | R=P] P~ P (P [| Ps) = (P P2) || P
br—=Pi+pr—P=0k—P+5—P
P =P+ (Be—= Pt B3> P3)= (61— Pt fe— Po)+ 03— Ps
x ¢ fn(P) Az, .oy y) “p
Pllve.Q =va. (P Q) Ayt ooy Yn) = P{¥1/ar, ..., ¥n/e, }
AE — (P, | P,)=AE — P, | AE — P,

ve./ =4/ vr.wvy.P =vyvx.P

Table 3: Axioms for structural congruence of processes.

Definition 2. (Pattern matching) Let match : F x V x M — M be a
function defined as:
o iftF=vandv e B
or F' € dom(o) and o(F) = v
oU{v/r} ifF e NandF ¢dom(o)
match(F, v, o) f ) g, it F=(F,.. F,)andv = (v1,...,0,),
whereVi € {1,...,n}, o; def match(F;, v, 0i-1)

de
and og et o

1] otherwise

where B is the set of basic constants (i.e. non-tuple values).

The first case returns the given substitution when the pattern is a basic
constant identical to the datum or it is a variable whose associated value in the
substitution is identical to the datum. The second case returns the given substi-
tution extended with a new association, binding the pattern to the datum when
the pattern is a variable not in the given substitution. The third case matches
tuples: each item in the tuple datum is matched against the corresponding item
in the pattern tuple from left to right. The result is the substitution yielded by
the last match. The last case returns the empty substitution when there is a
mismatch, since all other cases have failed.

Structural congruence

Any well-defined semantics must ensure that processes which are syntactically
equivalent should behave in the same way. We now define such an equivalence
relation, called structural congruence.

Definition 3. (Structural congruence over process terms) The relation
=C P x P is defined to be the smallest congruence® over P which satisfies the
axioms shown in Table 3.

5Note that since = is defined to be a congruence relation, in addition to these axioms, it



Proposition 1. Fvery process is structurally congruent to a process of the form:
V1, ey (Py || -+ || Pr), where each P; is either a trigger, a listener, a delay
or a process instantiation. We call such form “canonical normal form”.

Timed labelled-transitions systems

The meaning of a my;; term is formally a timed labelled transition system, this is,
a transition system in which we distinguish between transitions due to actions
and evolution (passage of time). Formally, a timed label transition system or
TLTS is a tuple (S,L,—,~) where S is a set of states, £ is a set of labels,
—C Sx L xS is a transition relation and ~C S XR(}L x S is an evolution relation.
A rooted TLTS is a tuple (S, sg, L, —,~>) where (S, L,—,~>) is a TLTS and
so € S is a distinguished initial state. We write s — s’ for (s,a,s’) €— and

s <% s for (5,d,s') €~. We write s - to mean that 3s’ € S.s = s'. Typically
the set £ contains a distinguished element 7 used to denote unobservable or
silent actions. We write s == s’ for s(= )* % (5 )*s’.

The notion of a TLTS characterizes a “two-dimensional” nature of time:
transitions describe instantaneous actions and therefore a sequence of transitions
describes an execution within the same instant of real-time, whereas evolution
describes the passage of real-time itself.

Definition 4. (Process transitions and evolution) The meaning of a 7y
term Py is a rooted TLTS 7 = (P, Py, A, —,~+) where A is the set of action
labels described below, the relation —C P x A x P is the smallest transition
relation satisfying the inference rules in Table 4 and ~~C P x R(}L x P is the
smallest evolution relation satisfying the inference rules in Table 5. The elements
of A are actions of the form 7 (silent action), xlv (trigger), or x?v (reception),
where v is a constant or a name. We let « range over A. We write fn(«) (resp.
bn(a)) for the set of free (resp. bound) names of the action o. These are defined
by the following table:

Q@ T zlv x?v
() | 0 {z}Un(v) {z}
bn(a) | 0 1] n(v)

We impose an additional constraint on the TLTS to guarantee maximal

progress: if P = then P «?4. This ensures that internal actions are urgent.

The rules for parallel composition seem to lack symmetry as they only de-
scribe the transitions of the first process. Nevertheless, this symmetry is recov-
ered by using the congruence rule with the commutativity axiom for structural
congruence. Note also that while there is no replication operator as in several
presentations of the m-calculus, we allow recursive definitions, thus achieving
the same result.

The (CHOICE) rule requires a match between the pattern and the value as-
sociated with the event provided by the environment. If the match is successful,

satisfies those of an equivalence relation and of a congruence: it is preserved by all contexts
in the language.



zleval(E) g = match(Fi, v, @) g 7& (Z)

(TRIG) 2!F v/ (CHOICE)

Yiep 27 FQy; — P 2% Pyo U {0fy.})

PP _
(NEW) — _ z & n(a) (DELAY) eval(E) - 0
ve.P — vz . P’ AE —-P — P
P « , _ x!lv / z?v /
(par) L= P bI;(a) N(Q) =10 (comm) P—P ; Q—Q
PllQ—P|Q PlQ—P|Q
PL P P= P=qQ
(CNGR) - = @ @
Q— Q'
Table 4: Process transitions.
(TIDLE) +/ <, v/ (TTRIG) 2!F 4 2B

(TCHOICE) o, 2;7F;Qy; — P; 4 Y ier TiTFiQy; — Pi{vitd/y;}

d
P~ P’ <d <
(TNEW)  ————— (TDELAY) 0 y cval(E)
ve. P~ ve. P! AE —- P~ A(E—-d)— P
Prip ol PLP P=Q P =qQ
(TPAR) (TCNGR)

PlQ%P|qQ Q4 qQ

Table 5: Process evolution.



the resulting substitution is applied to the corresponding continuation, binding
the elapsed time variable y; to 0. This may seem a bit counterintuitive at first,
but it is explained by the (TCHOICE) rule: when time advances d time units,
the elapsed time variables are incremented by d so when a listener’s transition
is triggered the value of this variable will be the correct amount.

An example

To illustrate the semantics, we look at a short example. Consider the term
x?(4,z)Qe — A(5 — e) — zle. This term blocks waiting from an event x to
occur, with a pair (4, z) as data, and then responds 5 time units after it began
waiting, by triggering the received event z with the time elapsed between the
it started waiting and the occurrence of . Its TLTS will contain the following
execution:

x?(4,2)Qe — A(5 —e) — zle
33 x?(4, 2)Qe — A(5 — (e +3.2)) — z!(e + 3.2)
T A5 — (04 3.2) — y!(0 +3.2)
13 A0 — y!(0 + 3.2)
. y!'(0+3.2)
y32, v

Some properties
The operational semantics entails the following elementary properties.

Proposition 2.

1. (Zero time advance) For any P € P, P % p.

2. (Time determinacy) For any P,P',P" € P, d € R, if P L P oand
P4 P then P' = P".

3. (Time continuity) For any P,P' € P, d,d' € R{, P i pr if and only if
there is a P such that P > P and P" % P'.

4. (Persistency of offers) For any P,P' € P, d € Ry, and any o # 7, if
P and P-% P then P12

2.3 Timed equivalence

Several timed variants of bisimilarity for timed 7w-calculi have been studied in
[11], [5] and [6]. The calculi studied by these, extend the m-calculus with dis-
crete time, rather than dense time. Furthermore, the variants of bisimilarity
presented, identify processes based on their entire future behaviour. But this is
too stringent, and as explained in the introduction, all behaviours that violate

10



hard response-time constraints of real-time systems are considered to be fail-
ures. Therefore we can weaken our comparison criteria to behaviours up to a
given deadline.

Consider the following processes:

These systems cannot be identified under standard notions of bisimilarity. To
see these, recall the definition of timeout. We can expand these to

A = vs((a? = P+s?7—Q) | A3 —s!)
B = vs((a?—=P+s?—Q)| A5 —s!)

Then we see that A has the following execution:

A vs.((a? = P+ s?— Q) || A0 — s!)
vs.((a? = P+s?7— Q)| s!)
Q

but this cannot be matched by B:

ol g

Bius.((a?HP—i—s?HQ) | A2 — s!) 24

Hence, A and B cannot be not identified by any of the existing timed bisimilar-
ities for timed m-calculi, such as those in [11] or [5] or bisimilarities that match
evolution directly (i.e., P & pr implies Q 4 Q' with P’ bisimilar to Q'). Either
way, at time 3 the process A has an interaction that cannot be matched by B.
Nevertheless, before time 3, both A and B have exactly the same transitions
(a?) and evolutions. But if we have a hard constraint requiring interaction be-
fore 3 time units, we don’t care about their behaviour beyond time 3, and so it
makes sense to identify the two processes up-to time 3.

In [36], Schneider introduced a notion of timed bisimilarity up-to time T
to compare the behaviour of Timed CSP processes. A good notion of be-
havioural/observational equivalence is one which satisfies the property that
whenever two processes are identified, no observer or context can distinguish
between them. Such a property is satisfied by an equivalence relation which is
preserved by all combinators or operators of the language, in other words, by a
congruence relation (compositionality). Unfortunately Schneider’s equivalence
is not a congruence in the context of timed 7w-calculi, because, as ground bisim-
ilarity, it is not preserved by listeners (input). In the theory of the m-calculus
several alternative definitions of bisimilarity have been explored to ensure com-
positionality. Sangiorgi’s open bisimilarity [35] has the desired feature: it is
a congruence for all m-calculus operators. This suggests the following equiv-
alence for dense-time m-calculi which combines Schneider’s timed bisimilarity
with Sangiorgi’s open bisimilarity.

11



Definition 5. (Open timed-bisimulation) Let S be a set of terms in some
language for which there is a notion of substitution defined, where substitutions
are functions ¢ : S — S. Let (S,£,—,~) a TLTS over S. A relation R C
S xR{ x S, is called an open timed-bisimulation if for all t € R}, whenever
(P,t,Q) € R then, for any substitution o : S — S and any d € RE{ such that
d<t:

1. Ya€ LYP €S.Po P = 3Q €S.Qo Q' A (P 1,Q)eR
2. VaeLVQ €8.Qr 5 Q = 3P €S.Po S P A (PLt,Q)eR
3.VP €S.Po-5P = 3Q €8.Qr L Q AP t—dQ)eR
4.YQ €8.Qr5Q = 3P €S.Po-5P A (P t—d,Q)eR
Let
def

2= {(Pu,Q) € S xR} x S|
JR. R is an open time-bisimulation & (P, u, Q) € R}

We write P 2, Q for (P,u,Q) €< and say that P and Q are open timed-

bistmzilar up to u. If P <, @, we call u the teme-limit of the bisimulation.
def

For any given t € R}, 2, = {(P,Q) € S x S|(P,t,Q) €=}.

This definition is applicable to any TLTS for which states are terms in a
language with an appropriate notion of substitution. In our context we will
assume that S is P, the set of m process terms, and the TLTS is that given
in definition 4.

First notice that, as Sangiorgi’s open bisimilarity, this definition quantifies
over substitutions o. This is to ensure listener processes are identified whenever
possible. Also notice, that the first two items are the same as for standard
(untimed) open bisimulation, if we ignore t. It is the second two items which
make a difference in the definition.

Now, let us revisit the processes A = (a? — P)SQ and B </ (a? — P)SQ.
We have that A <3 B, as the two processes have the same transitions and
evolution up to any time strictly less than 3. Figure 1 on page 13 illustrates
this: any state at time d < 3, both A and B have an a? transition which leads
them to P, and any process P is bisimilar with itself up to any time.

Open timed-bisimulation satisfies the following properties for any TLTS.

Proposition 3. For any TLTS M = (S, L, —,~),
1. Foranyt e RJ, 2 is an equivalence relation.
2. 2 is an open timed-bisimulation.
3. < is the largest open timed-bisimulation.

Furthermore, we have the following:

12



i ;
(a? R P) 3[>d Q .................. R oo (a;? _ P) 5l>d Q
P Ry oveeeveeeneemeneens e P

Figure 1: Time bisimulation. Here R; denotes {(P,Q)|(P,t,Q) € R}.

Proposition 4. For any TLTS M = (S,L,—,~), any t,u € R}, and any
PP, P'€S:

1. If P =, P’ then for any u < t, P <, P’
2. If P 2; P and P" <, P" then P <, ., P"

Timed compositionality

Now we focus on the compositionality properties of open timed-bisimilarity.
First, we have that it is closed under substitutions:

Lemma 1. For any substitution o, and any t € Rar, if P <4 Q then Po <, Qo.

As mentioned above, a good observational equivalence should be a congru-
ence. However, as we have argued, we are only interested in equivalence up-to
some time 7', and therefore we only care about the observable behaviour up-to
time 7', which means that the equivalence must be preserved by our operators
only up to that time. Hence we are after a notion of timed-compositionality,
characterized by a timed-congruence, which we now formally define:

Definition 6. (Timed-congruence) Given some set S, and a ternary relation

R C 8 xRy x S, we define R’s t-projection to be the binary relation R, =
{(p,q) € §xS8|(p,t,q) € R}. Ris called a t-congruence iff R; is a congruence.
R is called a timed-congruence if it is a t-congruence for all ¢ € R(J{ . Ris
called a timed-congruence up-to u iff it is a t-congruence for all 0 < ¢ < u.

Open-timed bisimilarity satisfies the stronger property stated by the follow-
ing, obtained using Lemma 1:

Lemma 2. For any P, P',Q1,...,Q, € P, and any t € Ry, if P &, P’ then:
1. AE — P ey AE — P" where e = eval(E)

2. vo.P <, vo. P’
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3. PQe P Q

4. x?FQy — P+ Y" 3 — Q; &, x?FQy — P+ 3" | B — Q; where
each (; is of the form x;?F;Qy;.

The immediate consequence, which follows from Proposition 4 and Lemma
2 is timed compositionality:

Theorem 1. <, is a timed-congruence up-to t and < is a timed-congruence.

