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Abstract
The weight of evidence supporting the case for hypercomputation is compelling. We examine some 20 physical and
mathematical models of computation that are either known or suspected to have super-Turing or hypercomputational
capabilities, and argue that there is nothing in principle to prevent the physical implementation of hypercomputational
systems. Hypercomputation may indeed be intrinsic to physics; recursion ÔemergesÕ from hypercomputation in the same
way that classical physics emerges from quantum theory as scale increases. Furthermore, even if hypercomputation were
one day shown to be physically infeasible, there would still remain a role for hypercomputation as an organising principle
for advanced research.
 2005 Elsevier Inc. All rights reserved.
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1. Introduction
For the purposes of this article hypercomputation refers to the idea that formal systems can be constructed,
and physical systems identiﬁed, designed, constructed or exploited, that have capabilities beyond those of the
Turing machine. Hypercomputation typically refers to systems that can compute non-recursive functions, but
one also talks of super-Turing systems, which do not necessarily compute anything non-recursive, but which
nonetheless outperform Turing machines in terms of complexity or other measures. In general, however, the
terms ÔhypercomputationalÕ and Ôsuper-TuringÕ tend to be used interchangeably, with diﬀerent disciplines
showing a slight preference for one term over the other.
I hope to convince you that there is nothing in mathematics or physics to prevent the implementation of
such systems. But in a sense this is a secondary issue, for even if we accepted hypercomputation as having
no basis whatsoever in physical reality, it is nonetheless an eminently useful logical idea, which oﬀers a more
comprehensive model of mathematical, physical and biological processes than its merely computational counterpart. To borrow MacLennanÕs phrase [1], standard recursion-based computability on its own cannot satisfy
the real and pressing need for models with Ôorthogonal notions of powerÕ, especially insofar as computation by
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biological and other bounded physical systems are concerned. Computer science has applications in ﬁelds as
diverse as concurrent multimedia, ﬁnancial decision making, the distributed behaviour of foraging ants, and
the modelling of abnormal heart function, and it is too much to expect of a single model that it should be
ideally adapted to so many diﬀerent application domains—indeed, hypercomputational models have in some
cases speciﬁcally arisen as by-products of the drive for better application-oriented models. Though we will not
consider them in depth, the concept of hypercomputation also underpins important philosophical arguments,
including such central questions as the nature of consciousness and intelligence, questions that have relevance
and meaning regardless of the physical status of hypercomputation [2–6].
The suggestion that real-world processes exist that cannot be simulated by standard Turing machines is
almost as old as computation theory itself; even Turing suggested that human intelligence requires more than
the standard version of computation described by his machines [7,8] (but see [9] for an opposing interpretation
of TuringÕs comments). However, a suggestion is not the same as a fact, and it is important to test the many
claims that have appeared in the literature, both for and against hypercomputation. I should explain at the
outset that I regard hypercomputation as a physically meaningful working hypothesis, and live in hope of
its one day proving exploitable, but I nonetheless ﬁnd many arguments in support of the idea to be less than
convincing. This is unfortunate, for it allows opponents of hypercomputation to focus on speciﬁc Ônon-examplesÕ, and draws attention away from those models which may indeed support the physicality of hypercomputation. Some models—for example, inﬁnite time Turing machines—are very open about the need for
Ôembedded inﬁnitiesÕ, and indeed celebrate it, but for others it seems to be a serious impediment. As various
authors have pointed out [10,11], some hypercomputational models that appear at ﬁrst sight to be ﬁnite actually rely on embedded inﬁnities to acquire or represent values, or in the way users measure outputs. For example, they may rely on an oracular component that Ôjust happensÕ to compute a non-recursive function, without
explaining how this component is to be prepared. In other cases, nothing about the model explains how the
non-recursive behaviours generated are to be accessed. For example, consider the following simple argument
that real-world non-recursive values exist: assuming space to be continuous, almost every point in space is at a
non-recursive distance from us, because only countably many of the uncountably many real numbers are computable. While it undeniably follows that almost all real-world distances are non-recursive, this is insuﬃcient
for our purposes because it does not necessarily follow from this argument (though it does from others, see
Section 3.3) that we can identify, design, construct or exploit such distances.
But before regarding such problems with the preparation and measurement of systems as irremediable setbacks, we need to reﬂect on their underlying assumptions. For example, consider measurement and observation. Does computation actually have to involve measurement? It does not; all we require is that the output of
one process should be suitable for use as input to the next—there is no need to ÔmeasureÕ the output. What do
we mean by observation? Standard notions of observation are ÔloadedÕ, because they are recursive by deﬁnition; scientiﬁc method requires replicability, and this in turn requires the processes underlying observation
and measurement to be rule-driven. Suppose we design a computational system using recursive design tools;
must the computations carried out by the system also be recursive? The answer is no, they do not (Section
3.3.1).
As these questions and answers illustrate, there are assumptions on both sides of the argument. Those in
favour of hypercomputation can sometimes be too quick to assume that their models do not include hidden
inﬁnities, while those against hypercomputation are sometimes too quick to assume that what they consider to
be the ingredients of computation are in some sense ÔnecessaryÕ. If computation is our theme, we consider it to
be a theme with many variations; as Hogarth [12] astutely observes, it is as meaningless to consider recursion
theory more fundamental than hypercomputation as it is to consider Euclidean geometry to be more fundamental than its non-Euclidean counterparts. Rather, all models of computation are relevant in their own
terms, and by studying their diﬀerences and similarities we can hope to learn more about the fundamentals
of computation itself.
1.1. Outline of paper
Section 2 investigates various physical models of hypercomputation, including models based on quantum
theory and general relativity. We argue that these models are for the most part eminently feasible; certainly,
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there is nothing in the standard model that can logically contradict them. Section 3 extends the discussion to
include various mathematical models of computation that are thought to have super-Turing capabilities. Section 4 summarises the main points of the paper, and draws some conclusions.
2. Hypercomputation and physical systems
Although computational behaviours are primarily physical in nature, the discipline that principally lays
claim to their study, theoretical computer science, has long regarded computation as an essentially mathematical enterprise. The relationship between computation and physics is in consequence fairly poorly understood,
though it is increasingly recognised that the beneﬁts of understanding the physical nature of computation can
ﬂow in both directions. Svozil [13], for example, suggests using the Church–Turing thesis as a guiding principle
for physics, while Kelly [14] demonstrates that the scheme that many already regard as the established Ôguiding
principleÕ for physics—the use of inductive inference to generate theories from experimental observations—is
exactly paralleled by the formalist reasoning underpinning PutnamÕs trial-and-error machines [15] and GoldÕs
limiting recursion [16] (see Section 3.1). In this section, we will examine the other side of the coin. What can
physical computation systems tell us about the real-world relevance of the Church–Turing thesis?
While Turing always thought of his ÔmachineÕ as having physical as well as theoretical form [17,10], Cleland
[18] reminds us that TuringÕs model of computation was not constructed to be a model of general computation. Rather, mathematics in the early twentieth century was in a quandary. In order to avoid the paradoxes
inherent in CantorÕs new set theory, Hilbert redeﬁned mathematics to be the study of formal systems, but this
change of paradigm inevitably introduced a new problem. Formalism, as the paradigm became known, would
only make sense as an all-embracing model of mathematics if the validity or otherwise of any claim in formalised mathematics could itself be decided formally, and it is this problem of ﬁnding an appropriate decision
procedure that Hilbert dubbed the Entscheidungsproblem. This is the problem tackled by Church and Turing
in their famous papers [19,20], and it was in this context that Turing developed the conceptual machine now
named after him, to model the processes at the heart of formalism and formal reasoning. This is reﬂected in
the structure and dynamics of the Turing machine, for just as the formalist agenda requires the application of
carefully identiﬁed logical rules, one after another, so the Turing machine requires the execution of a formally
constructed sequence of formally deﬁned, essentially atomic, transitions. In contrast, natural computation has
nothing whatever to do with modelling the procedures that underpin formalism; the goal is instead to ﬁnd
models of computation that best reﬂect computation as we ﬁnd it in nature. Not surprisingly, therefore, natural computation models need not agree with those of recursion theory.
2.1. Philosophy of mind
The idea that brains might behave non-recursively has been brought into focus in recent years by PenroseÕs
work in the area, but the general principle goes back at least as far as Lucas [21], who argued from GödelÕs ﬁrst
incompleteness theorem that human beings could not be Turing machines. Indeed, Gödel [22] also believed
that his incompleteness results entailed the falsity of computationalism (the view that human persons are
essentially Turing machines). Penrose took up the argument, but his ﬁrst presentation, The EmperorÕs New
Mind [2], was widely considered to be ﬂawed, and his subsequent presentation [3] has again been the subject
