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Question1: [10 marks]

Find an inverse of 9 modulo 19. Then solve the congruence 9x = 17 (mod 19). Show the
steps leading to the solution and give the answer modulo 19.

Answer:
1. Find an inverse of 9 modulo 19: 17
Steps of Euclid’s Algorithm for gcd(19,9): 19=9-2 + 1
9=9-1
Working backwards through steps to find linear combination of 9 and 19 equal to 1:
1=19-2-9
So, all integers congruent to -2 modulo 19 are inverses of 9 modulo 19:
e, =21,-2,17, 36, ...
2. Multiply both sides of congruence by an inverse and solve for x

17 - 9x = 17 - 17 (mod 19)
153x = 289 (mod 19)
X = 4 (mod 19)
So, all integers congruent to 4 modulo 19 are solutions to the congruence:

..., =34 ,-15,4, 23,42, ...




Question 2: [10 marks]

(a) Find(A A B) O A
Recall that A denotes the Boolean meet operation and © denotes the Boolean product
operation. Show the result of A A B, as well as the final result.

AAB= 010 @waABOA= 110
100 010
100 010

(b) Let x, n, and m be positive integers (=1). Provide a recursive algorithm that computes
x""mod m
using the identity

x"mod m = (( x™'" mod m )(x mod m) ) mod m

Answer:

procedure power( X, n, m : positive integers )

if n =1 then power( x, n, m ) «— xmod m

else power(x,n,m )« ((xmod m )« power(x,n—1, m)) mod m

This method, of course, is inefficient.




Question 3: [10 marks]

(a) Use adirect proof to show that the product of two odd numbers is odd.

Answer:

An odd number is one of the form 2n+1, where n is an integer. We are given two odd
numbers, say 2a+1 and 2b+1. Their product is:

(2a+1)(2b+1) =4ab + 2a + 2b + 1
=2(2ab+a+b)+1

This last expression shows that the product is odd, since it is of the form 2n+1,
withn=2ab+a+b.

(b)) Use either a proof by contraposition or a proof by contradiction to show that if m and n
are integers and mmn is even, then m is even or 1 is even.

Answer:
Either one of the following

Proof by Contraposition: Assume that it is not true that m is even or n is even. Then
both m and n are odd. Since the product of two odd numbers is odd (see part a), mn is
odd.

We have shown that if it is not true that m is even or n is even, then it is not true that mn is
even. Therefore, we have shown that if mn is even, then m is even or n is even.

Proof by Contradiction: Assume that mn is even and that m and n are both odd. Since
the product of two odd numbers is an odd number, mn is odd, so we have a contradiction:
mn is even and mn is odd.

Therefore, if mn is even, m is even or n is even.




Question 4: [10 marks] Use mathematical induction to prove that

n! < n", where nis an integer greater than 1.

Recall that the definition of 1! is:

0'=1
(nt1)=(n+1)(n)

Answer:

Basis Step: Show that P(2) is true

Whenn=2, 21=2<22

Inductive Hypothesis: Assume that P(k) is true

Assume that k! < kk

Inductive Step: Show that P(k+1) is true

Show that then (k+1)! < (k+1)k*1

(k+ 1) =(k+ 1)k! by the definition of n!

< (k+1)kk by the inductive hypothesis

< (k+ 1)k + 1)k

= (k + 1)k