We also obtain the following properties as a consequence of Lemma 2, which
guarantees equivalence up to the least upper bound of the pairwise time-equivalences:

Corollary 1. For any families of terms {P; € P}ier and {Q; € Plicy, if for
each i € I, P; <, Q; then

1. Hie] P; Emin{t;|iel} Hiel Qz
2.3 i1 it FiQy; — P eyintiery Doser it FiQy — Q;

2.4 Legitimacy

We will now turn our attention to another fundamental issue in the description
of timed systems: legitimacy, a.k.a. finite variability. Consider the following

process:
de

L(z) “ vu((u? — L)) || w)
This process triggers a local event u which enables it to recursively call itself.
In other words, it performs an internal action (the interaction on u) and loops
indefinitely. This means that it has an infinite execution of internal actions:

yo=L(z) 5 L(zx) 5 L(x) & -

This kind of execution is called instantaneous divergence, since the system
diverges at a single instant in time (it always has 7 transitions, thus never
reaching a stable state and forever proscribing any time advance).

There are systems that, even though they are not instantaneous divergent,
do exhibit undesirable behaviour. Consider the following:

Zn) Y vu(? = Z'(n) || w)
Ztn) < A2 Zn+1)
This also produces an infinite execution:

1 1 1
n=2) 52 L 20 5228 2(3) 235
While in this execution time advances, it never progresses beyond time 2.
This sort of execution is known as Zeno behaviour.
Instantaneous divergence and Zeno behaviour have something in common:
they represent behaviours of a process performing an infinite number of actions
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in a finite amount of time. Those behaviours are not realistic, and we should
avoid them. This gives rise to a fundamental question: how can we know if a
system will behave in a way that time always progresses? In other words, we
want to know what are the sufficient conditions for a system to have properly
defined timed behaviour.

A system which can only perform a finite amount of actions in a finite amount
of time is called legitimate. Some timed process algebras such as existing timed
m-calculi of [11], [5] and [6], avoid the issue by restricting the time base to a
discrete domain. This eliminates Zeno-behaviours but not divergent behaviours.
Others, which accept dense-time domains, such as Timed CSP avoid the issue
by requiring all recursions to have a strictly positive time guard, and thus,
forbid by construction, illegitimate processes. We argue nevertheless, that such
an approach disallows perfectly useful processes, as it will be illustrated below.
It is preferable to be aware under what conditions we can guarantee legitimacy,
without sacrificing expressiveness.

Now we formalize the notion of legitimacy and establish sufficient conditions
for legitimacy.

Legitimate executions

Because of the properties of Proposition 2, every execution can be written in
the following form:

d, d d
’7:P0~/9)P6a—0>P1-1->P1/a—1>P2~3P21a—2>

This allows to define the length of the execution as len(7) ) 1 where n is

i, . : d
the number of transitions, the execution’s duration as dur(y) "< St g, and

its action trace as atr(y) = (g, a1, ag, ...

Definition 7. (Legitimacy) A legitimate execution is an execution -y such
that len(v) = oo implies that dur(y) = co. A legitimate process is a process
such that all its executions are legitimate.

This definition implies that every finite execution is legitimate so illegitimate
behaviours can arise only from infinite executions. In our calculus, the only way
to obtain an infinite execution is via recursion. Hence we have to look at the
delays between recursive invocations.

Well-timed definitions

. » o d . .
Suppose that a process P may invoke some definition A(Z) et Q). Since this

invocation may occur anywhere inside P, some amount of time may pass from
the beginning of P until A is actually invoked. This amount of time may depend
on P itself or its environment, if the invocation is inside a listener. We define
a function md 4 which, for a process P, gives the minimum delay between the
start of P and any invocation of A in P.
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Definition 8. (Minimum delay for invocation) Let A(Z) =4 @ be some

process definition. Define mds : P — RY U {oo} as follows:

mda(v) < oo
mda(z!E) LN
mda(AE — P) = eval(E) + mda(P)
mda(ve.P) = mda(P)
mda(Py | P) Y min{mda(Pr), mda(P2)}
mda(Sierz?FQy; — P) < min{mda(P,)|i € I}
mda(A@) Z o
mda(B@) = mda(@{7/})

where B # A and B(%) "< @'

We say that P is t-guarded for A, if t < mda(P).

Using this notion we can define what it means for a process definition to
have proper timed behaviour.

Definition 9. (Well-timed definition) A definition A(Z) © p with @ =
T1, ..., Tn, is said to be well-timed if there is a b € Rar such that b > 0 and for
all ¥ = v1, ..., v, where each v; € V, mda(P{%/#}) > b.

This definition states that there must be a strictly positive lower bound on
the minimal delay before any possible instantiation of A in its body. Notice
that this includes any indirect invocation of A, by definition of minimal delay.

We will need the following, which states that transitions and evolutions are
preserved and reflected by substitution.

Proposition 5. For any P,P' € P, d € RS, a € A, and any substitution o,

o(a)

1. if P % P’ then Po —= P'o
2. z'fP«iP’ then Po % P'o

3. if Po = P’ then there is a o/ and a Q such that P o, Q with a = o(a’)
and P' = Qo.

4. if Po % P’ then there is a Q such that P & Q and P' = Qo

This proposition allows us to conclude that legitimacy is preserved by sub-
stitutions.

Lemma 3. Let P € P, and o any substitution. If P is legitimate, so is Po.
This leads us to the main result:

Theorem 2. (Sufficient conditions for legitimacy) Let D be a finite set
of process definitions and P a process which invokes only definitions in D. If
all definitions in D are well-timed then P is legitimate.
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Examples

Let us revisit the examples at the beginning of this section. First, we saw that
the definition L leads to a divergent execution vy which is illegitimate, since
len(yy) = oo but dur(yg) = 0. In this case, we have that the problem is that
the definition of L is not well-timed: the minimum delay before any recursive
invocation of L is mdy (P{v/z}) = 0 for any y, where P = vu.((u? — L(z)) || u!),
and therefore there is no b > 0 such that mdr(P{v/=}) > b for any v.

In the second example, we saw how the definition of Z led to an infinite
execution 7; where we have that len(y;) = oo but dur(y;) = X32,1/2° = 2, so
it is illegitimate. In this case, we can check that mdz(P{v/n}) = 27Y for any y
where P = vu.((u? — Z'(n)) || w!). But there is no b > 0 such that b < 27¥ for
all y. Hence, the definition of Z is not well-timed.

On the other hand, consider the following variation of Z:

B(n) = vu(?— B'(n)) | u)
Bn Y Aq+2) - Bn+1)
In this case, we have the execution

141/4
AN

v =B(1) % B'(1) "2 B2) Z B'(2) B(3) % B'(3)---

So dur(yz) = 392, (1+1/2") = oo, and therefore it is a legitimate execution. This
is because mdz (P{y/n}) = 1427 for any y where P = vu.((u? — B'(n)) || u!).
But there is a b > 0 such that b < 14 27Y for all y, namely b = 1, and so B has
a well-timed definition.

Legitimacy and non-well-timed definitions

We remarked that some timed process algebras such as Timed CSP require all
recursions to have a strictly positive time guard, and thus, forbid by construc-
tion, illegitimate processes. But such requirement is a bit excessive. Consider
for example the following process definition:

Cla,b) < a? = b — C(a, b)

It is easy to establish that mdc(P{e'/a,?'/b}) = 0 for any a’, b’ where P = a? —

bl — C(a,b). Therefore this definition is not well-timed. But should we forbid

such definition? Consider the process D(a,b) ©hal = b7 - D(a,b). If we

combine an instance of C' with an instance of D, as in E = va,b.(C(a,b) ||
D(a,b)) we obtain a divergent execution

E 5 va,b.(b! — C(a,b) || b? — D(a,b)) = E L -

. . . . d
But what if we consider the following alternative context: D’(a,b) A —

A0.1 — b? — D’(a,b)? Then the process E' = va,b.(C(a,b) | D'(a,b)) has a
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legitimate execution:

E' 5 wva,b.(bl — C(a,b) || AO.1 — b? — D'(a,b))
% va,b.(b! — C(a,b) || A0 — b? — D'(a, b))
L va,b.(b! — C(a,b) || b? — D'(a,b))
L F

This does not contradict Theorem 2, because the Theorem establishes sufficient,
but not necessary conditions for legitimacy. Hence, some process definitions
like C', while not well-timed, may be combined with other processes to obtain
legitimate systems, and therefore they should not be dismissed by construction.

Legitimacy and time-bisimulation

We introduced the notion of open time-bisimilarity as a means to compare the
behaviour of processes up to a given time. How is open time-bisimilarity related
to legitimacy? Naturally, if two processes are equivalent, their evolution over
time must be equivalent, and therefore, they should both be legitimate or both
illegitimate. We prove formally this statement. First, we need the following
Lemma.

Lemma 4. Let P,Q € P. If P <, Q and vp is an evecution beginning with P
such that dur(yp) < t, then there is an execution ~yq, starting at Q, such that

atr(yp) = atr(yg), len(yp) = len(yg) and dur(yp) = dur(yg).

From this, the result follows: open-time-bisimilarity preserves legitimacy
(and illegitimacy.)

Theorem 3. Let P,Q € P. If P <, Q for allt € RBL then P is legitimate if
and only if Q is legitimate.

3 An Abstract Machine for the 7;-calculus

Process algebras can be used strictly as specification languages, but when we
see them as modelling or programming languages we become interested in how
the “models” or programs are to be executed. An operational semantics for such
a language given as a set of Plotkin-style SOS rules, describes execution, but at
a very high-level of abstraction. It is not always clear how a set of inductively
defined rules defining an LTS, or even a non-labelled reduction system, is to be
executed by a machine. A commonly accepted approach is to define an Abstract
Machine for the language which captures the operational semantics prescribed
by the inference rules, and which describes computation at an appropriate level
of abstraction such that it can be easily implemented. In this section we describe
such Abstract Machine for the my;; calculus and proof it is sound w.r.t. the
operational semantics.
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3.1 Abstract Machine specification

When ignoring time, our Abstract Machine is quite similar to Turner’s Abstract
Machine for the m-calculus [38]. But unlike Turner’s we have to take into account
evolution over real-time. In spite of supporting dense time, our calculus can be
classified as a discrete-event formalism [40], since changes of state occur only at
specific instants. Therefore, we can simulate the execution of a process by means
of event-scheduling. The key idea is to treat each m;; term as a simulation
event to be executed by an event-scheduler (and not to be confused with a
communication event in the language itself). Such event scheduler forms the
heart of our Abstract Machine.

The global queue

The event-scheduler contains a queue of simulation events (terms) to be exe-
cuted, but rather than store them all in a single linear queue, we divide them
into time-slots, i.e., sequences of all simulation events to be executed at a given
instant in time. Hence the global event queue is a time-ordered queue of time-
slots, each of which is a queue of terms. We describe the operation of our
Abstract Machine by showing how it evolves in these two “dimensions” of time:
the “vertical dimension” which corresponds to the execution of all terms in a sin-
gle time-slot, and the “horizontal dimension”, which corresponds to the advance
in time, i.e. the progress of the global queue.

Definition 10. (Global queue) The set R of global queue states, ranging
over R is defined by the following BNF, where T ranges over the set 7 of time-
slots:

R = (tl,Tl)'(tg,Tz) ----- (tn,Tn) | <>
T == P uPyu---uP, | €

where each P; € P, each t; € RJ, and for each i > 1, t; < t;11.

Event observers and the heap

Processes interact through (communication) events (a.k.a. channels) introduced
by the v operator. Furthermore, multiple processes can trigger and/or listen to
the same event. Hence each such event can affect multiple processes. So there
can be multiple attempts to interact through it, and therefore we need to keep
track of each of these requests in an observer set®, containing observers, i.e.,
requests to either trigger the event or listen to it”. We also define the heap,
which is essentially a map associating each event name to its observer set.

Definition 11. (Event observers and heap) The set of event observers,
ranged over by O, observer sets, ranged over by ) and the set H of heaps,

6 Analogous to “channel queues” in Turner’s terminology.
“In Turner’s terminology, triggers are “writers” and listeners are “readers”.
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ranged over by H, are defined by the following BNF:

O == Ww | 2F,y,Ptc)
Q n= {017025"' 5071} | @
H = x1— Q1,20 Qo Tpy = Qm | €

where, as usual,ve V, Fe F, PcP,and t € Rar.
We denote H{xz — Q} for the heap where the entry for x is updated to Q.
Formally:

fz—Q} & 220
(Hao—Qfe—Q} ¥ Hawq

(Ho' = Q{e—Q} ¥ H{z—Q},o/—~Q  wherez#2a/

We extend this notation to indexed sets of names: H{xz; — @Q;}ics stands for
H{x1— Q1} - {xn — Qn} for I ={1,...,n}.

Observers of the form lv are output observers, and denote an attempt to
trigger the given event with a value v. Observers of the form ?(F,y, P,t,c)
denote input observers, with a pattern F' to match, elapsed-time variable ¢, body
P to execute when the event is triggered with a matching value and which start
listening at time ¢. This tag ¢ is necessary in order to assign the correct elapsed
time to y once the event is triggered. Such time-stamp is not present in Turner’s
machine, since his is “time agnostic”. The last item, c is a tag used to identify
the original 7y listener, so that each branch of a listener Ziel z;TF;Qy; — P;
will have an observer ?(F;,y;, P;, t, ¢) sharing the same identifier ¢. This is also
absent from Turner’s machine, since he does not implement the choice operator.

We assume the standard set theoretical operations are available for observer
sets: e.g., Q U {O} denotes the observer set that adds O to @, Q\O is the set
that results from removing O from @, O € @ tests for membership, etc.

Note also, that unlike Turner’s machine, any given non-empty observer set
can contain both inputs and outputs simultaneously, because it is possible that
the value associated with a triggered event does not match any of the patterns
of the available input observers and thus the corresponding output observer
must be suspended with the existing inputs on the same observer set. Hence
the following auxiliary definitions will be useful to extract the relevant observers
from a set.

