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Question 1: [10 marks]

Suppose a computer worm replicates itself once an hour, so that the total number of copies
of the worm in a system doubles every hour (assume its growth is unchecked).

Answer:

i) [3 marks] Set up a recurrence relation, Wy, , for the number of copies of the worm after
1 hours have elapsed.

Wn =2 Wn-]

ii) [5 marks] Find an explicit formula for the number of copies of the worm after n hours
have elapsed if 10 copies of the worm are released initially.

Wo=10=20-10
W, =20=2"-10
W, =40=22-10
w, =80 =23-10

Wy =2"-10

iii) [2 marks] If 10 copies of the worm are released initially, how many copies of the worm
will there be after 10 hours?

Wi =270-10 = 10,240




Question 2: [10 marks]

a) [6 marks] Determine whether the relation R on the set of all real numbers is symmetric,
antisymmetric, or transitive where (x,y) € Rifandonlyif x =1 ory = 1.
Justify each answer with a brief explanation.

Answer:

R is symmetric since ifx=1ory=1theny=1o0orx=1

Not antisymmetric, since, for example, both (1,5) and (5,1) are in R

Not transitive, since for example (8,1) and (1,8) are in R, but (8,8) is notin R

b) [4 marks] Determine whether the relation R
represented by this directed graph is reflexive,
symmetric, antisymmetric and/or transitive.
Justify each answer with a brief explanation.

Answer:
Not reflexive since there is not a loop at every vertex, for example vertices b and d

Not symmetric since, for example, there is an edge from d to c, but no edge fromcto d

Not antisymmetric since, for example, there is an edge from a to e and one from e to a

Not transitive since, for example, there is an edge from e to d and from d to c, but there
is no edge frome to c




Question 3: [10 marks}
a) [5 marks] Suppose that R and S are reflexive relations on a set /A. Prove that S° Ris

reflexive. Recall that S ° R is the composite of R and S.

Answer:
By the definition of S ° R, if (a,b) € Rand (b,c) € S, then (a,c)e S ° R

Therefore, since it is true that for all a € A4, (a,a) € R and (a,a) € S, since Rand S are
reflexive, then it is true that forallae ‘A, (a,a)e S °R

Therefore S © R is reflexive.

b) [5 marks] Let S be the set of subroutines of a computer program (i.e., functions in
Python, methods in Java). Define the relation R by P R Q if subroutine P contains a call to
subroutine Q, so Q might be called during the execution of P.

Answer:

i) [1 mark] For which type of subroutine P does (P,P) belong to R?
P is recursive

ii) [2 marks] Describe the relation R?

(P,Q) is in R? if subroutine P calls a subroutine that calls subroutine Q, where “calls”
means “contains a call to”

ii) [2 marks] Describe the transitive closure of R

(P,Q)is in R if there is some sequence of calls such that P calls a subroutine that
calls a subroutine that calls ... that calls Q, where “calls” means “contains a call to”




Question 4: [10 marks]
Let R be the following relation on the set { 3,4,5 }:
{(3,3), (3.4), (4,5), (5.4) }
Use the 0-1 matrix representation for relations to find the transitive closure of R. Show the

formula used to find the transitive closure of R from its 0-1 matrix representation and show
the matrices in the intermediate steps in the algorithm, as well as the result matrix.

Answer:

Since Mris a 3 x 3 matrix, the formula for its transitive closure is: Mr*=Mgr v Mg2 v MgE!

Mr= (110 MR = 111 1 MREI= (11 1
001 010 001
010 001 010

So, Mr-=Mr v MrElv MRBI = 111
011
011