of sustained formal refutation [9]. The current status of PenroseÕs argument is, therefore, unclear.
However, while PenroseÕs critics refute his arguments, they do not necessarily dispute his conclusions.
Bringsjord, for example, refutes Lucas and PenroseÕs Gödelian arguments [23]. He nonetheless holds that computationalism (the view that human persons are Turing machines) is wrong, and has advanced many arguments [24] that minds are hypercomputational: mathematical expertise cannot be a wholly recursive
construct [25]; minds engaged in certain types of logical thinking must be hypercomputational [9]; irreversibility requires that cognition is not computation [26]. Certainly, we cannot simply take it for granted that human
reasoning is recursive. For as Bringsjord and van Heuveln point out [27], Ôarguably the pivot around which
philosophy of mind revolves, these days, is whether or not we are Turing machinesÕ. Assuming that minds
are physically generated, it is clear that the physicality of hypercomputation cannot simply be rejected out
of hand; rather it is a question that underpins much of the philosophy of mind.
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2.2. Analog neural networks
It is well known that metaphors for brain behaviour have changed over the centuries to reﬂect the prevailing preoccupations of contemporary investigators. At the present time, the metaphor we most frequently
encounter is that of brain-as-computer, and it is in this respect that we can examine the computational properties of neural networks in general, and the mature human brain in particular. Artiﬁcial neural networks have
been studied in computer science since the 1940s [28], but it is only in the last decade that the super-Turing
potential of analog networks has become the subject of sustained scientiﬁc scrutiny [29–31].
It is often assumed that electronic computers are real-world examples of Turing machines in action, but this
is an illusion. As Davis points out [10, p. 196], Ô[a] crucial and often ignored aspect of this relation is that while
the abstract theory is involved essentially with the mathematical inﬁnite, physical computers are necessarily
ﬁnite objects.Õ In some senses, however, the argument goes the other way. Turing machines are very speciﬁcally
discrete conceptual devices, and we cannot avoid the fact that real computers are analog devices operating in
an analog world. It makes good industrial sense, therefore, to ask ourselves how standard conceptual models
change if we introduce the physically necessary assumption that even digital systems are analog.
Siegelmann and others have addressed this issue in the ﬁeld of neural networks by developing a mathematical theory of analog neural networks. Following KleeneÕs demonstration [32] in the 1950s that ﬁnite discrete
neural networks with hard thresholds are no more powerful than ﬁnite automata, researchers have typically
used continuous activation functions and non-integral weights. Taking the weights to be rational, a ﬁnite network can simulate universal Turing computation [33,34], and allowing real weights gives super-Turing potential [29]. As Davis [10] points out, however, this super-Turing potential comes about only when weights are
allowed to take non-recursive values, for if we insist that a network be initialised with recursive real weights,
and that the update functions are also recursive, then the network can only ever display recursive behaviour. It
might be questioned, therefore, whether analog neural networks can oﬀer any scope for hypercomputation, for
it appears that we only get super-Turing outputs if we ﬁrst supply super-Turing inputs. However, the issue for
us is not what can be computed using a mathematical model of analog neural networks, but what can be computed using a real one. I can think of no a priori reason to assume that biological networks use Turingcomputable update functions, but let us assume for the sake of argument that they do. Then taken together,
Siegelmann and DavisÕ arguments tell us that real networks might well behave hypercomputationally, but only
if update computations are inexact: if updates are computed exactly as decreed by the associated recursive
functions, the outcomes will again be recursive. But the one thing we know from quantum theory—and some
of the processes that operate in biology certainly involve agents small enough for quantum eﬀects to be relevant—is that no update function could ever be exact. If the Ôrecursive speciﬁcationÕ calls for the new weight on
a connection to be w, all we can really say is that the result of the update will be a new weight drawn from a
distribution whose expected value is w.
Ultimately, therefore, the hypercomputational status of biological neural networks must rest on the nature
of physical observation. Is there some recursive observation principle (ROP) in nature that ensures that observations are always recursive; if an experiment produces an observed value drawn from a non-trivial continuous distribution with recursive mean, must that value necessarily be recursive? If not, then brain behaviours
are as likely (arguably more likely) to be hypercomputational as not. In fact, the validity of ROP is extremely
doubtful. First, physics has so far got along very well without imposing ROP, so OckhamÕs razor would suggest we reject the principle. Second, if ROP were in eﬀect, this would presumably imply the existence of some
hidden-variables model of quantum state, contrary to current understanding of quantum theory. Third, ROP
is unlikely on statistical grounds—the probability of selecting a recursive real from a non-trivial continuous
distribution is zero—and the idea that physics might Ôjust happenÕ to pick a recursive value is as unconvincing
as hypercomputational systems that Ôjust happenÕ to pick non-recursive oracles. Overall, then, it seems rather
likely that physical systems in general (not just biological ones like brains) should be capable of hypercomputational behaviours—the larger the components of the system, the smaller the eﬀects of quantum uncertainty,
and the more the world will appear to be recursive; conversely, reducing component size ought to increase the
observability of physical hypercomputation.
I suggest the relationship between recursive and hypercomputational systems exactly parallels the relationship between classical and quantum systems. Just as the classical behaviours we observe in daily life emerge
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from lower-level quantum behaviours, so their apparently recursive structure emerges from lower-level hypercomputation. Ironically, proponents of hypercomputation1 have usually argued in the opposite direction, giving the impression of hypercomputation as a kind of ÔlimitÕ of recursive behaviours. The truth, I suggest, may
well be the other way round; hypercomputation is the physical norm, and recursion the artefact.
2.3. Field computation
It is traditional to think of neural networks as Ôbrain-likeÕ structures, but in practice the number of neurones
in an artiﬁcial net, and the number of interconnections between them, pales into insigniﬁcance when compared
to the organisation of biological neural networks. It is simply not feasible to build an artiﬁcial net comparable
to the 1 trillion neurons and 100 trillion synapses of the mature human brain [35]. In the early 1990s, MacLennan [36] proposed treating such massively distributed computations in a diﬀerent way; rather than model each
neuron as a separate structure, he represents their inherent information content as points in a ﬁeld. Computation then amounts to ﬁeld transformation. However, MacLennanÕs focus is not so much hypercomputation
as the need for alternative models of computation. As we noted at the start of this section, the Turing machine
and its counterparts were developed to address questions concerning formal constructibility; they are eminently well suited to that task. MacLennan notes that similar principles have underpinned Western epistemology for millennia: Ôscientiﬁc knowledge must be expressed in a verbal calculus and processed by means of itÕ; as
far back as Socrates, it has been held that ideas that cannot be verbalized are Ômere experienceÕ [37].
This attitude has an unfortunate consequence, for it means that our models are almost inherently recursive
by design. We start with basic atomic ideas and put them together using ﬁnite methods to construct more elaborate descriptions of reality. This precludes the construction of continuous constructs, which remain inherently ÔuncomputableÕ. By deﬁnition, a model resembles the thing modelled, but equally, models possess
properties that are not shared by the systems they describe. MacLennan has examined the properties of Turing
machines in detail—and ﬁnds that they do not match up particularly well with the properties of physical systems he wishes to model. Moreover, the types of question addressed within recursion theory can be fairly irrelevant to natural computation. For example, many recursion theorists are interested in questions of
computational complexity, but there is no point determining the best algorithm for a problem under the
assumption that resources can be increased indeﬁnitely, when we know at the outset that the systems we
are modelling are inherently bounded, and indeed cannot exceed the rather small volume of a mature human
skull. Rather, we need to model natural systems as we ﬁnd them. For the types of natural system studied by
MacLennan, this means that Turing machines are inappropriate; they do not adequately represent the continuous processes that occur in our analog world, where Ôall information representations are continuous (i.e., they
are drawn from continuous spaces). Naturally, continuous quantities can be approximated by discrete quantities, but we must be aware of modeling artifacts resulting from the process of approximation, especially when
we are investigating fundamental properties of computation. The more direct—and safer—approach is to use
continuous models from the beginning. A discrete approximation is adequate only if it does not alter the phenomena of interestÕ [1].
2.4. Quantum theory
Although the nature of quantum information has been debated for many decades, the ﬁrst recognisable
descriptions of quantum computers appeared in the 1980s. BenioﬀÕs analysis [38–40] indicated from the outset
that quantum computers would be at least as powerful as Turing machines. Feynman [41,42] considered a
slightly diﬀerent problem; rather than model universal computation, his interest was universal simulation;
could he ﬁnd a system that would reliably simulate any other physical system? The two questions are closely
related: given that computers are physical systems, FeynmanÕs simulator would ultimately be a universal computer as well. DeutschÕ 1985 paper [43] describing a universal quantum computer (UQC) is widely considered
to have launched the current trend in quantum computing, but as Steane points out [44], DeutschÕ design is not