Definition 12. Given an observer set @), we denote:

inputs(Q) = {0 € Q|Ois of the form ?(F,y, P,t,c)}

outputs(Q) . {0 € Q|Ois of the form lv}

patt(?(F,y, P,t,c)) = tag(?(F,y, P, t,c)) e val(v) oy
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and we define the following functions:
inms(v, Q) . {(0,0) ] 0 € inputs(Q), o = match(patt(0),v,0), o # 0}

outms(F, Q) def {(0,0) |0 € outputs(Q), o = match(F,val(0),0), o # 0}

which give us the set of observers and bindings for successful matches between
a value v (resp. a pattern F') and the patterns (resp. values) available as input
(resp. output) observers in the set.

Furthermore, we need the ability to remove input observers from all branches
of a listener once a branch has been triggered. To this end, we define the
following which removes all ¢ tagged inputs from an observer set Q:

withdraw(Q, ¢) . {0 € inputs(Q) | tag(O) # ¢} U outputs(Q)

which we use to define the following function that removes all such inputs any-
where in the heap®:

remalts(e, c) e
remalts((H,z — Q),c) = remalts(H, ¢), z — withdraw(Q, c)

Executing time-slots

We now describe the “vertical dimension” of time, i.e., the execution of terms
within one time-slot.

Definition 13. (Time-slot execution) The behaviour of time-slots at a time
t € Ry is defined as the smallest relation —;C (H x 7) x (H x T) satisfying
the axioms in Table 6.

The rule (NIL) simply ignores a terminated process. The (SPAWN) rules
break a parallel composition into its components and schedules their execution
in the current time-slot in an arbitrary order. Unlike Turner’s machine, this is
non-deterministic. The (RESTR) rule allocates a new spot for the new event,
and initializes its observer set to empty.

The (oUT-F) rule describes the case when we trigger an event x, and there is
no matching listener in 2’s observer set (output failure). In this case we simply
add a new trigger observer to z’s observer set and continue. The (OUT-S) rule
(output success) applies when there is a matching observer O with o being the
resulting bindings. In this case, we remove all observers belonging to the listener
which has matched the event (those tagged with ¢), and then execute the body
P of the observer, applying the substitution ¢ extended with the binding of the
elapsed time variable y to the difference between the current time ¢ and the
time u when the receiver started listening. Note that since there might be more

8This definition is inefficient since it traverses the entire heap. In practice, the input
observers contain a list of pointers to the relevant heap entries to remove the alternatives
efficiently.
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(NIL)

(SPAWN7 )

(SPAWN3)

(RESTR)

(ouT-F)

(out-s)

(INP-F)

(INP-S)

(INST)

(H,\/::T)— (H,T)

(H,(P || P2) = T) —¢ (H, T :: Py :: P)

(H, (P, || P2) = T) —¢ (H, T :: Py :: Py)
k fresh

(H,vz.P : T) —¢ (H{k — 0}, P{¥/a} :: T)

H(z)=Q v = eval(FE) inms(v,Q) =0

(H,2\E =:T) — (H{z — QU {lv}},T)

H(z)=Q (0,0) € inms(eval(E),Q) # 0 O =?(F,y, P,u,c)

(H,z\E :: T) — (remalts(H,c), P(oc U {t-v/y}) = T)

c fresh Viel H(x;)=Q; outms(F;, Q;) =0
(H,> e wi?FiQy; — Py 2 T) = (H{z; — Qi U{?(Fi,yi, Pi,t,c)} Yier, T)

Fiel. H(x;)=0Q; (0,0) € outms(F;,Q;) # 0
(H,> e wi?FiQy; — Py 2 T) — (H{z; — Qi\O}, Pi(o U{%y:}) = T)

A@) < p
(H,A(V) :: T) —¢ (H, T :: P{¥/z})

Table 6: Time-slot execution
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than one successful match, the choice is non-deterministic, contrasting again
with Turner’s machine.

The rules (INP-S) and (INP-F) are the dual of (ouT-S) and (ouT-F). In
rule (INP-F), when attempting to execute a listener, if there are no matching
triggers in the relevant observer sets, we simply add the appropriate observers
to the corresponding observer sets. Note that the added observers are tagged
with the current time ¢, and with the same tag c. On the other hand, in rule
(INP-S), one of the branches succeeds in matching the pattern with an observer
O and binding o. In this case, we remove the output observer from the event’s
observer set and execute the body of the corresponding branch, applying the
substitution o and binding y; to 0, since the listener did not have to wait.’

Finally, the rule, (INsT) deals with process instantiations. This simply as-
sumes the set of process definitions is available, and schedules the execution of
the body of the definition replacing its parameters by the arguments provided
by the instantiation.'®

Note that there is no rule associated with the A operator. We specify its
behaviour in the description of the global scheduler below.

Global event scheduler

Now that we have the execution rules for time-slots, we can define the behaviour
of the global event scheduler. For this purpose we will assume we have a function
insort : Rar X P xR — R which, given a time, inserts a term in the appropriate
time-slot in the global queue, i.e., which satisfies the following;:

insort(t, P,()) = (t, P)

insort(t, P, (t1,T1) - -+ (ti, T) - -+ - (tn, T))
=(t1,T1)-----(ti,Ti::P) ..... (tan)
if t =t; for some i € {1,...,n}
i?’LSOTt(f, P, (tl,Tl) ----- (ti,Ti) . (ti-‘rlu Ti-i—l) ---- (tn, Tn))
= (tlle) e (ti,Ti) . (t,p) . (ti+17Ti+1) e (tn,Tn)

if ¢ ¢ {tl, ,tn} and t; <t < tit1
Now we can define the global scheduler.

Definition 14. (Scheduler) The behaviour of the scheduler is given by the
smallest relations <, <—1,—2C (H X R) x (H x R) which satisfy the rules in
Table 7.1

The rule (TIMESLOT) states that as long as there are terms in the current
time-slot then they are executed. The (ADVANCE) rule states that when the
current time-slot is empty, simply move on to the next available time-slot. Fi-
nally, the (SCHED) rule describes the behaviour of the delay operator: to execute
AFE — P simply compute the value d of E and insert P at time ¢ + d (where ¢

9Note that in this case we don’t have to traverse the heap to remove input observers because
it is a listener which is being executed and we have not added any input observers for it.
101n the actual implementation the heap is replaced by a structured environment that
supports lexical scoping and which stores not only named events but also process definitions.
1 The subscripts denote “vertical” step (0), “horizontal” step (1), and “scheduling” (2).
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(H,T) —: (H',T") T#e

(TIMESLOT) (H,(t,T)-R) —q (H,(t,T") - R)
(ADVANCE) (H, (t,e) - R) —; (H,R)
(SCHED) i

(H,(t,AE — P ::T)-R) —y (H,insort(t +d, P, (t,T) - R))

Table 7: Scheduler.

is the current time). Note that this is inserted in (¢,7") - R because the value of
FE may be 0. Also note that this may create a new time-slot, if there was none
at time ¢ + d.

Example

We illustrate the Abstract Machine with a sample execution. Consider the

processes Q@ def A3.2 — z!1 and P def 271Qe — P; where P; def A(b—¢) = Py

for some P». Under the TLTS semantics we have the following execution for

va.(P || Q):

vr.(A(G — (e +3.2)) — Po{et32/c}){0/c}
VIA(5 — (0 + 32)) — P2{6+3'2/e}{0/e}
ve. A0 — P2{6+3'2/e}{0/e}
v Py{et3:2/e}{0/c}
VI.P2{3'2/8}
Now we’ll see how this is mimicked by the Abstract Machine. Suppose that
the current time is 7.'2 Let us see the execution of the time-slot containing only
vae.(P || Q), assuming the heap is initially empty (just to simplify notation):

v (P | Q) %3 va.(a?1@e — Pi{e+32/c} || A0 — x!1)
L va.(221@Qe — Pr{et3:2/c} || 2!1)
f va.(Pr{et3:2/e}{0/e})

=
o]

IERE

(e,vz.(P Q) —7 (k—0,(P] Q){¥=}) (RESTR) k fresh

= (k= 0,(P{Ma} || Q{¥/a}))
=7 (k> 0, P{¥a} = Q{¥/a}) (SPAWN )

—r (ke {216, PR}, 7,00}, Q1Me})  (INp-F) c fresh

Hence, at the global queue level we have:

12 Any time will do.
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(e, (7,ve.(P || Q)))
o (k= 0,(7,(P] Q){¥=})) (TIMESLOT)
= (k= 0,(7,(P{¥/«} || Q{¥/x})))
o (k0,(7, P{Fz} :: Q{¥/x})) (TIMESLOT)
—o (k= {71, e, Pi{¥},7,0)}, (7, Q{%/})) (TIMESLOT)
= (k—={?(,e, Pi{F},T,0)}, (7,A3.2 — El1))
—q (k= {?(1,e, Pi{¥F/=},7,¢)},insort(7 + 3.2,k!1,(7,€))) (SCHED)
=  (k—{?1,e, Pi{¥/},7,0)}, (T €) - (10.2,k!1))
—1  (k—{?(1,e, P {F/=},T,C)}, (10 2, k1)) (ADVANCE)
—¢o (k' 0,(10.2, Pi{k/«}{102=7/c})) (ouT-8) + (TIMESLOT)
= (k—0,(10.2,A(5 —3.2) — Py{32/c}{F/2}))
o (k—0,(10.2,¢) - (12, Po{32/e}{¥/=})) (SCHED)
=1 (ke 0,12, Py{32/e}{¥/=})) (ADVANCE)

Here we used (SPAWN;) which selected the left process P to be executed
first. This resulted in registering the input observer in k’s observer set. If we
had used (SPAWNs) instead, then ¢ would have been executed first, resulting in
the scheduling happening first, but P would remain in the time-slot for time 7,
and thus it would be executed before advancing in time.

3.2 Soundness

We now establish that reductions in our Abstract Machine correspond to valid
T executions following the same approach as that in [38] for the m-calculus.
To do this we first encode the states of our Abstract Machine as my;; terms. We
need to encode the heap, its observer sets, time-slots and the global queue. We
use z € H to denote that there is an entry for  in the heap H.

Definition 15. (Encoding the machine state) The set of triggers in the
heap entry for x and the set of all triggers in the heap are given by:

triggers(Q, x) = {zlv|lv € outputs(Q)}

alltriggers(H) = U triggers(H (x))
zeH

The set of branches of a listener with tag c is given by:

branches(H, c,t) e Ualts(H(:v),c,x,t)
r€H
alts(Q.c,x,t) = {a?FQy — P{v+(-w/y} |2(F.y, P,u,c) € inputs(Q)}

The set of all listeners in the heap is given by:

def

alllisteners(H,t) {Z branches(H,c,t) | c € alltags(H)}
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where

alltags(H) = U tags(H(z))
reH

de .
tags(Q) < {tag(0)| O € inputs(Q)}
The encoding of the heap H at time t, is given by:

1], def (H alllisteners(H, t)) || (H alltriggers(H))

The encoding of a time-slot T =P, :: Py ::---:: P, is:
def
[T] = Pl Pl || Pn

The encoding of a heap/time-slot pair at time t is:

[(E,T)], " vey, ...z ([H] || [T])

The encoding of the global queue R = (t1,T1) - (t2,T2) - ... - (tm, Tin) is:

(7] < (D] ) Atz = 12) = [B] [+ | Al —11) — [Ti]

The encoding of the machine state (H, R) is defined as:

[[(H, R)]] déf vry, --ka-([[Hﬂcurtime(R) || [[R]D

where {1, ..., x } are the names of entries in the heap H and where curtime((t,T)-
R) /4 is the time-stamp of the first time-slot.!?

A few comments about this encoding. First, note that to create a single
listener we have to quantify over the possible entries in the heap. This is because
each branch of a listener may listen to different events/channels, and therefore,
the corresponding input observers may be dispersed over multiple heap entries.
This is why we use the tags ¢, to identify all input observers which belong
to the same listener. Second, note that the definition alts which gives us the
alternative branches of a listener in some observer set, substitutes y + (t — u)
for y in P, where ¢t is the current time and w is the time-stamp of the input
observer, i.e., when the listener began listening. This is because the encoding
corresponds to taking a “snapshot” of the machine’s state at time ¢, but each
listener may have registered at some time u < ¢t so we have to take into account
the time already elapsed. The encoding [R] for the global queue considers the
first time-slot to represent the current one, so all future time-slots are delayed
relative to the current time ¢;.

In the following we will write = for (= ) = U =, this is P = Q if there
is zero or one reductions from P to @) (modulo structural congruence). We first
establish the consistency of execution within one time-slot at time t.

I3Note that [(H, R)] is in canonical normal form (cf. Proposition 1).
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Lemma 5. (Sound time-slot execution)
If (H,T) —, (H',T') then [(H,T)], = [(H',T")].

From this, the validity of the scheduler’s rules follows:
Theorem 4. (Abstract Machine Validity)
L. If (H, R) <o (H', R') then [(H, R)] — [(H', )]

2. If (H,R) — (H',R') then [(H,R)] = [(H',R)] with d = t, — t;
where R = (tl,Tl) . (tg,Tg) t e

3. If (H,R) — (H',R) then [(H,R)] = [(H', R))]

3.3 Implementation: kiltera

We have implemented the Abstract Machine described in this Section, forming
the basis of a language called kiltera. This language includes all the basic and
derived constructs mentioned in this paper, plus some which we have not men-
tioned, such as event/channel arrays, indexed parallel composition, and loops,
all defined in terms of the core. Table 8 shows the ASCII syntax equivalent of
e terms in kiltera.

The implementation follows the specification quite closely, but there is one
difference, for the sake of efficiency. While the Abstract Machine presented here
uses substitution, the actual implementation uses frame environments to sup-
port lexical scoping, according to the standard approach followed by functional
programming languages. This also allows us to support local variable defini-
tions and nested process definitions. Furthermore, process definitions result in
closures which are treated as first class values and thus can be communicated.

The language also supports some primitives for mobile distributed computa-
tion and the implementation supports truly distributed (virtual time) simulation
based on Time-Warp [19].

