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1. Consider permutations (with no repetition) of the sequence of nine letters ABCDEFGH.
Answer the following questions and justify your answers.

(i) How many permutations contain the stlling FAD 7
S'H\Ct‘, FAD (M\f\ﬂ" bt one Lzo(’lcj ‘Hf\L FOJ'J:LIQ ’[}(rhﬂtd(j'@/\s
L\L/ IG)[ evd

vonriamg M blods FAD ad dhi 1adivi
Bjéj E?GJH, The V\b\w\[au oll\ fo\/h«v\';;o{}cni o‘P

(; g]o_mn,?)[& i< é[: ?ZO

(ii) How many permutations contain the string BADEF ?

No,w GADEF-WMJ% éc one é/oJ- aAJ ”\t /(JGJ(;L/P,
pt,/bsqml-;)l/’onf Veaffﬁt()ﬁ ‘M\:'J "é{ac‘r wbl( /‘3#‘3” Cu, G}H.
The A 070 pc/f‘«bOLﬂ)th [ ‘f.{ =2

(iii) How many permutations contain both the strings ABC and FGH ?

Bath vinge ABC ard FGH bt app |
e Llcﬁjd

TL(: ’ole:Lje' Pv_k\mtaﬁfw lfca(fanjt 7[{1
widl fhe (Hers D cad £ The pnbis of
IO Cr “«LJLQ)(/’OAJ i 4‘,( A Z()L’

oth the strings CE and DE ? |
o pfiar i ﬂsc Jt‘émcaoﬁ’\}
L 57

(iv) How many permutations contain b
H CE and [)E ware
'I’L\ [d[)[cv E Wo.o\/d Gc t'nk,e,o)fglcg,/\l /0‘/((&:/(/
C and D w/\fcﬁ I ,’;\fge“;;/b
The ’\M«[JU 07[\ /OC/fhca[q)[fQ/u i O
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Figure 1: Tree T

der the rooted ordered binary tree T, given in Figure 1

2. Consi
(i) In which order does the pre-order traversal visit the vertices of T17

_G\J!OJ Cjc),e,,.‘P, jJL\Ji

(ii) In which order does the post-order traversal visit the vertices of T1?

EJ S 3’1” 4\1 ()J .\J SR

traversal visit the vertices of T1?

(iii) In which order does the in-order

SEYP P R PR

order traversal yisit the vertices of T1?

(1v) In which order does the level

,D\J[JJ.Q.J JJ'lJ @)'P/ jJL\
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Figure 2: Graph G
3. Consider the graph G given in Figure 2.

(i) Determine whether G has a Hamiltonian cycle and construct a Hamiltonian cycle '
if one exists. If G does not have a Hamiltonian cycle give a rigorous argument to

show why no Hamiltonian cycle exists.

G L\M he¢ Hm\}Ho/\fc\h C\/C,C. xjw{f#ccolfe/\:
,1"\ 6 L\a‘) a Hc\lﬂ-\ c\,c’e '('/ WO‘\}‘J L\“V( Cne '{’A‘L)l 6‘5;"1 M']
(’/M)J 0\ ‘p Tlfu'i AN 4(-.(4 ‘”’tt bth é-djpi éAJ At/\C(,

\Iw‘iw (}, wav\l(}} b( V;Jf)l((}. hy oV C 'H']‘\/\ ohE e .

(ii) Determine whether G has a Hamiltonian path and construct a Hamiltonian path
if one exists. If G does not have a Hamiltonian path give a rigorous argument to

show why no Hamiltonian path exists.

H s /fozxim pol(\ ’A)r G .
(P d,e ¢, b, <)
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Figure 3: Graphs H, and H,

4. (i) Give adjacéncy matrices for the graphs H, and H; given in Figure 3. In the matrices
remember to clearly indicate what is the ordering of rows a,.nd coltnns.

«bedef q ho
1\ Ay

~qlo
0\ L]

|

t

3
¢
M

-

!
0
0
Q-
I

o Q. O o

e =

P\ o000 / n
(ii) Are the graphs H; and H, given in Figure 3 isomorphic? Either give an explicit

isomorphism between H; and Hj or give a rigorous argument showing that an iso-
morphism does not exist.

\5oh.\arpl\5_(hn ‘P'e -
LP(G) = j QP(J) = [/\
tp(ls)rm Ple) =)
P () = m o) =k
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5. Consider a function f : A — B. Prove:
f has a left inverse if and only if f is one-to-one.

Recall that h : B — A is a left inverse of function f if ho f =14.

Note: In order to prove an “iff” statement you need to prove e the implication in both
directions.

Q:>) S)uWJoJE l'\ 8 >A ( £ njly 1AVLL 07[\70
Conitv 2, @, €A cuch $hd P(q,) qu ), Now
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(”«M ‘P({q)r‘: R‘*‘L) I‘MVJFU A~ % a/\f.’J 7[\ s Q/\e,)l ~opL,

cJ L\Oa_r& C{CG.A 40 ée
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(-Q/\E 'PJXQ,J PF(!_MQ,\ JA A Wﬂ JC—PJ\C n ‘)L\bm Jen 8 >A

Lo M Tor BER
WHQ P b mf o fh e o

heb, Hon v < Mo\rf |
S‘ACK ‘P l OAQ"“‘o"OAt / 71\0/ 6.'“, - aEA
ane QGA J.(mclf\ “H\‘} 7[\(&) é) l\/\f iy ‘”\471 "'[\c

l'\ h\uJ 7[\(&) IOM/}* Q|- 7»\1 /\o/ 6\/] QCA
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6. A standard deck of playing cards contains 59 cards. Each card has a rank 2, 3, 4, 5, 6,7,
8, 9 or 10, or “jack”, “queen”, “king” or “ace”. Each card is one of the suits “clubs”,
“diamond”, “heart” or “spade”, and each suit has 13 cards (or the ranks listed above).