1

Myself included.

M. Stannett / Applied Mathematics and Computation 178 (2006) 8–24

13

universal in the strict sense, because it cannot simulate all other computers with no more than polynomial
slow-down.
DeutschÕ UQC is essentially a register machine, where each of the ﬁnitely many registers is a 2-state quantum system; it is therefore a ﬁnite-state system and cannot compute anything non-recursive. Nonetheless,
quantum computation is well known to have super-Turing tendencies, in the sense that certain tasks can be
performed signiﬁcantly faster. This ﬁrst became evident in the mid-1990s, although the idea that quantum theory could be used to out-perform Turing machines had always been one of the key factors motivating their
investigation. Following quickly on SimonÕs [45] description of a highly eﬃcient quantum algorithm, Shor
[46] described his now famous algorithm for factorising large integers. Although DeutschÕs UQC construction
oﬀers no scope for true hypercomputation, the possibility remains that other models of quantum computation
may do so. Stannett [47,48] argued in the early 1990s that DeutschÕ model is overly restrictive, in that even very
simple quantum systems exist in a superposition of inﬁnitely many states. For example, the electron in a neutral Hydrogen atom can occupy any one of inﬁnitely many energy levels. By exploiting the inﬁnite dimensionality of quantum systems, Kieu [49–52] has recently demonstrated an explicitly hypercomputational quantum
algorithm. His algorithm, based on the quantum adiabatic theorem, provides a solution to HilbertÕs tenth
problem (concerning Diophantine equations), a problem which is known to be undecidable by recursive means
[53].
2.5. General relativity
Current interest in relativistic models centres on HogarthÕs suggestion [54–56] that general relativity might
support the implementation of supertasks (Section 3.1).2 HogarthÕs scheme relies on the existence of a certain
type of space–time singularity [57]; it is known that certain solutions to EinsteinÕs equations (Malament–
Hogarth space–times) support the existence of such singularities. If S is a singularity of the type envisaged,
it will have the following eﬀect on space–time. If an object follows a trajectory that falls into the singularity,
its journey takes forever as measured by a clock moving with the object, but external observers perceive it to
have taken only a ﬁnite amount of time to complete its journey into S. Secondly, no matter how close an
object comes to S, it can always emit material that can escape from S.
Let C be a computing device capable of simulating Turing machines, and suppose C is equipped with a
small rocket that can be ejected programmatically. Let O be an observer, and M a complete description of
a Turing machine (including input tape and program). The observer O sets C to work simulating M, and then
sends it on a journey into the singularity; from the observerÕs point of view, the device is calculated to reach the
singularity at some time t. The observer then sets oﬀ for some location P, being sure to arrive later than t. If at
any point during the execution of M, the device determines that the computation has terminated, it calculates
an appropriate trajectory and sends the rocket along that trajectory so that it arrives at P before O does. Having arrived at P the rocket waits there until O arrives.
This system clearly solves the (Turing) Halting Problem. If O arrives at P to ﬁnd a rocket there, the simulation of M must have terminated. If there is no rocket, the simulation ran forever. Indeed, the system can be
used to solve the halting problem for other types of computation, recursive or otherwise, whose temporal
structure can be embedded in R (see Section 3.1.3). Whatever type of computation we wish to analyse, we simply replace D with a device capable of simulating computations of that type.
However, the scheme is not without its problems, and its physicality is in dispute. Earman and Norton
[55,57,58] have studied the proposal in detail, and have identiﬁed several signiﬁcant problems. Nonetheless,
HogarthÕs scheme oﬀers an intriguing perspective on the relationship between general relativity and
hypercomputation.
Setting the issue of physicality to one side, HogarthÕs study of singularity-based hypercomputation has
prompted him to consider hierarchies of machines, and to investigate their properties. An SAD1 machine is
a singularity-exploiting system of the type just described. A similar space–time structure can be used to chain
2
The word ÔsupertaskÕ is possibly misleading in this context. The computing device in HogarthÕs scheme never performs more than a
ﬁnite number of tasks in any ﬁnite period of time, as measured by itself, so no supertask is involved. Nonetheless, external observers may
perceive the completion of a supertask.
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together an inﬁnite string of SAD1 computations; this gives an SAD2 computation. Having deﬁned SADn, we
chain an inﬁnite string of SADn computations together to form an SAD(n + 1) computation. Finally, we form
an AD (arithmetic deciding) machine as an inﬁnite chain of the form TM ! SAD1 ! SAD2 ! SAD3 !   .
The SAD hierachy is closely related to the arithmetical hierarchy. For each n, let Rn (respectively, Pn) be the
set of relations expressible by a series of n alternating quantiﬁers, beginning with $ (respectively, "), and acting
upon a recursive relation. For example, S(a, b) = $x"y$z. F(a, b, x, y, z) is a statement in R3. Earman and Norton showed [58] that SAD1 machines could not decide arbitrary relations with two quantiﬁers; Hogarth [12]
extends this result, showing that SADn machines can decide Pn [ Rn but not P(n + 1) [ R(n + 1), and that arithmetic is decidable by AD-machines. Nonetheless, AD machines are not omniscient; there are functions that
AD machines cannot compute.
3. Mathematical models
In this section, we extend the discussion to include various mathematical models of computation that are
known to have super-Turing properties, and consider the extent to which they might be physically realised.
However, even where they are deemed to be physically infeasible, we argue that these models have their
own intrinsic mathematical signiﬁcance, in that they provide a research platform for meaningful mathematical
investigation.
3.1. Supertasks, limit-computations and extended models of time