4 Related work

There have been several timed extensions to the w-calculus. We now contrast
them with 7. Most of the timed extensions assume a discrete time model, and
none include a time-observing construct as Qy in 7, listeners. Most are based
on the synchronous 7w-calculus, whereas ;s is based on asynchronous commu-
nication. Only a couple have reported on notions of behavioural equivalence
and compositionality. To the best of our knowledge, none of the previous work
on timed 7-calculi has studied time-bounded equivalences, none has dealt with
the issue of legitimacy (finite variability) and no Abstract Machine has been
proposed. Furthermore the only other language in this family, apart from ours,
with an actual implementation is the stochastic m-calculus.
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| T Notation kiltera ASCII notation

vV done

z!FE trigger x with E

1 TFQyy — Py + -+ 2,7F,Qy, — P, | when
x_1 with F_1 after y_1 ->
P_1
|

| x_n with F_n after y_n ->
P_n

VI, ..o, Tp. P event x_1, ..., x_n in
P

AFE — P wait E ->
P

Pl P par
P_1

P_n

Az, oy ) Alx_1,...,x_n]

Az, .y p) el p process A[x_1,...,x_n]:
P

Table 8: kiltera notation for 7g;; syntax

The stochastic m-calculus

The stochastic m-calculus [30] makes a small but significant modification to the
syntax and semantics of the (synchronous) m-calculus, by associating rates to
(input and output) actions. The meaning of this rate is that the given action
is completed only after an amount of time which is drawn from an exponential
distribution determined by the rate. As mx, processes execute with respect to
a global clock over continuous time. But, unlike 7y, the amount of delay is a
random variable over a distribution, and therefore, transitions and their timing,
are probabilistic. Semantically, each transition also has a rate, which depends on
the rate of the corresponding term. This implies that communication between
processes has a rate which depends on the rates of the participating input and
output actions.

The probabilistic nature of this calculus results in a theory which is sub-
stantially different from ours, in scope and purpose. While both the stochastic
m-calculus and 7y can be used to reason about quantitative aspects of the tim-
ing behaviour of systems, the emphasis of the stochastic = theory is on proba-
bilistic analysis and performance evaluation, whereas my;;’s theory is focused on
the discrete-event behaviour of systems, focusing in properties of legitimacy, be-
havioural equivalence and compositionality. We have not seen any comparable
results in the theory of the stochastic mw-calculus.
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The mRT-calculus

The calculus introduced in [22] extends the m-calculus with a timeout operator
from Timed CSP [37, 36] as well as allowing transmission of time values. Like
Tkit, it has a model of computation based on a global clock, but unlike 7y,
time is discrete. The model of computation includes several properties similar
to me’s, such maximal progress, time determinacy and time continuity, Nev-
ertheless, the status of these properties in their theory is not clear: are they
assumptions or derived properties? To the best of our knowledge, the theory of
this calculus has not been developed. The authors do not report any results re-
garding the issues we have treated in this paper, namely legitimacy, equivalence
and compositionality.

The Tw and T Dr-calculi

Of the timed-7 calculi we surveyed, we have found the T'r and T Dm-calculi
[31] to have one of the most developed theories. This algebra extends the 7-
calculus in several ways: 1) computation proceeds with respect to a global clock
over discrete time; 2) input and output actions (i.e., listeners and triggers),
have associated timers, which represent timeouts; 3) it supports distributed
computation in a sense similar to w4k, where processes execute in locations, and
can move between locations; 4) it has a type system which assigns capabilities
to channels (e.g., read or write), and locations (e.g., can move). Its theory is
centered around several notions of barbed bisimulation, which identify processes
based on the satisfaction of certain predicates known as barbs. Different variants
of this equivalence are proposed which distinguish processes depending on their
type information, and/or their timing behaviour.

There are several obvious similarities as well as differences between m;; and
this calculus. First, both have a notion of timed execution with respect to a
global clock, but while in T'Dm time is discrete, in 7y it is continuous. Second,
the timer tags on channels of T'D7 are easily emulated with timeouts in g,
but while 7x;; provides a mechanism to observe the elapsed time, T'Dn does not.
Furthermore, unlike 7 RT and 7y, time values are not transmittable as data.
Third, T'Dn provides a type system, while m;:’s processes are untyped. The
remaining distinction are with respect to the model of distributed processing,
so we leave the comparison of these features to the second part of this paper.

As with the previously discussed variants, the theory does not provide any
results regarding legitimacy, unlike our theory. They do discuss a timed barbed
bisimilarity relation, but it is a much more stringent equivalence than our own
open-timed bisimilarity. Whereas their equivalence requires an exact match in
the timing of transitions, our equivalence requires match up to a given time.

For example, consider the processes (a? — P) g @1 and (a? — P) S Q2. In
Trie, we are able to show these processes as equivalent up to time 3, which
includes equivalence of all intermediate states between time 0 (included) and
time 3 (excluded). The corresponding T' D processes could not be identified at
all, because their timeouts are different. This makes timed barbed bisimilarity
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in T' Dt a very stringent equivalence. Furthermore there are no results regarding
its compositionality, whether it is a congruence, whether it is preserved by the
operators in the language. We suspect that in fact, it is not a congruence, for
the same reasons that strong, ground bisimilarity is not a congruence in the -
calculus, or (non-open) timed-bisimilarity is not a congruence in mg;: it ignores
transmitted values over channels.

The 7; and 7,,:~calculi

The m; and mpe-calculi [5, 6] are similar to the Tw and T Dr-calculi. They
support time, and in the case of m,,;;, locations and message failures. Like g,
communication is asynchronous. Nevertheless, time is discrete. Their timer con-
struct corresponds in 7, to a single-branching listener with a timeout. The the-
ory studies several bisimilarities, establishing compositionality of strong, timed-
closed, renaming-closed asynchronous bisimilarity. While the requirements of
time-closedness and renaming-closedness are similar to those of our open timed-
bisimilarity, their equivalence is defined only in the discrete-time setting, and
identifies processes with respect to the entire future, unlike our equivalence up-to
some time.

The timed-m calculus

Another timed extension to the m-calculus was provided in [14]. This extension
introduces a delay operator and an integral operator, which is nothing but a
sum (a choice operator) over a continuous time domain. Unfortunately there
is nothing much to comment about this, since no theory is developed for this
language, no results regarding legitimacy, equivalence, compositionality, or any
other interesting property. Furthermore, there is no mention of an implementa-
tion either.

The SpacePi calculus

Another related process algebra recently introduced is SpacePi [20], an exten-
sion to the m-calculus with both continuous time and space. In this algebra,
processes have an associated position in the euclidean vector space R", as well
as a movement function which updates the process’s position. Communication
channels have an associated radius, which determines how far a process can
send or receive a message. Time, while continuous, is divided in computation
intervals, so that the movement function specifies where a process will be at the
end of the interval, if it does not interact with other processes.

This calculus is quite different than ;. While it presents some novel fea-
tures, like radius for channels, it seems to impose a rather unnatural structure
to time in the form of time-intervals, apparently, to justify the meaning of the
movement functions. The result is that the modeller is forced to be aware of
such imposition, and develop models accordingly. In addition, to the best of
our knowledge, there are no theoretical results for this language, no properties
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regarding its semantics, such as conditions for legitimacy, or adequate notions
of behavioural equivalence. Furthermore, there are no tools yet to support
modelling and simulation with this calculus.

The ¢-calculus

The ¢-calculus [33] is another timed variant of the 7-calculus for hybrid, embed-
ded systems. Its distinguishing characteristic is the ability to describe hybrid
systems consisting of an environment which runs over continuous time and a
process expression which performs discrete actions which may change the contin-
uous environment. The emphasis of this calculus is on hybrid systems, whereas
¢ is concerned with discrete-event systems.

Previous version of kiltera

To end, we would like to mention that the language presented in this paper was
first published in [29], where rendez-vous was the main form of communication.
In the author’s thesis, this was changed to asynchronous communication, added
multicasting and a form of ephemeral or transient interaction. In this paper we
have decided to trim the language back to make it closer to the m-calculus, due
to several difficulties introduced by mixing multicasting, transient interaction
and time. This allows us to take advantage of a large body of work that is
already in place for the w-calculus.

5 Conclusions and future work

We have introduced the 7;-calculus, a dense-time extension to the asynchronous
m-calculus which adds some high-level features such as pattern-matching. We
have given an operational semantics in terms of timed-labelled transition sys-
tems, and developed its basic theory, including a notion of timed composi-
tionality and a timed-bisimilarity up-to a given time, which is shown to be a
timed-congruence. We also explored the issue of legitimate process definitions
and established sufficient conditions for legitimacy. We developed an Abstract
Machine for the calculus, based on event-scheduling, and established its sound-
ness with respect to the operational semantics. We have implemented this in a
language called kiltera. We view this language as a step towards filling the gap
between foundational process algebras and realistic languages, specially in the
context of real-time mobile systems.

In the second part we will present the distributed computation extensions
to the core language, as well as a distributed Abstract Machine, based on the
TimeWarp algorithm [19]. These have been implemented in the kiltera simulator.

There are multiple directions for future research. First, concerning the core
theory, an axiomatization of open-time bisimilarity would be interesting to sup-
port automatic verification. Weaker variants of this equivalence are also of inter-
est, as well as fully-abstract denotational models, and comparisons with similar
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models. The aplicability of real-time temporal logics and model-checking ap-
proaches can be valuable. At the meta-theory level it might be interesting to
explore the idea of rule formats for timed process algebras which yield timed-
congruences, in the same vein as those described in [1].

From the point of view of language features, several issues should be ex-
plored, including type systems, and with respect to the distributed features,
active process migration. The implementation is mostly a proof of concept,
with the simulator written entirely in Python, and thus it is not very fast.
Optimization strategies for the Abstract Machine are also issues to be explored.

The implementation is available at http://www.kiltera.org.

References

[1] L. Aceto, W.J. Fokkink, and C. Verhoef. Structural Operational Seman-
tics. In J.A. Bergstra, A. Ponse, S.A. Smolka, editor, Handbook of Process
Algebra, chapter 3, pages 197-292. Elsevier, 2000.

[2] J. C. M. Baeten. A brief history of process algebra. Theoretical Compututer
Science, 335(2-3):131-146, 2005.

[3] J. C. M. Baeten and J. A. Bergstra. Real Time Process Algebra. Formal
Aspects of Computing, 3:142-188, 1991.

[4] J. C. M. Baeten, D. A. van Beek, and J. E. Rooda. Process algebra for
dynamic system modeling. Technical report, Technische Universiteit Eind-
hoven, 2006.

[5] M. Berger. Basic Theory of Reduction Congruence for Two Timed Asyn-
chronous 7-Calculi. In CONCUR 200/ - Concurrency Theory, volume 3170
of Lecture Notes in Computer Science, pages 115 — 130. Springer, 2004.

[6] M. Berger and N. Yoshida. Timed, Distributed, Probabilistic, Typed Pro-
cesses. In Programming Languages and Systems, volume 4807 of Lecture
Notes in Computer Science, pages 158—174. Springer, 2007.

[7] J. A. Bergstra and J. W. Klop. Process algebra for synchronous communi-
cation. Information and Control, 60(1-3):109-137, 1984.

[8] G. Berry. The Foundations of Esterel. MIT Press, 2000. Editors: G.
Plotkin, C. Stirling and M. Tofte.

[9] K. R. Braghetto, J. E. Ferreira, and C. Pu. Using process algebra to control
the execution of business processes. In SAC “08: Proceedings of the 2008
ACM symposium on Applied computing, pages 128-129. ACM, 2008.

[10] A. M. K. Cheng. A survey of formal verification methods and tools for
embedded and real-time systems. 2:184-195, August 12 2007.

32



[11]

[12]

[13]

[14]

[15]

|16]

[17]

18]

[19]
[20]

[21]

[22]

23]
[24]

G. Ciobanu. Behaviour equivalences in timed distributed pi-calculus.
In Martin Wirsing, Jean-Pierre Banatre, Matthias M. Holzl, and Axel
Rauschmayer, editors, Software-Intensive Systems and New Computing
Paradigms - Challenges and Visions, volume 5380 of Lecture Notes in Com-
puter Science, pages 190-208. Springer, 2008.

F. Ciocchetta and J. Hillston. Formal Methods for Computational Sys-
tems Biology, volume 5016 of Lecture Notes in Computer Science, chapter
Process Algebras in Systems Biology, pages 265-312. Springer, 2008.

C. Fidge and J. Zic. An expressive real-time CCS. In Proceedings of the
Australasian conference on Parallel and Real-time systems, pages 365—-372,
1995.

M. Fischer. A new time extension to the m-calculus based on time con-
suming transition semantics. In Christoph Grimm, editor, Languages for
System Specification, ChDL series. Springer-Verlag, 2004.

N. Halbwachs, P. Caspi, and D. Pilaud. The synchronous dataflow pro-
gramming language Lustre. In Another Look at Real Time Programming,
Proceedings of the IEEE, Special Issue, September 1991.

M. Hennessy. Algebraic Theory of Processes. MIT Press, 1988.

M. Hennessy and T. Regan. A temporal process algebra. In Juan Quemada,
José A. Manas, and Enrique Vazquez, editors, Proceedings of the Third
International Conference on Formal Description Techniques for Distributed
Systems and Communications Protocols (FORTE 90), pages 33-48. North-
Holland, 1990.

C. A. R. Hoare. Communicating Sequential Processes. Communications of
the ACM, 21(8):666-677, August 1978.

D. R. Jefferson. Virtual Time. ACM-TOPLAS, 7(3):404-425, July 1985.

M. John, R. Ewald, and A. M. Uhrmacher. A Spatial Extension to the
m-calculus. FElectronic Notes in Theoretical Computer Science, 194(3):133—
148, January 2008.

P. Le Guernic, M. Le Borgue, T. Gauthier, and C. Le Maire. Program-
ming real-time applications with Signal. In Another Look at Real Time
Programming. Proceedings of the IEEE, Special Issue, September 1991.

J. Y. Lee and J. Zic. On modeling real-time mobile processes. In Proceedings
of the twenty-fifth Australasian conference on Computer Science ACSC’02,
pages 139-147, January 2002.

