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This test is 50 minutes long and there are 40 marks. Please write in pen and only in
the box marked “Answer”.

This is a closed-book exam. No computers or calculators are allowed.

Question 1: [10 marks]

(a)[3 marks] LetA={0,2,4,6,8,10,12},B={1,2,3,4,5,6,7,8},and C =
{6,7,8,9,10,11 }. Determine each of the following sets:

Answer:

(i) (B=A)NC={7}

(i) (CN A)UB={1,23,4,56,7,8,9, 11}




(b) Bmarks] LetA={x|0<x<4}andB={x|-3<x<0}. Letthe universe of
discourse be ‘U = Z, the set of integers. Find the Cartesian product A x B.

Answer:

{ (1’ _2)’ (1’ _1)7 (2’ '2)’ (2’ '1)’ (3’ '2)’ (3’ _1)}

(¢ )[4 marks] Determine whether each of the following sets is the power set of a set,
where a and b are distinct elements. If the set is a power set, specify which set itis a
power set of. If it is not a power set, explain why.

Answer:
(i) {9, {a}}

This is a power set of the set{ a }

(i) {2, {a}, {9, a} }

This is not a power set, since it has 3 elements and the number of elements
in a power set is 2", where 7 is the number of elements in the set.




Question 2: [10 marks]

(a) [4 marks] Determine whetherf: Z x Z — Zis a surjection (onto) if
f( m, n)= m+mn+1. Justify your answer. Recall that Z is the set of integers.

Answer:

This is onto, sincef( o, n-1)= n for every integer n

(b) [3 marks] Determine whether the function f ( x)= x®+ 1, where f: Z — Z, is a
bijection (one-to-one correspondence). Justify your answer.

Answer: No.

Justification:

It is not a surjection (onto), since many integers will not be in the range. For
instance, f(1) = 2 and f(2) = 33 and the function is strictly increasing. So no
integers between 2 and 33 will be in the range.

(c) [3 marks] What is the inverse off( x)=3x3-7? You do not have to show that
your result is correct.

Answer:

fH)=((x+7)13)"




Question 3: [10 marks]

(a) Give a Big-Oh estimate for each of the following functions. For the function g of
your estimate f(x) is O(g), use a simple function g of smallest order. Justify your
result.

Answer:

(i) (n®+n2ogn)(logn+1)+(17logn +19)(n3+2)

O(ndlogn) Justification: The term n3 dominates the first sum, logn the second,
logn the third and n3 the fourth. The product of the first two is therefore O(n3logn)
and the product of the second two is the same. Therefore, the function is
O(n3logn).

(i) (x*+x2+1)/(x4+1)

O(1) Justification: The term x* dominates both sums, so the division results in 1.

( b)) Analyze the time complexity of the following Python fragment, with x representing
the problem size, and give a Big-Oh estimate of its running time. For the function g in
your estimatef(x) is O(g), use a simple function g of smallest order. Justify your result.

y=1

j=X*X

while j>1:
j=jl2
y=y*x

Answer:
O( log x2)
Measure of input, is x; choose multiplication as key operation

Number of iterations of while loop: ~ log2 x2
Number of multiplications inside while loop is thus ~ log2 x?




Question 4: [10 marks]

(a) Use the Euclidean algorithm to find gcd( 2468, 8642 ).

Answer:

8642 = 2468 x 3 + 1238
2468 = 1238 x 1 + 1230
1238 =1230x1+8
1230=8x 153 +6
8=6x1+2

6=2x3+0

gcd( 2468, 8642 ) = 2

(b) 4=10(mod 6 )and 14 =20 ( mod 6 ). Therefore, which of the following are true?
Note that you can determine most of these without any calculations.

Answer:
i) 4+10=14+20(mod6) false

i) (4)(7) = (14)(7) (mod 6 ) false

iii) 14/2=20/2(mod6) false

iv) (4)(20)=(10)(14) (mod 6) true

v) 4+14=10+20(mod6) true