Supertasks [57,58], limiting recursion [15], accelerating machines [59], trial-and-error machines [16], inﬁnitetime Turing machines (ITTMs) [60,61] and inductive machines [62] are closely related to one another, and the
easiest way to distinguish between them is probably to consider the nature of time that is presupposed during
computation.
3.1.1. Time as ordinal x0
The dynamics of Turing machines require time to be represented as the ordinal x0 (the set N carrying its
usual ordering and topology). The same is true of supertasks and accelerating machines. The diﬀerence
between these models rests on the distinction between observer and observed. As observers watch the machine
executing its instructions, they also experience time, and there is no a priori reason why their time should agree
with that of the machine. Nonetheless, the fact that they are observers means that there must exist some injection observe: Tm ! To mapping machine time into observer time. A machine operates sequentially relative to
To if the injection observe is order-preserving. Concurrent executions must also preserve ordering, but in this
case observe need not be a function.3 In each of the following examples, we take our own version of time (as
always) to be T o ¼ R, and require observe to be an order-preserving function.
Standard interpretations of the Turing machine require Tm = x0, and insist on observe being co-ﬁnal. That
is
supfobserveðtÞjt 2 T m g ¼ 1.

ð1Þ

Supertasks and accelerating machines speciﬁcally ban co-ﬁnality, but they are otherwise identical to the standard TM model. These models require
ð9to 2 T o Þ supfobserveðtÞjt 2 T m g ¼ to .

ð2Þ

As Shagrir points out [63], Turing-machines with this temporal structure are no more powerful than standard
Turing machines. This is in fact obvious, because there is no way that the machine can ÔknowÕ how observe
embeds Tm within To; the temporal embedding is not part of the Turing machine model.
3

If two independent events occur at the same time in Tm they may be recorded at diﬀerent times in To. This scenario does not arise if
execution is sequential.
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3.1.2. Time as ordinal a > x0
When we write a program to compute the decimal expansion of p, we intuitively think of the program producing ever better approximations; in other words, each step of the execution replaces the last solution with a
better one. This is precisely the behaviour of a trial-and-error or a super-recursive machine. At no point do we
require the computation to signal that it has ﬁnished; it is always free to Ôchange its mindÕ as to its eventual
output. Colloquial usage also assumes that it is meaningful to talk about the program having written the
ÔentireÕ expansion if we let it run ÔforeverÕ. That is, we envisage a time to later than every observe(t), and
ask ourselves what state of the machine will be observed at that time. The answer is that no state will be
observed at that time, because there is no tm satisfying observe(tm) = to. Trial-and-error machines overcome
this problem by introducing such a time into the modelÕs temporal structure. Taking T m ¼ xþ
0 ¼ x0 [ fx0 g,
the machine behaves just like a standard Turing machine at each model time t < x0, but the observation at
x0 itself is deﬁned so as to represent the ÔlimitÕ (in some sense) of all the observations that preceed it. Formally,
we have to envisage some operator conﬁg:Tm ! Conﬁg, where Conﬁg is a conﬁguration space equipped with
suitable topology. This function assigns a machine conﬁguration at each machine-time n, and we require
configðnÞ ! configðx0 Þ as n ! x0 .
In other words, conﬁg must be a continuous function with respect to the given topologies. Clearly, there is no
reason why we should stop at xþ
0 , and it is obvious that we can extend this type of computation to higher
transﬁnite ordinals [60]. However, we cannot do so indeﬁnitely if we continue to use R as our model of observer time. As Kwiatkowska and Stannett [64] observed when using ordinals to model extended true-concurrent behaviours, any ordinal that can be embedded in R with its order intact must be countable, whence the
ordinal-based computations of the kind discussed here are only meaningful if the ordinals in question are
countable.
3.1.3. Time as R and [0, 1]
For analog computation, it is usual to take T m ¼ R or Tm = [0, 1], but it is sometimes forgotten that these
choices are not equivalent. Because these spaces carry non-discrete topologies, it is usual to place additional
continuity constraints on the computations taking place, reﬂecting the assumption that the behaviour of analog
computers varies continuously; that is
ð8x 2 T m Þ ð8 nets hxa i in T m Þðconfigðxa Þ ! configðxÞ as xa ! xÞ.
For sequential systems we can reasonably assume that observation is also continuous, so that
ð8x 2 T m Þ ð8 nets hxa i in T m Þðobserveðxa Þ ! observeðxÞ as xa ! xÞ.
Since R and [0, 1] are not homeomorphic, we should not expect them to support the same notion of Ôcomputable functionÕ. Writing C(X) for the continuous real-valued functions on X, it is obvious that Cð½0; 1Þ 6¼ CðRÞ,
because every function in C([0, 1]) is bounded,4 while those in CðRÞ need not be (including presumably computable functions like f(x) = x). On the other hand, it is well known that every f 2 C([0, 1]) extends continuously to an f  2 CðRÞ; so there is a well-deﬁned sense in which Cð½0; 1Þ$CðRÞ. Consequently, models
operating over [0, 1] cannot compute as many functions as those operating over R.
There is an interesting, but as yet unexplored, relationship between ordinal-based and analog computation
(cf. [64]). We noted above (Section 3.1.2) that only countable ordinals can be embedded in R, and in fact the
converse is also true: it is well known that an ordinal a can be embedded in R if and only if a < x1. Countable
ordinals can have very complex structure, and can, therefore, model very complicated convergence patterns.
Given a computable f 2 CðRÞ, what does f Ôlook likeÕ from the perspective of the ordinals embedded in R?
Certainly, if b  R, then f ( b is continuous—but is it also computable as an ordinal-based function? Conversely, if a is any ordinal, say that a function f 2 CðRÞ is a-computable if f ( b is computable when regarded
as an ordinal-based function, for every b < a and every embedding b,!R. Is analog computability the same
thing as x1-computability?
4