R. Milner. A Calculus of Communicating Systems. Springer-Verlag, 1980.

R. Milner. Communication and Concurrency. Prentice Hall, 1989.

33



[25]

[26]

[27]

28]

[29]

[30]

[31]

[32]
[33]

[34]

[35]

|36]

[37]

[38]

R. Milner, J. Parrow, and D. Walker. A calculus of mobile processes,
parts I and II. Reports ECS-LFCS-89-85 and 86, Computer Science Dept.,
University of Edinburgh, March 1989.

F. Moller and C. Tofts. A temporal calculus of communicating systems.
In J. C. M. Baeten and J. W. Klop, editors, CONCUR ’90: Theories of
Concurrency: Unification and Extension, volume 458 of Lecture Notes in
Computer Science, pages 401-415. Springer-Verlag, 1990.

U. Nestmann and B. C. Pierce. Decoding choice encodings. Information
and Computation, 163(1):1-59, 2000.

E. Posse. Modelling and simulation of dynamic structure discrete-event
systems. Ph.D. thesis, School of Computer Science — McGill University,
October 2008.

E. Posse and H. Vangheluwe. kiltera: A simulation language for timed,
dynamic structure systems. In Proceedings of the 40th Annual Simulation
Symposium, 2007.

C. Priami. Stochastic m-calculus. Computer journal, 38(7):578-589, 1995.

C. Prisacariu and G. Ciobanu. Timed Distributed m-Calculus. Technical
report, Institute of Computer Science, Romanian Academy, 2005.

W. A. Roscoe. Theory and Practice of Concurrency. Prentice-Hall, 1998.

W. C. Rounds and H. Song. The ¢-calculus — a hybrid extension of the
m-calculus to embedded systems. Technical Report CSE-TR-458-02, Dept.
of Electrical Engineering and Computer Science, University of Michigan,
Ann Arbor, 2002.

G. Salaiin, L. Bordeaux, and M. Schaerf. Describing and reasoning on
web services using process algebra. In ICWS ’04: Proceedings of the IEEE
International Conference on Web Services, page 43, Washington, DC, USA,
2004. IEEE Computer Society.

D. Sangiorgi. A theory of bisimulation for the m-calculus. Technical Report
ECS-LFCS-93-270, 1993.

S. Schneider. An operational semantics for Timed CSP. Information and
Computation, 1995.

S. Schneider. Concurrent and Real-time Systems: The CSP Approach. John
Wiley & Sons, Ltd., 2000.

D. N. Turner. The polymorphic Pi-calculus: Theory and Implementation.
Ph.d. thesis, University of Edinburgh, 1996.

34



[39] Y. Wang. CCS + time = an interleaving model for real time systems. In
Proceedings of ICALP’91 — Annual International Colloguium on Automata,
Languages and Programming, 1991.

[40] B. P. Zeigler, H. Praehofer, and T. G. Kim. Theory of Modeling and Sim-
ulation. Academic Press, second edition, 2000.

A Basic properties

Proposition 1. FEvery process is structurally congruent to a process of the form:
V1, ey (Py || -+ || Px), where each P; is either a trigger, a listener, a delay
or a process instantiation. We call such form “canonical normal form”.

Proof. (Sketch) Using the scope extrusion axiom for structural congruence (P ||
ve.Q =ve.(P | Q) if x ¢ fu(P)) together with the a-conversion axiom (P = @
if P =, Q) we can extract, from all parallel subterms, any vz which is not inside
a listener or delay, to the outermost position. O

Proposition 2.

1. (Zero time advance) For any P € P, P % p.

2. (Time determinacy) For any P,P',P" € P, d € R{, if P L P and
P P then P' = P".

8. (Time continuity) For any P,P' € P, d,d € R{, P i pr if and only if
there is a P" such that P~ P" and P" % P

4. (Persistency of offers) For any P,P' € P, d € RS, and any o # 7, if
P and P-% P then P12 .

Proof. All these can be proven using standard induction on the structure of P.
We show here time determinacy and time continuity. The rest are similar. We
begin with time determinacy.

Casel. P=./,P=2'E, P=AFE — P',or P =3, — P;. In each of
these cases, there is only one axiom that can be applied, or the (TCNGR) rule,
and therefore the result is uniquely determined up-to =.

Case 2. P = vx.P;. Assume that the statement holds for P; (which is a sub-
term of P): if P 4 P} and P, 2 P/’ then P] = P/’. Suppose that P 4 P and
P % P". Each of these must be the conclusion of the (TNEW) rule. Therefore
P’ = va.P| for some P| such that P; <, P|. Similarly P” = vz.P]’ for some P/

such that P & P/’ . Hence, by induction hypothesis, P{ = P/, and since = is
a congruence, va.P| = vx. P, this is P’ = P” are required.
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Case 3. P = Py || P». Assume that the statement holds for each sub-term P;
and P,. Suppose that P % P and P % P". Each case must be the conclusion
of (TPAR). Therefore, P’ = P| || Pj for some P] such that P; 4 P/ and some
P} such that Py ~> PJ. Similarly, since P <5 P”, we have that P” = P/ || P

for some P;’ such that P 4 P/’ and some Pj such that Py & Pj. Hence, by
our induction hypothesis, we conclude that P{ = P;’ and P = Pj/. And since =
is a congruence, we have that P{ || P, = P/ || Py. Thisis, P’ = P" as required.

Now we show time continuity.

Case 1. P =,/ or P = z|E (<) Assume there is a P” such that P 4 P and
P" % P'. Then P” = P and P’ = P. So, by (TIDLE) if P = \/ or by (TTRIG)
if P=x!E, P i pr (=) Dually, whenever P oy P’, it is possible to find a

P” namely P = P, such that P L prand P L P,

Case 2. P = AE — P;. (<) Assume there is a P” such that P 4 P and

P" %L P/, Then P" = A(E —d) — Py where 0 < d < eval(E). Therefore,
P'=A((F —d)—d) — P, where 0 < d’ < eval(E — d). But this means that
P' = A(E—(d+d')) — Py and 0 < d+d' < eval(E), so by (TDELAY), P axd pr.
(=) Suppose P W pr, Then, it must be the case that P = A(E— (d+d')) —
Py with 0 < d+d’ < eval(E). Define P” = A(E—d) — P,. Then P L P and

!
P p

Case 3. P = vx.Py. Assume the statement is true for the sub-term P;. (<)
Suppose there is a P” such that P L P and P % P'. Then P" = ve. P for
some P’ such that P 4 P{’. Hence it must be that P’ = vz.P] for some P|
such that P/ & P/. This implies that Py did P/ by the induction hypothesis,
and this in turn implies that vz.P; did vz.P{" by (TNEW), in other words,
P Pl (=) Suppose P XY P/, Then, P’ = va.Pl for some P| with
p / P/. So, by induction hypothesis, there is a P;’ such that P, 4 p/

and P! £ Pl. Define P = vz.P}'. Tt follows that P <% P” and P” % P’ by
(TNEW).

Case 4. P = Py || P,. Assume the statement is true for the sub-terms P; and
P,. (<) Suppose there is a P” such that P L P’ and P" L P'. Then
P" = P/' || Py for some P/ and Py where P; % P/ and P, 2 P}, Hence,
it is also the case that P’ = P || Py for some P/ and P, where P/ CA Py
and P L8 Pj. We conclude, by induction hypothesis, that P did P/ and

P, Pj. So, by (TPAR), we have that Py || P> S P/ || P}, thisis, P “ p
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(=) Suppose P opr Then, P’ = P| || P; for some P; and Pj where
p / P| and P, gl Pj. So, by induction hypothesis, there are P;’ and Py
such that P; -5 P/ A P} and P, 2, Py A Pj. Therefore, by using (TPAR), we
obtain that Py | P, <> P! || PY % P} || P}. Thisis, P % P and P" % P,
where P = P/ || Py .

Case 5. P = ¥,c18; — P;, where for each i € I, 3; is of the form z;?F;Qy;.

(<) Suppose there is a P” such that P L P and P % P Then P =
Yic1Bi — P! where P!" = P;{vitd/y,}. Hence, P’ = ¥;c;8; — P! where P/ =
P/'"{vi+d'[y,}. So we have that P/ = Pi{vitd/y, }{vitd'/y,} = Pi{vit(d+d)/y,}
by composition of substitutions. Hence, P e by (TCHOICE). (<) Sup-

pose P P So P = S8 — P! owith P/ = P{vitd+d)/y}. De-

3

fine P = Y18 — P! with P/ = P{vi+d/y;}. Hence, P/{vit+d'/y;} =
Py{vitdfy Mui+d [y} = P{u+d+d)/,} = P!. So, by (TCHOICE), P" % P’
and by definition of P and (TCHOICE), we also have that P & P” | as required.

O

B Timed-equivalence

Proposition 3. For any TLTS M = (S, L, —,~>),
1. Foranyte R(}L, 2 is an equivalence relation.
2. 2 is an open timed-bisimulation.

3. < is the largest open timed-bisimulation.

Proof. We only show the second, for illustration. Assume that P <, @, i.e.
that (P, ¢, Q) €. By definition of £, there must be an open timed-bisimulation
R such that (P,t,Q) € R. We now check that < satisfies the four conditions of
open timed-bisimulation.

1. Suppose that Po % P’ for some o, a and P’. Then, Qo < Q' and
(P',t,Q") € R, since R is an open timed-bisimulation. But since there is
an open timed-bisimulation that contains (P’ t,Q’), then P’ <, Q.

2. This is analogous to the previous item.

3. Suppose that d < ¢ and Po <5 P'. Then Qo ~> Q' and (P',t —d, Q') € R,
since R is an open timed-bisimulation. But since there is an open timed-
bisimulation that contains (P’,t — d, Q’), then P’ 2, ; Q’.

4. This is analogous to the previous item.
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O

Proposition 4. For any TLTS M = (S,L,—,~), any t,u € Ry, and any
PP, P'cS:

1. If P <4 P’ then for any u < t, P <, P’
2. If P 2; P' and P" <, P" then P <, ., P"

Proof. We show 1 first. Pick any ¢ € R(J{ . Consider the following relation:

d
R Uo<.<: I2- where

R (P,u,Q) € P xRf xPlu< zand P =, Q}
We claim that R is an open timed-bisimulation. To see this, take any (P, u, Q) €
R. Then there must be a z € RS‘ such that z < t and (P,u, Q) € R.. Hence u <
z and P =, Q. Now we check the four conditions of open timed-bisimulation:

1. Suppose that Po < P’ for some o, o and P’. Since P <, Q we conclude
that Qo = Q' for some Q' and P’ <, Q'. Since v < z and P’ <, Q' hold,
we conclude that (P’,u,Q’) € R, and therefore (P’,u,Q’) € R.

2. Analogous to the previous item.

3. Suppose that d < v and Po L P’ for some o and P’. Since u < 2z we

have that d < z, and since P <, @Q we conclude that Qo & Q' for some
Q' and P' 2, 4 Q. Since u < 2, we have that u —d < z — d, and since
P =, 4 @', we obtain that (P',u —d,Q") € R,_4, but d < u < z so
0 < z—d and z < t which means that z —d < ¢, so 0 < z — d < t which
implies that (P,u —d,Q’) € R.

4. Analogous to the previous item.

So we conclude that R is indeed an open timed-bisimulation. Suppose that
P <, @Q and u < t. Then (P,u,Q) € Ry, which means that (P,u,Q) € R. In
other words, P <, Q.

Now we show 2. Assume that P €, P’ and P’ &, P”. Let m = mint, u so
m < t and m < u. Hence, by what we just proves (1), we have that P <, P’
and P’ <, P”, which by transitivity implies P <,, P". O

Lemma 1. For any substitution o, and any t € Ra', if P <, Q then Po <4 Qo.

Proof. Let R = UteRJ R, with R, < {(Po,t,Qo) | ois any substitution and P <
Q@}. We claim that R is an open timed-bisimulation. First, note that if P <, @
then (P,t,Q) € R; (and thus (P, t,Q) € R)), since the identity function is a sub-
stitution. Assume that (P, Q) € R. Then (P, Q) € R; for some t and P = Pyog
and Q = Qqog for some substitution oy and some Py, Qo with Py £; Q¢. Take
any substitution o. Then
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1. Suppose Po = P’. This is, Pyogo — P’. But Py 2, Qq, 50 Qoooo — @’
with P’ <; Q’, which implies that (P’,t,Q’) € R; and thus Qo = Q' and
(P',t,Q") € R as required.

2. This is the dual of the previous case.

3. Suppose d <t and Po % P'. This is, Pyo,0 < P'. Since Py 24 Qo, we
have that Qoopo & Q' and P’ £, 4 Q. But this implies that (P’,t —
d,Q’) € Ri_q . Therefore Qo L Q" and (Pt —d,Q) € R.

4. This is the dual of the previous case.

We conclude that R is an open timed-bisimulation. So, for any o, if P <, @
then (Po,t,Qo) € Ry, and therefore (Po,t,Qo) € R, i.e. Po 2 Qo. O

Lemma 2. For any P, P',Q1,...,Q, € P, and any t € R}, if P &, P’ then:
1. AE — P <. AE — P" where e = eval(E)

ve.P e, ve. P’

PlQ=P|Q

2?FQy — P+ 3" 6 — Q; &, 2?7FQy — P + %" | 3, — Q; where
each (; is of the form z;?F;Qy;.

T

Proof.

1. We first show that AE — P <,,, AE — P’ where e = eval(E) given
that P =, P'. Let R=,cq: Ru with Ry & R,U =, where

R, “ {(AE — Pl,u,AE — P)| P 24_, P, & e = eval(E) < u}

We claim that R is an open timed-bisimulation. Suppose that (Q1,u, Q2) €
R. Then (Q1,u,Q2) € R,. Hence either (Q1,u,Q2) € R, or Q1 £, Q2.

Case 1. (Q1,u,Q2) € R],. Then Q; “WAE - Pifori e {1,2} and
P, 2,_. P, with e = eval(E) < u. Now we check the four conditions
for open timed-bisimulation:

(a) Suppose Q10 =+ Q. This transition could be derived only by the
(DELAY) rule. Hence, o = 7, ¢ = eval(Eo) = 0 and Q) = Pio.
Since e = 0, this transition can be matched, using (DELAY), by
Q20 % Qf) where Q) = Pyo. But P; 2, . P, and 2y is closed
under substitution (Lemma 1), therefore, Q] 2,_. Q%, bute =0,
so Q) €, @4, which implies that (Q/,u, Q%) € R.

