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Abstract

Data communication and fault tolerance are important issues in multiprocessor systems. One way to
achieve fault tolerant communication is by exploiting and effectively utilizing the disjoint paths that exist
between pairs of source, destination nodes. In this paper we construct a structure, called the multiple edge-
disjoint spanning trees, on the star network, denoted by S,. This is used for the derivation of an optimal
single node broadcasting algorithm, which offers a speed up of n — 1 compared to the straightforward single
node broadcasting algorithm that uses a single breadth first spanning tree. It is also used for the derivation
of fault tolerant communication algorithms. As a result, fault tolerant algorithms are presented for four
basic communication problems: the problem of a single node sending the same message to all other nodes
or single node broadcasting, the problem of simultaneous single node broadcasting from all nodes or multin-
ode broadcasting, the problem of a single node sending distinct messages to each one of the other nodes
or single node scattering and finally the problem of simultaneous single node scattering from all nodes or
total exchange. Fault tolerance is achieved by sending multiple copies of the message through a number of
disjoint paths. These algorithms operate successfully in the presence of up to n — 1 faulty nodes or edges
in the system. They also offer the flexibility of controlling the degree of fault tolerance, depending on how
reliable the network is. As pointed out in [28], the importance of these algorithms lies in the fact that
no knowledge of the faulty nodes or edges is required in advance. All of the algorithms presented make
the assumption that each node can exchange messages of fixed length with all of its neighbors simultane-

ously at each time step, i.e. the all-port communication assumption, and that communication is bidirectional.

Key words and phrases: communication algorithm, edge-disjoint, fault tolerance, interconnection net-

work, optimality, parallel algorithm, spanning tree, star network.



Figure 1: (a) The S3 network. (b) The S; network: 4 interconnected S3 networks.

1 Introduction

The star network was proposed in [1] as “an attractive alternative to the n-cube” topology for interconnecting
processors in parallel computers. Since its introduction, the network received considerable attention. Let
us denote by V,, the set of n! permutations of symbols {1,2,....n}. A star interconnection network on
n symbols, denoted by S, = (V,,, Fs, ), is an undirected graph with n! nodes. Each node i = iyis...1p
is connected to n — 1 nodes that are obtained by transposing the first with the k' symbols of i, i.e.
(f189. dp— 10k Tp41- O, Tplo. g —1010p41...50) € Eg,, for 2 < k < n, Fig.1. We call these n — 1 connection
dimensions. Thus each node is an endpoint of n — 1 edges through dimensions 2,3, ..., n. .S, enjoys a number
of properties desirable in interconnection networks. These include node and edge symmetry, maximal fault
tolerance, and strong resilience. Because of its symmetry, the network is easily extensible, can be decomposed
in various ways and allows for simple routing algorithms. In addition S, is superior to C, (the n-cube) with
respect to two key properties: degree (number of edges at each node), and diameter (maximum distance
between any two nodes) [1]. The degree of S, is n — 1, i.e. sublogarithmic to the number of its nodes while a
hypercube with ©(n!) nodes has degree O(logn!) = O(nlogn), i.e. logarithmic to the number of its nodes.
The same can be said for the diameter of S,, which is L@J The network was shown to be Hamiltonian
[24], and efficient algorithms for sorting [23] and Fourier transform computation [10, 11], were developed on
it.

Data communication and fault tolerance are important issues in multiprocessor systems, in which pro-
cessors are connected to each other according to a specific topology. In order for a network of processors to
be candidate for parallel processing, it must lend itself to the derivation of optimal communication and fault
tolerant algorithms. Working towards this direction in this paper, we construct the multiple edge-disjoint
spanning trees structure on the star interconnection network. We say that a node h of S, is the root of

multiple edge-disjoint spanning trees, denoted by F DT}, if each of the nodes adjacent to h is the root of a

tree that spans all nodes of S, except h and all of these trees are edge-disjoint. This structure is useful for



the construction of optimal communication and fault tolerant communication algorithms and has been used
before for other popular interconnection networks such as the hypercube [16, 18] and the cube connected
cycles [15] networks.