Suppose f 2 C([0, 1]). The continuous image of a compact space is compact, so the image of f must be a compact subset of R. But
compact subsets of R are both closed and bounded.
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3.2. Analog models
We noted in Section 1 that non-Turing models can have a categorical signiﬁcance quite independent of their
physical feasibility, and analog computation is a case in point. True analog models are clearly non-Turing,
since they allow time to ﬂow continuously rather than in discrete jumps; real electronic computers are, moreover, clear examples of analog devices (cf. Sections 2 and 3.1.3; see also Section 2.2 for a discussion of the
super-Turing potential of analog neural nets).
Moore [65] describes a set of functions over R which play the same role for the reals as the recursive functions do for N, and shows that this class contains non-recursive functions (in particular, they can be used to
solve the Turing halting problem). Signiﬁcantly, Moore goes on to demonstrate the very real sense in which
this set of functions can be regarded as ÔcomputableÕ, by demonstrating a conceptual programming language
which allows representations of precisely the ÔcomputableÕ functions. Moore is quick to note that the model is
Ôalmost certainly unphysical, since energy or other quantities related to the variables and their derivatives
would go to inﬁnity during the course of a computationÕ, and goes on to investigate the degree to which it
is unphysical by introducing a stratiﬁcation of the newly-enfranchised ÔrecursiveÕ functions; he shows that
the lowest level of the new hierarchy corresponds to ShannonÕs general purpose analog computer [66]. MooreÕs
model is also instructive in that he identiﬁes the source of the modelÕs hypercomputational power: it is the standard topology on R. This topology ensures that every compact subset of R is bounded, whence the programming language (which includes for and while loops which run in continuous time) can process any compact
subset of R in ﬁnite time. Since R (unlike N) can be mapped ÔcomputablyÕ into a compact subset of itself, this
allows the model to run a search over the whole of R in ﬁnite time. Clearly, this hypercomputational model,
while it may be unphysical, nonetheless has independent relevance to several areas of research.
On the other hand, a super-Turing model can be signiﬁcant without necessarily being hypercomputational,
because it may enable computational speed-up. The standard exemplar is quantum computation, where exponential speed-up is widely acknowledged, and indeed forms the basis of an emerging sector of the IT research
industry, but speed-up may also be present with classical analog computation. It is important to remember
that the question ‘‘P = NP’’ is still unresolved, so that there are problems which may well be in P, but which
currently have no deterministic polynomial-time solution. Consequently, we may be able to ﬁnd super-Turing
models which allow the computation in polynomial time of problems whose current solutions have super-polynomial complexity. For example, Siegelmann and Fishman [67] observe in their study of analog dynamical
systems that the linear programming problem, whose usual solution has exponential worst-case complexity,
has an analog solution with only polynomial-time complexity. Once again, then, super-Turing approaches
to computation have real mathematical signiﬁcance.
3.3. Computable real numbers
Which real numbers are computable? There are (at least) three distinct answers to this question. The different answers matter, because they imply that numbers can be computable by one deﬁnition and uncomputable by another. This in turn supports our claim that it makes no sense to point to Turing computation as the
Ôonly true model of computationÕ. Rather, there are many models of computation, each making sense in its
own domain. A related question is, what is the signiﬁcance of computability for real numbers? We argue that
numbers can be wholly uncomputable and unidentiﬁable and yet retain pragmatic signiﬁcance.
3.3.1. Computability by construction
The most obvious deﬁnition of computability is presumably the oldest. A number is computable provided it
can be constructed bypphysical
means. According to this deﬁnition, and assuming the existence of Euclidean
ﬃﬃﬃ
surfaces, a value like 2 is computable,
because it is the length of the diagonal of a square of side 1. Circular
pﬃﬃﬃ
constructions can also give us x for any value x already constructed. Of course, we cannot do these constructions without ﬁrst declaring a certain object to have unit length, another to have unit mass, and so on, and so
there is an arbitrary side to computation by construction. But as long as we never provide two diﬀerent ways
to deﬁne the same dimension, this arbitrariness is useful, because constructions can go ahead with no need to
worry about exactness. For example, if a unit square is deﬁned to be such by convention, it becomes irrelevant
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whether the corner angles are all exactly 90—they are 90 by deﬁnition, for it is the corners of the square that
deﬁne what it means for an angle to be 90 andp
not
ﬃﬃﬃ the other way around. Similarly, the length of the diagonal
obtained by cutting the unit square in half is 2 by deﬁnition. This arbitrariness is disconcerting, but is no
diﬀerent to the situation that confronts workers in non-Euclidean geometry. A common metaphor in this
respect is to imagine someone trying to measure a table with a metal ruler, where the temperature of the table
varies from one place to another. As the temperature changes, so the ruler expands and contracts, but rather
than say that unit length changes from one location to the next, we can argue that—in every respect that actually matters to the experiment—the table is not ﬂat in the ﬁrst place, but curved. Similarly, computability by
construction requires an acceptance that what we might call the Ôgeometry of computationÕ can change from
one location to another, depending on the ÔstabilityÕ of the underlying units.
The values constructible from the rationals by Ôruler and compassesÕ are well known, but there is no reason
to restrict ourselves to just these two tools. We could allow the use of a piece of string, and thereby enable the
generation via ellipses of previously unobtainable values, or we could allow the rolling of any one constructible shape (e.g., a line) around another (e.g., a circle), thereby allowing the construction of transcendental
values like p. The key question, then, is what tools are allowed? Suppose we restrict attention to tools that
can be designed by recursive means and keep things simple by assuming a classical Newtonian universe of
the type familiar from school physics exams. Do the functions constructed using these recursively-designed
tools have to be recursive? The answer, perhaps surprisingly, is no. This, to me, is the true signiﬁcance of
Pour-El and RichardsÕ ﬁndings in the late 1970s and early 1980s [68,69]. By demonstrating that the wave
equation could be conﬁgured recursively and yet generate a non-recursive value at a recursively identiﬁed
location after a recursive period of time, they showed that even if we design a system recursively, that system
need not have recursive behaviour. Naturally, actually performing the required measurement is infeasible,
because we cannot actually identify that point in time which is exactly one second later than another, but
this is neither here nor there. We cannot exactly measure an object of length p either, but this does not stop
us talking about physical algorithms for constructing p recursively. If we are to accept p as having physical
recursive constructions despite the inexactitude of real world measurements, it is only reasonable that we
should extend the same courtesy to the computation-by-construction at the heart of Pour-El and RichardsÕ
wave system.
Another example may help to illustrate the main point. Myhill [70] deﬁnes a recursive function (letÕs call it
M) on a compact interval whose continuous derivative (M 0 ) is not recursive. Even so, we can recursively design
a system that draws a graph of M 0 . First, we use a CAD tool to cut one edge of a rectangular block of wood into
the shape of MyhillÕs function—choose one side of the block to represent the compact interval on which m is
deﬁned, and call this the x-axis; cut the opposite edge to the same shape as the graph of M(x), where we choose
the scaling of the y-axis to ensure that this can be done with height to spare. Now ﬁx the block to a ﬂat table so
that the shaped edge is uppermost. The table is on a conveyor that moves it from right to left at constant speed
u. A device attached to the table moves a rod from left to right along the x-axis, also with speed u. Consequently, the horizontal position of the rod never changes. Various springs within the device ensure that the
rod is pushed down horizontally onto the surface of the shaped edge at all times. By attaching an accelerometer
to the rod (and performing a few analog computations), we can eﬀectively generate M00 , so we supply this to an
integrator to generate a graph of M 0 . In other words, we can draw a graph of a non-recursive function. Again,
the analog equipment involved cannot be guaranteed to be error-free (just as physical approximations to Turing machines cannot be guaranteed error-free), but even so this is a valid description of a conceptual device. In
any case, even if the graph drawn by the system does not exactly match M 0 , it is hard to see why it should be
recursive; it is unreasonable to suppose that random physical errors consistently ÔcorrectÕ for hypercomputation
by converting non-recursive graphs into recursive ones.5
3.3.2. Sequential computability
The traditional view in theoretical computer science is that a value x 2 R is computable provided the
nth digit in its binary expansion can be computed by a recursive function g(n) which halts in recur-