(b) This is the dual of the previous item.
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(c) Suppose d < u and Q10 4 Q. This evolution could be derived
only by the (TDELAY) rule. Hence Q) = A(E —d)o — Pyo. Let
e/ = eval((E — d)o) = e — d where e = eval(Fo). This can be
matched by Qa0 <% Q% where Q) = A(E — d)o — Pyo. We
know that P; ,_. P>, and since < is closed under substitution
(Lemma 1), we have that Pyo 2,_. P;o. But note that e = ¢/+d,
sou—e=u—e —d=(u—d)—e. Furthermore, since e < u we
have that ¢/ < u — d. Also note that, by definition,

' a={(AE" — P ,u—d,AE" — P})|
Pl e g P& e =eval(E') <u—d}
Hence, by taking P{ = P10, P; = Pyo and E' = (E—d)o we have
that (Q},u—d,Q5) € R!,_, and therefore (Q},u—d, Q5) € Ry_q,
and (Q},u —d, Q%) € R as required.
(d) This is the dual of the previous item.

Case 2. Q1 €, Q2. We check the four conditions for open time-bisimulation:
(a) Suppose Q1o - Q). Then Q0 - Q) and Q) <, Q), hence
(Q1,u,Q3) € R.
(b) This is the dual of the previous item.
(c) Suppose d < u and Q10 R Q). Then Q20 4 QY and Q) 244
Q%, hence (Q),u —d, Q%) € R.
(d) This is the dual of the previous item.

We conclude that R is indeed an open timed-bisimulation. Now, suppose
that P; <; P,. Then we have that (AE — Pi,t+¢,AE — P) € R,
where e = eval(E), and so (AE — Py, t+e, AE — P) € R, which means
that AE — P €4, AE — Py, as required.

2. Now we show that va.P <, va. P’ given that P <, P'. Let R = UuER0+ R,
where

R, def {(ve.P,u,ve.Py) | Py 2, Py}

We claim that R is an open time-bisimulation. Let (va.Py, u,vz.Py) € R.
So (va.Py,u,vx.Ps) € R, and therefore P, £, P,. We proceed to check
the four conditions of open time-bisimulation:

(a) Suppose (vz.Py)o < X. For simplicity assume that x does not occur
in o either as a source or as a target.!* This way we can assume that
(ve.Py)o = ve.Py and (va.Py)o = va.Pyo. The transition must have
been derived by (NEW):

e x ¢ n(()a)

«
ve.Pro — X =va.Pj

MIf x occurs in o we can simply rename it with a fresh name z’ to va’.Pi{z'/s} and
va! . Po{z'/a} .
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Hence 2 ¢ n(a) and Pio % P/. But P, 2, P, so the transi-
tion Pio — P can be matched by Pro = P, with P| <, Pj.
So by (NEW), va.Pyo = Y = va.Py. Since P| =, Pj, we have
that (va.P{,u,vz.Pj) € R,, i.e. (X,u,Y) € R, and therefore
(X,u,Y) € R.

(b) Suppose (va.Py)o -5 Y. This is the dual of the previous item.

(¢) Suppose d < u and (vz.Py)o 4 X. For simplicity assume that x
does not occur in o either as a source or as a target. If it is we can
simply rename it with a fresh name. This way we can assume that
(ve.Py)o = ve.Py and (va.Py)o = va.Pyo. This transition could
have been derived only by (TNEW):

d /
P10'M->Pl

d
ve.Pio~ X =va.P|

So it must be that Pio k3 P|. But P, £, P, and so Po g P/ can
be matched by Pyo 2, Pj and P| 2,_4 Pj. Therefore by (TNEW),
ve.Pyo 5 Y = vz.Py. Since P| <,_4 Pj, we have that (vz.P/,u —
d,vx.P)) € Ry_g, i.e. (X,u—d,Y) € R,_4 and therefore (X, u —
d,Y) € R.

(d) Suppose d < u and (ve.Ps)o LY. This is the dual of the previous
item.

We conclude that R is an open time-bisimulation. Suppose P, <; Ps.
Therefore (va. Py, t,ve.Py) € Ry and so (va.Py,t,ve.Py) € R which means
that ve.P €, ve.Ps.

. Now we prove that P || Q <; P’ || Q given that P <, P’. Let R =

Users Bi where

def .
R, o] (P ]| Q,t, P> || Q)| P12 P, Q is any process}

We claim that R is an open time-bisimulation. From this the result follows
directly. Suppose (P || Q,t, P2 || Q) € R. So (P || Q,t, P || Q) € Ry.
Hence P, <; P, by definition of R;. Now we proceed to check each of the
four conditions of time-bisimulation:

(a) Suppose that (P; || Q)0 < X. We need to show that there is
a Y such that (P, || Q)0 = Y with (X,t,Y) € R. Note that
(P || Q)o = Pio || Qo by definition of substitution. We proceed by
considering the possible cases of how this transition was derived:
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Case 1. The transition was derived by rule (PAR):

Pioc % P bn(a) N (Qo) =0
Pio||Qe S X =P | Qo

so it must be the case that Pio = P] and bn(a) N f(Qo) = 0.
But we know that P, <, Ps, so Poo — P} and P{ <; P;. So by
applying (PAR), we have that Pyo || Qo = Y = P} || Qo, and
since P| 2, Py, we have that (P || Qo.t, Py || Qo) € Ry, i.e.
(X,t,Y) e R, and so (X,t,Y) € R.

Case 2. The transition was derived by rule (comM): In this case we
have two possibilities: either the input x7v was performed by P,o
or it was performed by Qo. Both cases are analogous, so we’ll
show only the first:

Pio z?v Pl, QO’ zlv Q,

P10'||QO'L>XEP11 I Q'

so it must be the case that Pjo LICN P| and Qo LN Q'. But
we know that P, &, P, so Pyo =to, Pj and P; 2; P;. So by
applying (PAR), we have that Pyo | Qo =Y = Py || Q, and
since P{ <; Pj, we have that (P| || Q.t, P || Q) € Ry, i.e.
(X,t,Y) € Ry and so (X,t,Y) € R.

(b) Suppose that (P, || Q)o = Y. This is analogous to the previous
case.
(c) Suppose that d < t and (P || Q)o = Pio || Qo 4 X. We need to

show that there is a Y such that (P || Q)0 = Peo || Qo %Y and
(X,t—d,Y) € R. As before, we proceed by considering the possible
cases of how this evolution was derived. But this could have been
derived only by (TPAR):

Pioh Pl QobQ
Po|QrbX=P | Q

so it must be that Pio g P| and Qo g Q'. But since P; £, Py,

Pyo % P} and P! ,_4 P}. By (TPAR), we obtain Pyo || Qo Y =
P} || @', and since P| £;_4 Pj, we conclude that (P] || Q',t —d, Py ||
Q)€ Ri_g,ie. (X,t—d,Y)€eR_qandso (X,t—d,Y)€R.

(d) Suppose that d < ¢t and (P | Q)o = Peo || Qo < Y. This is
analogous to the previous case.
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Now that we have established that R is an open timed-bisimulation, the
result follows, because if we assume that P <; P’, then there is an open
timed-bisimulation, R, such that (P || Q,t, P’ || Q) € R, for any Q, i.e.,
PlQ= P Q.

4. Finally we prove that given P <, P/, 8 — P+ " 3 — Q; 2, 8 —
P+ 3" | Bi — Qi where 8 is of the form 2?F@y and each £3; is of the

form 2;7F;@y;. Let R =, ez Ru with Ry & R,U =, where

R, = {(B—=P+%iciBi — Qi,u, 8 — P +Zic1Bi — Qi) | P =, P'}

We first claim that R is an open time-bisimulation. Suppose that (Py, u, Ps)
R. Then (Pi,u, P,) € R,,. Hence either (P, u, P,) € R, or P &, Ps.

Case 1. (Pl,u,Pg) S R; Then P, = 6 — P+EZ€I/8’L — Qi: P, =
B — P+ Y18 — Q;, and P =, P'. Note that Pic = o —
Po + Yc18i0 — Qio and Pyo = o — Plo + Xic1fBi0 — Q;0. We
now check the four conditions of open timed-bisimulation:'?

(a) Suppose Pio % PJ. This transition could be derived only by the

(cHOICE) rule. There are two possibilities, either the transition
was taken by the Bo branch, or by any of the 8;0 branches.
Subcase 1: Suppose that the fo transition was taken. Then,
a = o(xz?) for some v where o/ = match(F,v,0) # (), and
P = Poo’{9/y}. This transition can by matched by Pso, since
it has the same guard (o, so Pyo = Py where Py = P'oo’{0/y}.
But we know that P <, P’, and since <, is closed under sub-
stitution (Lemma 1) we have that P| <, P which entails that
(P{,u, Pj) € R, and therefore (P, u, Py) € R.
Subcase 2: Suppose that some (;o transition was enabled in-
stead. Then, o = o(x;?v) for some v where ¢’ = match(F;,v,0) #
0, and P| = Qoc’{%y;}. This transition can by matched by
Pyo, since it has the same guard (o, so P,o — P} where Pj =
Qoo'{9/y;}. Hence P{ = Pj which implies that P| <, Pj and so
(P{,u, Py) € R, and therefore (P],u, Pj) € R.

(b) Suppose Pro = Pj. This case is the exact symmetric of the
previous one.

(c) Suppose d < u and Pio & P{. This could be derived only
by (rcHoice). This implies that P| = fo — Po{v+d/y} +
Yicific — Q;of{vitd/y;}. This can be matched by Pso 3, P
where Py = fo — P'o{v+d/y} + X;c18i0 — Q;of{vi+d/y,}. Since
P =, P’ by closure under substitution (Lemma 1) we have that
Po{y+d/y} 2, P'o{v+d/y}. Furthermore, we have that, u—d < u

L5For simplicity we assume that bound variables in P; and P> have been renamed if neces-
sary.
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because 0 < d < u, and therefore Po{v+d/y} <,_4 P'c{v+d/y} by
Proposition 4. Hence (P{,u—d, Py) € R, and so (P{,u—d, Py) €
R.

(d) Suppose d < u and Pso <, Pj. As in the previous case.

Case 2. P; <, P>. We check the four conditions for open time-bisimulation:
(a) Suppose Pio = P{. Then Pyo <+ Pj and P| <, P}, hence
(P{,u, P}) € R.
(b) This is the dual of the previous item.

(c) Suppose d < u and Pyo 4 P|. Then Pyo 2, Pjand P| <,_4 Pj,
hence (P{,u —d, P}) € R.
(d) This is the dual of the previous item.

Now that we have established that R is an open timed-bisimulation,
the result follows, because if we assume that P <; P’, then there
is an open timed-bisimulation, R, such that (3 — P+ ,.; 08 —
Qi t,8— P +3 ;18— Qi) ER,ie, B— P+, ;6 — Qi =
B— P+ Bi— Qi

O
Theorem 1. <; is a timed-congruence up-to t and < is a timed-congruence.

Proof. This follows from Lemma 2 together with Proposition 4: For any given
t € Ry, given P £, P’ we obtain AE — P 2,,, AE — P’ where ¢ = eval(E)
by Lemma 2, which implies AE — P <, AE — P’ by Proposition 4, since
t < t+e, and so < is preserved by delays. The rest of the items in Lemma 2
show that it is also preserved by all other operators, hence, for any ¢ € R(}L, o
is a t-congruence, and so £ is a timed-congruence. Furthermore, <, is a timed-
congruence up-to ¢t because each <, is a congruence for each 0 < u < t. O

Corollary 1. For any families of terms {P; € P}icr and {Q; € Plicy, if for
each i €I, P; <, Q; then

1. Hie[ R ﬁmin{ti\iel} Hie] Qz
2.3 i1 it FiQy; — Py eyintiery Doser it FiQy — Q;

Proof. This is a consequence of Lemma 2. O

1. By induction on the size of I. Let I = {1,..,n -1}, P = [[,; P,
Q = [],c; Qi and M = min{t;|t; € I}. Our goal is to show that P’ <,y Q'
where P/ = P || P,, Q@ = Q || Qn, and M’ = min{¢;|t; € I'} with
I' = T U {n} assuming the induction hypothesis that P <;; Q. From
P =), Q we get by Lemma 2 that P || P, 2y Q || P,. Also, by Lemma
2 we have that Q || P, 2, Q || @n since P, =; Q, by assumption.
Hence, by Proposition 4 we have that P || P, €ningare,y @ || Qn. But
min{M,t,} = M' and so P’ <51 Q.
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2. Also by induction. The argument mimicks the previous one, replacing ||
with +.

C Legitimacy

Proposition 5. For any P,P' € P, d € RBL, a € A, and any substitution o,

o(a)

1. if P> P’ then Po —= P'o
2. if P % P’ then Po 5 P'o

3. if Po = P’ then there is a o/ and a Q such that P o, Q with o = o(a)
and P' = Qo.

4. if Po % P’ then there is a Q such that P & Q and P’ = Qo

Proof. We'll show only the first two items. By induction on the derivation of
P P andP %P respectively. We proceed by case analysis on the structure
of P.

Case 1. P = /. In this case, P has no traunsitions, so I is vacuously true. For
2 note that /o =/ and / 4 \/, hence Po 4 Plo.

Case 2. P = x!E. This has only one transition: P / where a = z!eval(E).
By definition of substitution, Po = o(z)!Fo. But by (TRIG), Po o, v/, where
o/ = o(x)leval(Eo) = o(a). For evolution, suppose that P 4 P'. Then P' = P
and so P'c = Po. By (TTRIG), Po 4 Po = Plo.

Case 3. P = AFE — . We have that Po = AFo — Qo. 1) The only transition
that P hasis from (DELAY), which implies that if P <+ P’ then o = 7, eval(E) =
0, and P’ = Q. This means that eval(Eo) = 0, and so, by (DELAY), Po =
Po. 2)If P % P then 0 < d < eval(E) and P’ = A(E — d) — Q. So,
P'oc = A(Eo — d) — Qo. But this means that Po L pPo by (TDELAY).