Using the multiple edge-disjoint spanning trees structure we derive an optimal algorithm for the single
node broadcasting problem and optimal fault tolerant algorithms for the single node broadcasting, multinode
broadcasting, single node scattering and total exchange problems under the all-port communication assump-
tion on S,. Single node broadcasting is the problem where a node wishes to transmit the same message to
all other nodes. Multinode broadcasting is the problem of simultaneous single node broadcasting of the same
message from every node to all other nodes. Single node scattering is the problem of a single node sending
distinct messages to each one of the other nodes. Finally, total exchange is the problem of each node sending
distinct messages to every other node. The optimal single node broadcasting algorithm derived offers a speed
up of n — 1 over the straightforward algorithm that uses a single breadth first spanning tree. The basic idea
is to split the original message into n — 1 packets of equal size, each of which is broadcast independently
through a different edge-disjoint spanning tree. Each node receives part of the message through a differ-
ent disjoint path from the source node and as a consequence the network resources are fully utilized. To
achieve fault tolerant communication multiple copies of the same message are send through the edge-disjoint
spanning trees. As a consequence each node receives a copy of the message through a number of disjoint
paths from the source node and the reliability of the algorithm is increased. The algorithms presented can
operate successfully in the presence of up to n — 1 faulty nodes or edges in the system. They also offer the
flexibility of controlling the degree of fault tolerance depending on the required reliability, by forcing the
same message through a specific number of edge-disjoint subtrees. As pointed out in [28], the importance
of these algorithms lies in the fact that no knowledge of the faulty nodes or edges is required in advance.
In all of the algorithms the assumption that each node can exchange messages of fixed length with all of
its neighbors at each time step, i.e. the all-port communication assumption, is adapted. Communication is
assumed to be bidirectional. Other data communication algorithms and properties on 5, can be found in
[1, 4, 5, 13, 14, 22, 25, 26, 27]. Fault tolerant algorithms and properties on S, using different approaches
can be found in [2, 8, 9, 17, 19, 29].

This paper is organized as follows: Following the introduction to the subject in section 1, notations and
definitions that are used throughout the paper are introduced in section 2. Section 3 presents the multiple
edge-disjoint spanning trees structure on the star network. In section 4 we demonstrate several applications
of this structure in the areas of data communication and fault tolerance. More specificly, lower bounds for all
the algorithms presented are derived in subsection 4.1. The optimal single node broadcasting algorithm of M
messages under the all-port assumption is presented in subsection 4.2. Finally, the fault tolerant algorithms
for the single node broadcasting, multinode broadcasting, single node scattering and total exchange problems,
under the all-port assumption again, are presented in subsections 4.3 to 4.6 respectively. We conclude in

section 5, along with a summary of the results and some suggestions for further research.



2 Notations and definitions

In what follows, node ¢ is labeled by permutation i145...7,,. By I, we denote the sorted permutation on the n
symbols {1,2,...,n}. Calligraphic letters are used for sets. We denote by A the set of symbols {1,2, ..., n}.
Symbols ¢, j and h are used for nodes of S,. By dim(é, j) we denote the dimension of edge (7, j). Two paths
between a pair of nodes are parallel if they are node (and as an extension edge) disjoint. A misplaced symbol
of a node is a symbol that does not occupy its correct position.

Sk 1,2 <k <n, is the subnetwork induced by all nodes of S,, with symbol 1, in the k" position of their
label. It is well known that S¥ |, 2 < k < n, is an S,,_; defined on symbols {2,...,n}, [1]. For notation
purposes, in what follows, we use the symbol S |, to denote the set of (n — 1)! nodes of S, with symbol 1
in the first position of their label. It is known that S} _; is a collection of (n — 1)! isolated nodes.

Definition 1: In the cycle notation of a node each symbols position is that occupied by the next symbol
(cyclically) in the cycle (the position of a symbol is defined with respect to the sorted permutation I,,) [20].
Cycles with only one symbol are excluded from the cycle notation of a node. For example node 341526 has
cycle notation (13)(245).

In what follows for node ¢, we denote by ¢;, s;, the number of cycles and the number of symbols that
belongs to those cycles, respectively, in the cycle notation of ;. The minimum distance of a node 7 from node
I,, has been shown to be [1]:

dIn(i):{ ¢+ 85, ifi; =1,

¢; + s; —2, otherwise

We now define two operations on nodes of the star network, namely the translation and the rotation
operations, that will be of primary importance for the construction of the multiple edge-disjoint spanning
trees on Sy, and the description of the fault tolerant communication algorithms.

Definition 2: Consider a node h of the star network. We define T}, the translation with respect to h, of
a node 7 as:

Th(i) =h-i

(this operation is often referenced as permutation composition). By translation of a network with respect to h
we mean that each node of the network is translated with respect to h. The inverse translation with respect

to h, denoted by Th_l, of a node 17, is defined as:
T @) =ht i

Lemma 1: Let ¢, j and h represent nodes of S,. Then (¢,7) and (T (¢),7h(j)) are edges of the same
dimension.