5

We should not forget, however, that much of modern physics is ÔunreasonableÕ.
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sive time. We will abuse notation by using x to represent both the number and its digit-generating
function.6
This is, however, a very odd way to deﬁne the computable reals, for it is a wholly unpragmatic deﬁnition
that can never be used as stated—the deﬁnition forces us to use approximations to x instead. If we want to use
a computable value x in real life, we ﬁrst have to construct an algorithm that generates the digits of x one at a
time, and then run that algorithm for ever (unless, of course, supertasks are permitted). Only then will x truly
be available to us. Clearly this deﬁnition is problematic—certainly, no value deﬁned in this way could ever be
used in a physical experiment.
There is an obvious objection to this claim. For example, having identiﬁed my units (of length, say), how
can I say that the number 1 cannot be made available to a physical experiment? Surely we can simply choose
an object of unit length, and use that as the input to our experiment. Indeed we can, but this method of generating 1 is computation by construction, and has nothing to do with sequential computability! If we are to use
sequential computability, we need to generate 1 as the output of an algorithm—we cannot simply use an object
and then decide later that its length was indeed 1 unit, because this would require us to give an algorithm for
deciding the equality of two real numbers (which is undecidable), and in any
pcase
ﬃﬃﬃ we would once again have to
wait forever for the answer. Contrast this with construction. To generate 2 we simply take our unit square
and cut it in half along the diagonal.
3.3.3. R-recursive numbers
As we saw in Section 3.2, Moore [65] has described recursion theory on the reals and its links to continuoustime computation in some detail. In his model, a function f : Rm ! Rn is R-recursive if it can be generated
from the constants 0 and 1 and the following operators; in each case, if f and g can already be generated, then
so can h.
•
•
•
•

Composition: hð~
xÞ ¼ f ðgð~
xÞÞ.
Diﬀerential recursion: hð~
x; 0Þ ¼ f ð~
xÞ; oy hð~
x; yÞ ¼ gð~
x; y; hð~
x; yÞÞ.
Zero-ﬁnding: hð~
xÞ ¼ ly f ð~
x; yÞ ¼ inffyjf ð~
x; yÞ ¼ 0g.
Tupling: vectors can be deﬁned by deﬁning their components.

The parallel with recursive functions is obvious, and many standard functions are consequently R-recursive,
including the projection functions, addition, multiplication, division, and such functions as ex, sinx and cosx.
Having deﬁned the R-recursive functions, Moore deﬁnes an R-recursive number x to be one which can be
obtained as x = f(0) for somepR-recursive
f; the R-recursive reals include the ﬁeld of algebraic numbers, as well
ﬃﬃﬃp2ﬃﬃ
as transcendental values like 2 , e and p. This deﬁnition of computable reals is very diﬀerent to the standard
one described in Section 3.3.2: ÔNow what we mean here is not that e and p have digit sequences which can be
computed sequentially (the traditional deﬁnition of computable real) but rather that they can be generated as
exact, inherently analog quantitiesÕ. Signiﬁcantly, there are real numbers x which are R-recursive but not
recursive in the traditional sense, so this very natural deﬁnition of analog computability is in fact hypercomputational. There is an important caveat, however. Because the zero-ﬁnding operator seems suspiciously
unphysical, Moore stratiﬁes the class of R-recursive functions according to the number of times l is used. This
generates a l-hierarchy which, like HogarthÕs SAD-machine hierarchy (Section 2.5), interfaces neatly with the
standard arithmetical hierarchy.
3.4. Physical signiﬁcance of uncomputable reals
Writing Ic for the set of recursive reals in [0, 1], their characteristic function vc : R ! R is