Below by a five-card poker hand we mean a randomly selected (using a uniform distribu-
tion) set of 5 cards from the deck of 52 cards.

Answer the following questions and justify your answers.

(i) What is the probability that a five-card poker hand contains four cards of the same

et ‘To?(t.\/ hu\méc/ Qﬁ /oo(ﬂ/ AmJJ IS (551) |
TA\ !\\M»JJ;/ 0)/\ LI‘\’J-( W:# 4’ (,m).l 0‘1\ Sl V‘v\&: Cl\ocj-¢ ¢ k(/\l{/ c{\wlc
'LL‘\\ 54[‘ C(mol '{'\/0""\ Vt‘&i(:/\i\\\ﬂ (fg.’ {3' Lrg
Ly Ny /(52
P[a’.LAleJJ)[\} ' ,ﬁlg L|'<g//( S )

(ii) What is the probability that a five-card poker hand contains five cards of the same
suit?

Tl\\ Pw\érf e)(\ {’\(—V)\f wﬁll 5 ' C‘\N/J’ Q’-{\ Jant @747 CI’\OQJL 4 f‘,,f)lj
Cloods § cards ok)z B3 #’(}3>

Prebability’ T <l53) /@2>

(iii) What is the probability that a five-card poker hand contains three cards of one rank
and two cards of a another rank? This is called a “full house”. An example of a full
house would be three kings and two cards of rank 7. o

Nusabes o hunde cortiining < P Genee: ghoose ¢ R, ot heg
. “#\w 0{\0\ (t;,\J“j c&oo!c Y (‘GAA Ql’ Rﬂéku 7”\47[ [.w Q/M/’fj 5460“
3 cde o park Ry ad Yo carde o ranlk A)z-' |
1312 () (%) = 3 ¢
Probibilidy t 13148

/7(' R

(52)
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7. Tim Horton’s at Bioscience has 4 different varieties of cookies.

In how many ways can 12 cookies be chosen? When choosing a number of cookies only
the variety of the cookie matters. Also the order in which the selections are made does
not matter. Justify your answer.

T]\t. AN \reri Q.J' Cha !De ﬁLOJM haovt "L\M.Q/\CQ,
TL\ :x:\ \« cwp\( g[\of ety ( ‘)“L\c lr\kh\\\i’ QJ\ /Z—C‘)‘\Ll’f\@(‘f'aﬂx

of a o o‘f\ L" e,[&w\\,\‘LJ w'ﬂu« Vﬁpd‘;{-"o"z +L‘~ iSJ

(1+%- DI st s %0 |
S =, - ——— =15¢

\ =
120 (4-1)! 12! 3! 6
8. Roll two fair dice and consider the following events:

Event A: the numbers on the two dice sum up to 8

Event B: the numbers on the two dice are both even

Calculate the conditional probability P(A | B) and show your work.

Sc\s\_y,lc JP.\L\ l\u 36 l,’cmcn}.(’_ |
The wnd A ouidde o dode (26),G5),(48),63), (62)

o Al probedilhy P A€ PO 2 3

1 ek B cowishs o ke (2,2, 1), (38), (1,2), (% 4‘)/
(46,6268, (¢ () od o pobiibhy is PR): z,‘i‘
Th ek A8 onick o (26 (Y, (62 o

p(/'\03> = '53? = '[lz

Now P(A[8) = T‘z‘/rlr -

S
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9. Using the characteristic root method find a solution for the recurrence
Qn = San—l + 4a'n—2

with initial values ap = 3 and a; = 6. That is, give a closed form expression for a,
as a function of n. This includes finding the values of the associated constants. Please

remember to show your work.

CTL\. CL\RIC(,“‘CJ:J‘L-C 6%"\‘}"9’\
— 3y - (-{- = O
L\C\J v ools q‘ C\/\() _{. /ﬂ\\f Jclb\ Jend [ Vg Q)D -H\\ Q}/ﬁn
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}‘\fov\. JL\ M; } V&"'\C\l Wwe 5[’
Qo = K OCZ ‘;3
6 =~ &, =6
B\\ Qau;,\j 4( (L%‘/\()Z'/OI\J Wt 60[ 5,( _.9 - O(I-*—Z
\-\LA‘ WLJ ’\j te ,mL &?UJLO/\ 5d K = _.6_._ 7

ANW.d/ g ,9 l/{\ + 5 ( ‘>(/\
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10. Recall that K, is the complete graph with n vertices.

(i) Show that Kj is planar.

- P)Gm&f 6‘\\!"JJL\j clt\ k,_r‘ e——— 0

N

(ii) What is the chromatic number of K7? Justify your answer.

"X(K;\ '—'7, SQW\ coJW! Qf\mvﬁ\id\/j £)t AL con cé]e/
5”\ Q Jh&pﬁn‘l ce}or, \ge,tw\ CQ/OVJ &/ C h@CU{Oj

M\CL \/dl ek W

[r)Q“\L\n ,f,“,q “"7 J-wo VU‘L’cN q/¢C cwcc)LrJ é? AA ea’jg

(iii) Show that K is nonplanar. You can assume known Euler’s formula for planar

graphs. V= Verdic
E\Jev)f ﬁl\OfM«}c\ .V "(J,*fp-:z f\z\%\o’éu
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