Case 4. P = vx.QQ. Let o be any substitution. We can assume, without loss of
generality that = does not occur in ¢, We now show each item:

1) A transition P % P’ must have been derived by (NEW). Then P’ = vz.Q’
for some @’ such that Q@ = Q' with zn(a). Then by induction hypothesis,

Qo iGN Q'o. Hence, by (NEW), vz.Qo o), vz.(Q'o. But we assumed that x
o(a)

does not occur in o, so we have (vz.Q)o — (vz.Q')o.

2) An evolution P < P'must have been derived with (TNEW). Hence P’ =

161f 2 occurs in o, we can simply rename z for a fresh name.
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va.Q' for some Q' such that Q 4 Q)'. By induction we have that Qo 4 Q'o, and
0, by (TNEW), we have va.Qo &4 ve.Q'o, which implies (vz.Q)o 4 (vz.Q')o.

Case 5. P = P, | P.. Let o be any substitution. Assume, without loss of
generality that names of o (either as sources or as targets) are not bound names
of P, and also that the bound names of P, are not free in P,.17

1) The transition P % P’ must have been derived (PAR) or (COMM).

Sub-case 1) It was derived by (PAR). Then P’ = P/ || P, for some P/ such that
P, % P} and bn(a) Nfn(P,) = 0. We know that bn(a) C bn(P;) and so these
bound names do not ocurr in o by our assumption. Hence bn(o(a)) = bn(«).
Since the target names of o are not bound names in P (and therefore in P;)
then fn(P.c) Nbn(P) = @ and therefore fn(P.c) N bn(c(a)) = @. This, and

o(a)

the induction hypothesis, P,o — P/o, imply, by (PAR), that Po = P,o ||

o(a)

P,oc — P/o || P.o = Po.
Sub-case 2) It was derived by (comm). Then o = 7 and P’ = P/ || P/ for

some P/ and P/ such that P, o, P/ and P, 2, P/ for some = and v. By

o(zlv) o(x?v)

induction hypothesis, Lo —— P/o and P.o P!o. But since o(zlv) =
o(z)lo(v) and o(x?v) = o(x)?0(v),'® we conclude, by (comm), that Po = P,o ||
P.o o), Plo || Plo = P'o since o(1) = 7.

2) The evolution P % P must have been derived by (TPAR). Hence P’ =

P/ || P! for some P/ and P such that P 2, P/ and P, & P!. By induction

T

hypothesis, P,o 4 P/o and P.o 4 Plo, from which we conclude, by (TPAR),
that Po = Po || Pro 2, Plo || Plo = Po.

Case 6. P = X,;c;8; — P; where each §; = x;7F;Qy;. Without loss of generality,
we assume that the bound names of the guards do not occur in o'°. Then we
have that Po = ;¢ 8,0 — P;o, where each 3,0 = o(x;)?7F;Qy;.

1) A transition P % P’ must have been derived with (CHOICE), and so a = x37v
for some zj, and v, and P’ = Pyo” for some substitution ¢/ = ¢/ U{0/y, } where

o' = match(Fy,v,0) # 0 with 8 = z,7F,Qyg. Let ¢’ def match(Fg,o(v),0)

d .
and ¢ < ¢ U {9/y}. Since the structure and constants of o(v) are the same

of those of v, we have that ¢’ and ¢’ are essentially the same, modulo o, this
is, '(z) = o(0'(2)) for any z € N, and ¢’ = ) & o’ = (). Since this transition

occurred, o’ # () and therefore ¢’ # (). This allows us to conclude that Po o),

L71f this is not the case, as usual we can rename bound names of P with fresh names not
occurring in o or P;.

18Note that this is a substitution ¢ applied to an input action a = z?v, not to an inpur
process x 7y — P. Substitution for processes is defined in the standard way to avoid capture of

free variables. The key is that in a transition P 2%, P/ the action z7v represents the action

provided by the environment, i.e., the value v is not the bound name in P, but the data sent

through channel . Hence, v is not bound in the action, whereas y is bound in z?7y — P.
L9If they occur in o, we can simply rename them.
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P"” where o(a) = o(zg)?0(v) and P’ = Pyos” by (cHOICE). We claim that
o¢"” = 0”0. To see this, consider any name z € /. We have three possibilities:
a) 2 = Yk, b) z € n(Fy) or ¢) z ¢ n(Fi) U {yr}.- In each case we have that
the substitutions coincide: a) ¢”(o(yx)) = <¢”'(yx) since y, does not occur in
o and a substitution is always defined to be the identity on names which are
not in its source. Hence ¢”(o(yx)) = 0 by definition of ¢”. On the other hand,
a(0”(yx)) = o(0) = 0, by definition of ¢”. b) ¢"(c(2)) = ¢"(z) since z does
not occur in o’s source; but we know that ¢’(z) = o(0’(2)), hence ¢’(0(z)) =
o(0’(2)). ¢) ¢"(0(z)) = o(z) since none of the variables in n(F;) U {yx} occur
in the targets of o, and therefore ¢’ acts as the identity on anything that does
not have names in n(F%) U {yx}. On the other hand, o(c”(z)) = o(z) for the
same reason: ¢ is the identity on names not in n(Fj)U{yx}. In the three cases

we have seen that o¢” = 0”0, and therefore P,o¢” = Pyo”0 so we have that

P" = P'o and therefore Po o), Plo.

2) An evolution P < P’ must have been derived with (TCHOICE), so P’ =
Yic1Bi — P! where P/ = Pi{vitd/y,}. So P'oc = Y;c;fic — Plo. On the

2 K2
other hand we have, by (TCHOICE), that Po 4 YiecrfBioc — @Q; where Q; =
P,o{vi+d/y,}. But since none of the y; occur in o, we have that {vi+d/y,}oc =

o{vitd/y,}, so Q; = P;{vitd/y,}o = Plo, and therefore Po < plo.

Case 7. P = A(Y). Let o be any substitution. We assume that the definition of

A is closed, i.e. if A(Z) = = Q then fn(Q) C 7.
1) A transition P = P’ must have been obtained by (CNGR), and therefore
Q{ilzy = Q’ for some @ and @Q’. By induction hypothesis we have that

Q{i/z}o o), Q'c. Without loss of generality we can assume that none of
the names in & occur in 0%°. Hence {#/z}oc = o{c(®/z} and so Q{¥/z}oc =
Qo{e@/z}, but the definition of A is closed, Mm(Q)) C & which means that
Qo = @ since none of the names in & occurs in o. Therefore Q{V/z}oc =
Q{c@W/z} and so Q{s®/z} o), Q'o, from which we conclude, by (CNGR),
that A(o(¥)) ole), Q'o, or in other words Po 2, Pl where P! = Q'

2) The evolution P < P must be derived by (TCNGR), which implies that
d=0and P = P. Hence Po = A(o(¥)) % A(o(y)) = Plo.

O
Lemma 3. Let P € P, and o any substitution. If P is legitimate, so is Po.
Proof. Let v, be any execution of Po:
Yo = Po % QY 2% QB QL YL Q0 B @y 2
Then, by Proposition 5, this execution has the form

Po s po 290, pio & Pl 2, pp & prp 2,

201f they occur we can rename them in @ by fresh names.
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for some P§, Py, P/, P», P}, ... and some o, o}, o, .... such that

v=rP&p o p bptpp e
Note that len(y) = len(n,), since there is a one-to-one relation between evo-
lutions and transitions in v with those in v,. Furthermore, dur(y) = dur(v,)
since the substitution preserves the amount of time in each evolution. But we
assumed that P is legitimate, and therefore, v is a legitimate execution. Hence
either len(y) < oo or len(y) = oo and dur(y) = oo. But this is to say that either
len(vy,) < oo or len(y,) = oo and dur(y,) = 00, i.e. that Po is legitimate. [

Theorem 2. (Sufficient conditions for legitimacy) Let D be a finite set
of process definitions and P a process which invokes only definitions in D. If
all definitions in D are well-timed then P is legitimate.

Proof. By induction on the structure of P.

Case 1. P =/ or P = z!E. These processes have no infinite executions, so
they are always legitimate.

Case 2. P = AE — Q. Assume the statement holds for ). Let v be any
execution of P. If it is finite, then it is legitimate, by definition. Assume that
is infinite. Then, it must begin by P ~ P’ = Q where e = eval(E). Let v; be
the remainder of the execution, starting from @). By induction hypothesis, 71
must be legitimate, so dur(y;) = oo. But dur(y) = e 4+ dur(y1), so dur(y) = oo
as required.

Case 3. P = vx.QQ. Assume the statement holds for Q). Let v be any execution
of P. If it is finite, then it is legitimate, by definition. Assume that v is
infinite. Then, it must begin with P 4 P} % P;. The evolution must have
been obtained by (TNEW), which means that P = vz.Q) for some @] and
Q 4 @' by a shorter inference. Since P = va.Q, the transition must have
been obtained by (NEW), which implies that P; = vz.Qq for some @1 such
that Q) 21, Q. By repeating this over v we obtain an execution v, starting
from Q. By induction hypothesis, v1 must be legitimate, so dur(y;) = co. But
dur(y) = dur(y1), because it has exactly the same evolutions, so dur(y) = oo as
required.

Case 4. P = P, || P.. Assume the statement holds for P, and P,. Let v be any
execution of P. Ifit is finite, then it is legitimate, by definition. Assume that - is
infinite. Then it must begin with a pair P <5 P/ || Pl and P || P! = Pl(l) | PV,
The evolution must have been the result of (TPAR), and therefore P <, P/ and

P4 P!. The transition may have been the result of either (PAR) or (COMM).

If it was the result of (comM), then we have that P/ <% Pl(l) and P! 2= piY

for some complementary actions «; and «,.. If it was the result of a (PAR) rule,

then we have that either P/ 2, Pl(l) or P! N Pr(l). In either case we can build a
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pair of infinite executions =; and ~, each beginning with P, and P, respectively.
But by induction hypothesis, v; and =, are legitimate, so dur(y;) = oo and
dur(y,) = co. But the evolutions of P and its derivatives are exactly the same
as those of P, and P,, since evolution of a parallel composition is the evolution
of its parts by equal amounts of time as stated by the (TPAR) rule. This means
that dur(y) = dur(y;) = dur(y,) = 0o, and therefore v is legitimate.

Case 5. P = Y;c;8; — P;. Assume the statement holds for each P;. Let
~v be any execution of P. If it is finite, then it is legitimate, by definition.

Assume that v is infinite. Then, it must begin with P &oprozt, Plo for
some d, z; and v, where By = x;?F,Qyy, 0 = match(Fj,v,0) U {0/y.}, P’ =
>ier Bi — Pi{vitd/y;} and P = Pp{vstd/y}. Let 41 be the remainder of the
execution, starting from P/o. By induction hypothesis, any execution starting
from Py, must be legitimate, hence, by Lemma 3, v; must be legitimate as well,
so dur(y1) = oo. But dur(y) = d + dur(y1), so dur(y) = oo as required.

Case 6. P = A(y). Let v be any execution of P. If it is finite, then it is
legitimate, by definition. Assume that 7 is infinite. Then, since D is finite,
there must be a process definition B € D which is invoked infinitely often, i.e.
~ contains an infinite number of occurrences B(z}), B(%:), B(%3), ... Hence
has the form

P=L B(z)) =% B(%) =2 B(%) = -

where each 7; is a finite execution between each invocation of B. Since the

definition B(Z) et Q@ is well-timed, there is a b > 0 such that for all Z,
mdp(Q{?+/z}) > b. But this means that there is a b > 0 such that for
all £ > 1, dur(yx) > mdp(Q{#/z}) > b. Hence dur(y) = X3 dur(yx) >
dur(vo) + X522 ,b = oo as required.

O

Lemma 4. Let P,Q € P. If P <, Q and vp is an evecution beginning with P
such that dur(yp) < t, then there is an execution ~yq, starting at Q, such that

atr(yp) = atr(yg), len(yp) = len(yg) and dur(yp) = dur(yq).
Proof. The execution vp must be of the form

d d d
PR3P 2Pt P 2L P3Py 2

. . . . . ”, d;
We can show, by induction on 4, that for each pair evolution/transition P; ~%
i . . . o . dw k3
P/ %% P, there is a pair evolution/transition Q; ~ Q) <% Q;y1 where
Py <, Qi with u; =t — $'=hd;. The first pair is P % P} 2% Py, where do < t.
. d . . N
But since P £, @, then Q ~ Q) with P} ;_4, Qf, which in turn implies that
Qb 2% @y with P, ;_4, Q1. So we can form Q i Qb 2% Q. So in general,
assuming that the statement holds for all k& <4, we show it for . In particular,
we assume it holds for k =i —1: P,_; <, | Q;—1 with u;_1 =1 — E;;%dj. We
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di7 73— ;—
have that P,_; “*>' P/, =% P;. But note that $'_}d; < dur(yp) < t and

so d;_1 + E;;%dj < t. Therefore d;—1 < u;—;. Hence, from P,_; <,, , Q;—1
d1'7 di— .

and P, ~ P/, we deduce that Q; ; ~ Q) , with P/, ey Qi

where w}_ | = uj—1 —di—1 =t — (di=1 + E;;%dj) =t— E;;%)dj. This in turn

implies, together with P/_, ——% P, that Q|_, —5 @, and P; <,, Q; where

; di_ (o7
oy o i—1 i—1 o~y i—1 .
u; = w;_y =1 —X"dj, and so Q;—1 ~ Q;_; —— ;. So we can build an

execution g starting with ) with the form

QB QB QL QB
which has the same trace and therefore, atr(yp) = atr(yg), len(yp) = len(yg)
and dur(yp) = dur(yg). O

Theorem 3. Let P,Q € P. If P &, Q for all t € RS then P is legitimate if
and only if Q is legitimate.