1; x 2 I c ;
vc ðxÞ ¼
0; otherwise.
6

ð3Þ

For deﬁniteness, we will assume that no binary expansion is eventually 0. That is, we represent, e.g., 1/2 not as 0.1000,. . ., but as
0.0111,. . .. In either case, of course, the expansion is inﬁnite.
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Recall the following argument: assuming distance to be a continuous function of the reals, almost every distance is uncomputable. As we noted in Section 1, this is unconvincing as an argument that non-recursive values can be obtained physically. Nonetheless, it is not irrelevant, for in the context of analog computation the
argument acquires new signiﬁcance. The set Ic is both inﬁnite and dense in [0, 1], but is essentially irrelevantR for
b
analog purposes. For example, given any a, b 2 [0, 1], we can easily compute the (Lebesgue) integral a vc
regardless of whether a and b are recursive or non-recursive, and even though vRc is uncomputable. Because
b
Ic is countable it is null7 and contributes nothing to the integral, whence a vc  0. So, even though
none of the non-recursive values x 2 [0, 1]nIc can be identiﬁed or measured, their existence can be both detected
and exploited,
R b for it is precisely the behaviour of vc on the non-recursive values that is important to the computation of a vc . The behaviour of vc on Ic is irrelevant.
3.5. Logical models
All of the mathematical models examined above embody physical metaphors. For example, Turing
machines mirror the actions taken by mathematicians and accelerating machines ask what happens if the
time taken for each instruction reduces fast enough for a whole program to be executed in ﬁnite time. An alternative approach is to consider computation from a purely formalist perspective, so that the status of the
Church–Turing Thesis [CTT] becomes a question of pure logic. This approach leads, for example, to ChurchÕs
formulation of recursion in terms of k-expressions, or the modelling of computation via combinators.
The status of purely logical results is interesting in its own right, because their relationship to physicality is
not always clear. Let us assume that the structure of physics can be expressed as a mathematical theory Tphys ,
and write Uphys for the Ôuniverse satisfying the physical laws embodied within Tphys Õ. We obviously want our
model of physics to be consistent with, and indeed extend, the mathematics we are using to reason about it, so
if we write Tmath for the underlying mathematical theory we can assume that
Tmath  Tphys .

ð4Þ

As is well known, [CTT] is not a purely mathematical statement, as it describes the equality of two sets of functions, one of which is deﬁned mathematically and the other physically.8 On the other hand, we have chosen
Tphys to be a model of physics; since, in addition, Tphys extends Tmath , it is entirely reasonable to expect [CTT]
to be expressible within Tphys . Following [48], we will write [HC] for the negation of [CTT], which essentially
states that Ôhypercomputation is feasibleÕ; since [CTT] is expressible, so is [HC]. However, the expression of
[HC] will vary from one physical model to another, because [HC], like [CTT], is not a purely mathematical
statement. Accordingly, we will write [HC]phys for its expression relative to Tphys ; [CTT]phys is deﬁned likewise.
To summarise, [HC]phys is the statement Ôhypercomputation is feasibleÕ expressed in terms that reﬂect the
underlying structure of Uphys .
All we have done so far is to express [HC] as a logical statement; our goal is to determine the status of this
statement within Tphys : is it a theorem, for instance? This goal involves the settling of many related questions.
Stannett [72,48] addresses the status of [HC] relative to the standard model ðTstd Þ of physics, and concludes
that [HC] is irrefutable within that model, i.e.
Tstd 0 ½CTTstd .

ð5Þ

However, StannettÕs proof of (5) involves more than just the physical laws of the standard model; he needs to
include scientiﬁc method as part of the standard model; in eﬀect, the inference rules of Tmath are augmented
7
N  R is null if there is a sequence of sets S i  R whose measure converges to 0, and which satisfy N  ˙S
Pi. Given a countable set
N = {xn}, let Sin be the interval of length 2(n + i + 1) centred on xn, and set Si = ¨nSin. Then N Si and lðS i Þ ¼ n 2ðnþiþ1Þ ¼ 2i ! 0, so
N is null. The Lebesgue integral of vc is unaﬀected if we redeﬁne it to equal 0 on the null set Ic, so vc has the same integral as the constant
zero function [71].
8
The statement of [CTT] varies across the literature; technically, it is the claim that functions f : N ! N are eﬀectively computable if
and only if they are recursive/Turing-computable. The debate over hypercomputation arises through the common re-interpretation of
Ôeﬀective computationÕ to mean Ôcomputation by physical meansÕ, together with the assumption that recursive functions, at least, can be
computed physically. Thus, the import of axiom [HC] is really the claim that a function can be physically computable even if it is not
recursive.
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with new rules representing the processes by which experimental results are adjudged to be scientiﬁcally valid.
Given this extension, he identiﬁes two statements P and Q that are logically distinct, but which no experiment
satisfying the rules of scientiﬁc method can distinguish.9 He then argues that P is a theorem of Tstd and that Q
entails [HC]std. Consequently, any experiment that refutes [HC]std must also refute the standard model itself.
Some authors, for example Cotogno [73], have attempted to disprove [HC] on purely logical grounds.10 It
is, however, diﬃcult to see what such a claim actually constitutes, for as we observed above, [HC] cannot be
expressed independently of a physical model. One suggestion would be to take Tphys ¼ Tmath ; we imagine a
version of physics which tells us nothing we did not already know from mathematics, so that our deductions
become purely mathematical. Unfortunately, this approach is untenable, because we know that [CTT] and
[HC] cannot be expressed in Tmath . Clearly some other choice of Tphys must be being made, but it must be
a choice that can be expressed in terms of Tmath alone. The most likely choice to take for Tphys would seem
to be a higher-order meta-theory of mathematics: as well as the standard statements of mathematics, we would
include statements about mathematics. Even so, it remains diﬃcult to see how [CTT] and [HC] could be
expressed within such a theory.
There have nonetheless been some very interesting recent developments associated with logical investigations of [HC]. In particular, Wells [75] has generated what appears to be a hypercomputational family of equational theories [76]:
The author [Wells] has constructed a family of equational theories that are not Turing-decidable, that is,
given one of the theories, no Turing machine can recognize whether an arbitrary equation is in the theory
or not. But the theory is called pseudorecursive because it has the additional property that when attention is limited to equations with a bounded number of variables, one obtains, for each number of variables, a fragment of the theory that is indeed Turing-decidable. In a 1982 conversation, Alfred Tarski
announced that he believed the theory to be decidable, despite this contradicting CTT.
Unfortunately, Tarski only provided verbal arguments to support his claim. The question currently remains
open, although Wells continues the investigate TarskiÕs claim, and to derive new insights into the logical status
of hypercomputation [77].
4. Summary and conclusions
We have reviewed a wide range of physical and mathematical models; we begin this section by brieﬂy summarising the material covered. We then present our main conclusions.
4.1. Summary of Section 2: physical models
We began our discussion with a consideration of philosophy of mind. Penrose and Bringsjord are both concerned with the concept; using diﬀerent, and to some extent opposing, approaches they come to the same conclusion: minds are hypercomputational. Penrose adopts the Gödelian approach of Lucas [21], but his two
major works in the ﬁeld have both been the subject of strenuous refutation. Bringsjord rejects these Gödelian
arguments, but not the conclusion. He generates numerous arguments against computationalism (and hence,
for hypercomputationalism) by appealing to modal logic, irreversibility and other features of the mathematical mind.
Siegelmann and her colleagues have focussed on the properties of analog neural networks, showing them to
be hypercomputational, but the signiﬁcance of this result is disputed by Davis. Our attempt to unify the two
points of view prompts us to re-examine the nature of physical observation, and the role it plays in determin9

Our two scenarios concern the decay of a radioactive sample, and assume (as is required by the standard model) that we have no way of
telling in advance when the sample will decay. In the ﬁrst scenario we assert that the sample must eventually decay, even though we cannot
know when this will happen. In the second scenario, we allow the possibility that the sample never decays. The only way to distinguish the
scenarios experimentally is to wait forever, but this is inconsistent with scientiﬁc method, which requires experiments to be of ﬁnite
duration.
10
CotognoÕs proof is refuted by Ord and Kieu [74].
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ing whether a process is recursive or hypercomputational. We conjecture that hypercomputation is the Ônatural
state of aﬀairsÕ, and that recursion emerges from hypercomputation in the same way that classical physics
emerges from quantum theory. Evidence for this claim is provided both by the super-eﬃcient algorithms of
Shor and Simon, which show that quantum computation is super-Turing, as well as KieuÕs solution to HilbertÕs tenth problem, which shows that true hypercomputation is potentially also present at the quantum level.
Next we looked at MacLennanÕs ﬁeld computation. MacLennan reminds us that models should be suited to
their applications. Turing machines were developed to solve a problem with formalist set theory, and are not
well suited to physical modelling of continuous and pseudocontinuous processes. Non-recursive models are
needed not because they are non-recursive, but simply because they are better adapted to the task in hand;
their hypercomputational nature is a free bonus.
Finally, we looked at HogarthÕs use of space–time singularities to solve arithmetical decision problems. The
basic scheme is already powerful enough to solve the halting problem for Turing machines, and each level of
the SAD hierarchy extends the power of the construction. SADn machines can solve n-quantiﬁer arithmetic,
but not (n + 1), and the limiting model AD is powerful but not too powerful; it can decide the whole of arithmetic, but there are still functions that cannot be computed.
4.2. Summary of Section 3: mathematical models
In this section, we extended the discussion to include several mathematical models of computation, and
many of these clearly give diﬀerent notions of computability to the Turing machine. It is perplexing, therefore,
that people still say of the Church–Turing Thesis that Ôit must be right because every model so far proposed to
capture the intuitive notion of eﬀective computability is equivalent to Church and TuringÕs modelsÕ. This is
simply not true. There is nothing intrinsically ineﬀective about analog computation, and if techniques can
be found to exploit Malament–Hogarth space–time, there may be nothing ineﬀective about trial-and-error
and ITTM models either.
We began by considering the relevance of a modelÕs underlying representation of time; the computational
power of a model depends crucially upon this representation. We noted also that it is essential to distinguish
between time as experienced by the model, and time as experienced by an observer watching its progress.
Throughout this section, observer-time was represented as R.
• Standard TMs, accelerating TMs and (single-shot) supertasks all use the same representation, Tm = x0, and
hence all have the same computational power. Where they diﬀer is in the embedding of Tm in To generated
by the observation process. Standard TMs require the embedding to be co-ﬁnal, while accelerating TMs
require the opposite.
• Trial-and-error machines take T m ¼ xþ
0 , while BurginÕs super-recursive and Hamkins and LewisÕ ITTMs
use larger transﬁnite ordinals. However, there is a limit to the size of ordinal a that can be used in such
models, because we can only embed a,!R if a < x1.
• Analog models typically take T m ¼ R or Tm = [0, 1]. The models generated are not equivalent, because
more computable functions can be deﬁned on R than on [0, 1].
• We noted that a relationship exists between analog-computation and x1-computation. Are they the same
thing?
We asked what it means for a real number x to be computable, and identiﬁed three distinct answers.
Ancient tradition focusses on the construction of x using various physical tools; we noted that even if these
tools are designed recursively, the values they construct need not be recursive. The traditional computer science deﬁnition of computability requires the digits in an expansion of x to be recursively generated in recursive
time; we argue that this deﬁnition is wholly impracticable. Finally, we considered the mathematics of analog
computation in some detail (the physical side of the question is considered in Sections 2.2 and 2.3). We noted
MooreÕs important contribution to the ﬁeld; he provides an intuitively sensible description of analog computation that includes the notion of Ôanalog programmingÕ; functions are computable in his scheme if and only if
they can be implemented by a program. We subsequently considered what it means for a number to be computable (R-recursive in this model), and noted that not every R-recursive value is recursive in the traditional
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sense. Writing about the upper echelons of his l-hierarchy (Section 3.2), Moore explains that the hierarchy is
valuable, regardless of its physicality: Ôthese limits are precisely the ones in which many physical quantities are
deﬁned. The critical exponent of a spin system, for instance, requires inﬁnite time and a thermodynamic limit,
as well as an inﬁnite series of systems closer and closer to the critical temperature. The l-hierarchy may be a
good tool to classify the various quantities about the world we want to measureÕ. The same can be said of
hypercomputation in general.
4.3. Conclusion
We have examined some 20 physical and mathematical models of computation that are either known or
suspected to have super-Turing or hypercomputational capabilities, covering topics as diverse as the philosophy of mind and pseudorecursive equational theories. We have found no evidence that hypercomputation is
unphysical; on the contrary, no experiment consistent with the standard model can provide evidence against
hypercomputation. Hypercomputation may well be intrinsic to physics, with recursion arising out of hypercomputation in the same way that classical physics emerges from quantum theory as scale increases.
The models have themselves been very diﬀerent, but each is well-suited to its task. This suggests that no one
model of computation deserves to be singled out and treated as somehow ÔfundamentalÕ. Rather, all models
are relevant in their application domains. Hogarth is right: it is as meaningless to regard one version of computation as somehow more fundamental than those that disagree with it, as it is to consider Euclidean geometry more fundamental than its non-Euclidean counterparts.
Furthermore, even if hypercomputation were one day shown to be physically infeasible, there would still
remain a role for hypercomputation as an organising principle for advanced research. The history of science
includes many examples of ideas being declared initially ÔunrealisticÕ, which subsequently provided solid foundations for acceptable theories (to name but three: the constancy of the speed of light, wave-particle duality,
and string theory). It is clear that hypercomputation is prompting detailed research into a wide range of interesting and relevant questions; this research activity is itself enough to justify the quest for hypercomputation,
irrespective of its ultimate physicality. But is this physicality really in doubt? We have identiﬁed compelling
evidence that hypercomputation is physically meaningful. This weight of evidence cannot be ignored; the balance of probabilities rests on the side of hypercomputation.
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