Proof. Tt is enough to prove that if @ is legitimate then so is P. We prove this
by contradiction. Assume that @ is legitimate, but P is not. Then there is an
infinite execution yp starting at P such that dur(yp) =t < oo for some t € R{.
But P <; @ by assumption, so by Lemma 4, there must be an execution g
beginning with @ such that len(yp) = len(yg) and dur(yp) = dur(yg). But
this is to say that len(yg) = oo and dur(yg) =t < o0, i.e. @ is illegitimate.
A contradiction. O

D Abstract Machine Soundness

Lemma 5. (Correct time-slot execution)
If (H,T) —¢ (H',T") then [(H,T)]; = [(H",T")]:

Proof. We proceed by case analysis on the rules for time-slot transitions. In
this proof we’ll use the following notational shortcuts: A = Ialllisteners(H,t),
B = Talltriggers(H)

Case 1. Rule (NIL). (H,v/ == T) —¢ (H,T)
[(H, =D = va(lH]: | [V = T])
= va.([H]: | v I ITT)
= va([H]. [ 7]

[[(HvT)Ht
Case 2. Rule (SPAWNy). (H, (P | P2) = T) —¢ (H,T :: Py = Py)
[(H, (P || P2) =T = va([H]: | [(P ] B) = TT)
= va.([H] | (P [l P2) | ITT)

= va([H] [ITT I Pl Po)
= [(H1)]:
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Case 3. Rule (SPAWN3). As the previous case.

Case 4. Rule (RESTR). (H,va.P : T) — (H{k — 0}, P{¥/«} :: T) with k fresh.
First note that if H' = H{k — (} then we have that H'(k) = () and therefore
alts(H'(k),c,k,t) = () for any ¢ and ¢t. This implies that alllisteners(H',t) =
alllisteners(H,t) and therefore [H']; = [H]:. Hence,

[(Hyve.P::T)]: = vi.([H]:| [ve.P ::T])
= vi.([H] [|ve.P | [T])
va.([H]: || vk.P{¥/=} || [T])
v, k([H]e | PR} || [T])
va, k.([H{k — 0} | P{¥=} || [T])
[(H{k — 0}, P{¥a} = T

Case 5. Rule (out-¥). (H,z!E = T) —; (H{z — QU {lv}},T) given that
inms(v,Q) = 0 where H(xz) = Q and v = eval(E).

Let H = H{z — QU {lw}}. So outputs(H'(xz)) = {lv} U outputs(Q)
{lv} U outputs(H (x)) and therefore triggers(H',z) = {zlv} U triggers(H,
which entails that alltriggers(H') = {zlv} U alltriggers(H), and so B’
Malltriggers(H') = xlv || Malltriggers(H) = z!v || B. On the other hand,
notice that A’ = Halllisteners(H',t) = Halllisteners(H,t) = A because H’
doesn’t add any new listeners. Hence,

5
~—

[(H,2'E ::T)]: = vz.([H]:| [='E ::T])

va.([H] || =!E || [TT)

ve.(A| B[l «'E | [TT])
vi.(A" || B || [T])

= va.([H']e | [T])

= [[(H’,T)ﬂt

Case 6. Rule (ouT-8). (H,z!E :: T) —; (remalts(H,c), P(oc U {t=v/y}) =+ T)
given that (0,0) € inms(v,Q) # 0 where v = eval(E), H(z) = Q and
O =?(F,y, P,u,c).

Let H' = remalts(H,c). Since (0,0) € inms(v,Q), then we know that O €
inputs(Q) and o = match(F,v,0) # 0. Hence, there is a listener on xz, with
(unique) tag ¢, with the form L = > branches(H, c,t) = > U epalts(H(z),c, z,t) =
x?FQy — P{y+({-vw)/y} + D where D are the remaning alternatives. By using
(cHOICE) we can deduce L £, P{y+t=w)/y}a{0/y} = P(c U {t—v/y}). Then,
by (comMm) we obtain L || 2!E = P(o U {t-v/y}) || / = P(c U {t-v/y}). Note
also that H' is H with all c-tagged observers removed, so alltriggers(H') =
alltriggers(H) and alllisteners(H',t) = alllisteners(H,t)\{L} and hence, B’ =
Malltriggers(H') = B and A’ = alllisteners(H',t) = Halllisteners(H,t)\{L},
i.e., the set of listeners without L, so A = A" || L. By applying (PAR) we obtain,
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Bl A|2zlE=B| A | L|2'E5 B'| A || P(cU{t-u/y}) . Hence,
[(H,z'E =T = vi.

= T

[H]: || [2'E :: T])

[H]e || =!E || [TT])

Al B =E | [T])

v.(A"|| B' || P(o U {t=v/y}) || [T])
vi([H']e || [P(o U {t=/y}) = T])
[(H', P(a U {t=u/y}) :: T)]

V.

AT
P

Case 7. Rule (INp-F). (H,L = T) —; (H{x; — Q; U{?(Fi,y:, Pi,t, )} Yier, T)
where L =), ; 2;7F;Qy; — P;, cis fresh, and for each i € I, H(z;) = Q; and
outms(F;,Q;) = 0.

Let H' = H{x; — Q;U{?(F;, yi, Pi,t,¢)} }icr. First note that B’ = alltriggers(H') =
B, sonce no triggers are being added. As for listeners, note that for each

i € I, inputs(H'(x;)) = {?(Fi,v;, Pi,t,¢)} U inputs(H(z;)), and therefore,
alts(H'(x;), ¢, x4, t) = {2, F;Qy; — P|?(F;, yi, Pi,t,c) € inputs(H'(x;))} since
{vit(t=1)/y,} = {vi+0/y;} = {vi/y;} is the identity substitution. Hence branches(H', c,t) =
{z;7F;@Qy; — P;}. Note that since ¢ is fresh, there is no observer O in H such

that tag(O) = c. Therefore for all tags ¢ in H, ¢ # ¢ and so alltags(H') =
alltags(H) U {c}, and also branches(H',c',t) = branches(H,c,t). Hence,

A" = Tlalllisteners(H',t)
= H{Z branches(H',c ,t)|c’ € alltags(H')}
= H{Z branches(H',c  t)|c' € alltags(H) U {c}}
= Zbrcmches(H/, e t) || H{Z branches(H',c ,t)|c’ € alltags(H),c # c}
= L[ A

So it follows that

[(H,L:T)]: = vi.(H]:| [L::T])
= va.([H] || L || [TT)
= vi.(A[| B L|[T])
= va.(A"| B"| [T])
= va.([H'] || [T])
= [[(H’,T)ﬂt

Case 8. Rule (INp-s). (H,L :: T) —, (H{z; — Q;\O},Pj(c U{%y,}) == T)
where L = ., x;7F;Qy; — P;, and there is an j € I for which H(z;) = Q;
and (O,0) € outms(Fj,Q; ) # 0.

Let H' = H{z; — Q;\O}. Since (0, 0) € outms(Fj,Q;) # 0, O must be of the
form v and o = match(Fj,v,0) # (. Hence, there is a trigger on x;, x;lv. By

;v
(cHOICE) we have that L —— P;j(0U{%y,}). By (comMm) we have that z;!v ||
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L5 /|| Pi(cU{%y;}) = P;j(cU{%y,}). Since H' is the same as H with an out-
put observer removed, its listeners are the same, so A’ = lalllisteners(H',t) =
A, and its triggers are those of H minus z;!v: outputs(Q;\O) = outputs(Q;)\O
sotriggers(Q;\O, z;) = triggers(Q;, z;)\{z;lv} and so B = [lalltriggers(H') =
Halltriggers(H)\{z;!v}, this is, B = B’ || z;!v. Hence,

[(H,L:T)]: = vz.(H]:|[L::T])
z.([H]e || LI TTT)
(A B LT
.
.

<

<

IR
<

(A" B || P(e U{%;}) Il [TT)
([H]o | [P(o U{%ws}) : TT)
[(H', P(o U{%y;}) = T)]e

\
N

Case 9. Rule (INsT). (H, A(V) :: T) — (H,T :: P{9/z}) where A(T) def p
By definition of congruence, A(¥) = P{¥/z}, so

v ([H]: || [A@) :: T1)
v ([H]: | A@) [ TTT)
vi.([H]e | P{7/ | TTT)
v ([H]e [| [T P{7/#}])

[(H, A(@) = T)]: =

Theorem 4. (Abstract Machine Validity)
1. If (H,R) < (H',R') then [(H,R)] = [(H',R)]

2. If (H,R) —1 (H',R') then [(H,R)] = [(H',R")] with d = t; — ;
where R = (tl,Tl) . (tg,Tg) t e

3. If (H,R) — (H',R') then [(H,R)] = [(H', R))]

Proof. To prove the result, let us rewrite the encoding of the queue R = (t1,7T})-
(t2,To) - ... - (tn, Ty) as follows: Let R = (t1,T1) - Ry where Ry = (t2, 1) - ... -

(tn,Ty). Define [R] =4 [T1] || [R1]:, where the auxiliary function [—]; over

queues is defined as [()]; < / and [(t, T)-Ri]s, 2 (AGt—t1) — [T]) || [Ra]e,.

It is straightforward to see that the previous definition is just the unfolding of
this definition. Intuitively, [R]; encodes the queue R advancing each timer by
t (i.e., the delay for each time-slot is substracted ¢).

Now we prove each of the three items.
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1. Assume that (H, R) — (H’, R'). Hence it must have been derived using
(TIMESLOT) where R is of the form (¢1,71) - Ry and R’ is of the form
(t1,Ty) - Ry with Th # € and (H,Ty) —¢ (H',T{). So by Lemma 5 we
have that [(H,T1)], = [(H',T]))]s,. This is, vZ.([H]:, | [T1]) =
vZ.([H']e, || [T7]), which, by using the properties of congruence implies
that vZ.([H]e, || [T || [Bale)= v@([H e, | IT7] 1] [R1]s,)s so,

([H]e I IR])

([H]e, 117 1 [Ra]e,)
Z([H Te, I [T7] I [RaTer)
= VA ([H'], || [RT)

= [(#H' Rr]

8

[(H,R)] =

14
= 14
14

8

where [R'] = [(t1,T7) - R1] = [T7] || [R1]¢,

2. Assume that (H,R) —; (H',R’). In this case, it must be that R =
(t1,€) - Ry, R' = Ry and H' = H. Let us assume that Ry = (t2,752) - R
for some Rg, so that [R1]:, = A(ta — t1) — [T2] || [R2]:, - Furthermore,
let d =t — t1. First we will show that [Ra]q, 2 [R2]t,. The remainder
of the queue, Ry can be empty or have more timeslots. If it is empty, then
[Rz]: = / for any t. Suppose that it is not empty, i.e., Ry = (t3,T5) - Rs.
Hence [Rz]:, = A(ts —t1) — [T5] || [Rs]:,- Hence, by (TDELAY) we have
can show that

[Relt, ~ Alts —t1 —d) — [T3] || [Rs]t,+d
= Atz —t2) = [T5] || [Rs]s
= [[RQ]]tz

Now we will show that [H]¢, 4 [H]:,- To do this, recall that [H]:, =
Malllisteners(H,t1) || Malltriggers(H). First note that under evolu-
tion, the set of triggers in the heap does not change at all, only lis-
teners change, by updating the elapsed-time variables of each branch
in each listener, incrementing them with d. Each listener in [H]:, has
the form L = ), ; 2;7F;Qy; — Pi{vit(ti—w)/y;} where v is the time
when the listener was registered. By using (TCHOICE), each such listener
evolves as follows: L <5 L' = Y ier Tl FQy; — P{yit(ti—w)/y, H{vitd/y,}
but the composition of substitutions {vi+(ti—u)/y,}{vi+d/y,} is the same
as the substitution {vi+d+(ti-w)/y;} which is the same as {vit(tz—u)/y;}
since d = to — t;. Hence each resulting listener is of the form L' =
Y icr TilFQy; — Pi{vit(t2—uw)/y.} which when we put all together in
parallel gives us Ialllisteners(H,t2) and since the triggers remained the
same, by using the (TPAR) rule on all listeners and triggers, we conclude

that [HJs, N3 Malllisteners(H,ts) || Halltriggers(H) = [H]¢,.
Having established that [Ra]+, 4 [Rz2]:, and [HJ:, & [H]:, we obtain

o4



the result as follows:

[(H,R)] = vi([H], |l [R])
= vZ([H]x || [] ) [Ri]w)
= VE([H]s |V | Altz — t1) = [T] || [Re]e)
L vz ([H]e, | A0 — [T2] || [Ra]s,)
T v ([He | [T2] || [Re]es)
= Vf~([[Hﬂt2 || [[Rl]])

= [[(H/v R/)]]

3. Assume that (H,R) —2 (H', R’). Hence, R is of the form (¢t1,AE — P ::
Ty)-Ry, H = H and R’ = insort(t1+d, P, (t1,T1)-R1) where d = eval(E).
Suppose that the queue (¢1,77) - Ry has the form (¢1,71) - (t2,To) - ... (t1 +
d, ") - ...+ (tn, Ty), where there is a non-empty time-slot (¢; + d,7”) with

T' =P :: Py -+t Py,. Hence, we have that
[Rile, = Alta—t1) = [TR] |- A +d—t1) = [T] ] -
= Alta—t) =[] - | Ad—= [T -

Let T” =T :: P, the result of inserting P in the time-slot?! ¢; +d. Then,
we have that

[(t1,T1) - (to, T2) - oo - (t1 +d, T") - ...]

= [ Atte—t1) =[] || -+ | Atts +d —t1) = [T"] || - -
= [ Alta —t) = [Te] | -+ [| Ad — [T"] | - -

[T | Ate —t1) = [T2] || -+ | Ad = [T'] | Ad — P -
Ad— P[] Atz —t1) = [T2] |-+ | Ad = [T] || -
Ad — P | [T1] || [R1]w

(7]

Hence we obtain the following:

[(H,R)] = vz([H]:, || [R])
= vi([H]y | [AE = P =T || [Rals,)
= vi([H], | AE — P [T3] | [Ba]e)
= vi.([H], | [RT)
[(#", R

211f we assume that there was no such time-slot, the result is the same.
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