Proof: This becomes obvious if we analytically express (¢,7) and (73 (4), Th(j)) as:

(149 Tk — Vi1 iy T8 B 1000541t )

(hiyhiyo by highig by By by by Righay b))
Clearly if (7, j) is an edge of dimension & then (73 (7), T5(j)) is also an edge of dimension k. a
Definition 3: Let us define the function r from A to A as:

r(k) = k, ifk=1
(k—1)mod(n — 1) 4+ 2, otherwise



(notice that r maps {1,2,3,...,n—1,n} to {1,3,4,...,n,2}). The rotation of a node ¢ € S,,, denoted by R,

is defined as:

R(Z) = T(il)T(in)r(i2)~~~r(in—1)

or equivalently ¢ = R(%) so that ii(k) = r(ix). By R¥ = Ro R¥~! we denote k applications of rotation. By

rotation of a network we mean that rotation is applied to each node of the network.

Lemma 2: Let ¢ and j be nodes of S,, and i = R(¢) and j' = R(j) be the nodes obtained from ¢ and j,

respectively, by application of a rotation:

1.

3.

If (i,7) is an edge of dimension k, 2 < k < n, then (¢/,j') is an edge of dimension r(k). As an
extension to this, the edges obtained after 1,2, ..., n—2 applications of rotation on (¢, j) have dimensions
k+1,k+2,...,n,2,...k— 1, respectively. With this observation we conclude that the n — 1 edges, each

obtained as a rotation of its previous one, are all of different dimensions.

JIfie SE_, 1<k<n,theni €S %)

The rotation operation preserves the distance between nodes of Sy, or equivalently, dy, (i) = dr, (¢').

Proof: We’'ll prove each part separately:

1.

If we analytically express (¢,7) and (¢, j') as:

(149 Tk — ViR Ap g1 iy T8 Bf— 100051 ot )

(r(e0)r(n)ee 7 (Gp—2)r (i —1)7 (i) v (in_1), r(@R)r(dn) ... (fp—2)r (i —1)r (1) ..7(in—1))

we notice that if (¢, j) is an edge of dimension £, then (¢, j') is an edge of dimension (k). This is true

because from the definition of rotation the position of symbol r(iz) in ¢ is (k).

Ifi € S¥_|, 1 <k <n, then i; = 1. From the definition of r, if iz = 1 then ii(k) =r(iy)=r(1) =1.
As a result ¢/ € S:L(_ki

We must prove the following: (a) if ¢, = 1 then ¢ = 1, else if iy # 1 then ¢{ # 1, (b) s; = s, and
(¢) ¢; = ¢p. From part 2 of this lemma (a) is easily derived. We know from the definition of rotation
that i;(k) = r(éx). This means that if symbol ¢ occupies position k in ¢ then symbol r(i;) occupies

position r(k) in .

As a consequence if cycle (i, , 5y, ..., ir,) belongs to the cycle notation of ¢ then
cycle (r(in, ), 7(iky), ..., 7(ix,)) belongs to the cycle notation of i’ and we conclude that s; = s; and

C; = C;r. O

To summarize, the translation and the rotation operations preserve the distance between nodes of S,.

The rotation operation maps every edge in dimension d to an edge in dimension r(d) = (d—1)mod(n—1)+2.

Application of rotation k times, or R*, maps every edge in dimension d to an edge in dimension r*(d) =

(d — 2 4 k)mod(n — 1) + 2. The translation operation preserves the dimension of every edge. Finally the

topology of S, or a subgraph of 5,,, remains unchanged under translation or rotation.

Definition 4: A group of nodes for which each one is derived from its previous one by application of a

rotation is called a necklace

Lemma 3: Necklaces have the following properties:



1. Each node i € S*¥_|, 2 <k < n, belongs to a necklace that includes n — 1 distinct nodes.
2. Each node 7 € S}L_l belongs to a necklace that includes at most n — 1 distinct nodes.
3. All nodes of a necklace have the same minimum distance from 1,,.

Proof: We prove each part separately.

1. Node i € S*_|, 2 < k < n, has i; # 1. From the definition of r, the n — 1 nodes derived from i by
consecutive rotations have first symbols 77,41 + 1,...,n,2,...,41 — 1. So the n — 1 nodes that belong to
a necklace of this type start with different symbols and as a consequence are different. Also a necklace
of this type contains exactly n — 1 nodes. From the definition of r, it is true that »"~1(k) = k. If
i’ is produced by i after n — 1 rotations then #, = r"~1(i;) = i, 1 < k < n, and we conclude that

i’ = R"~1(i) = i. For example node 4123 of S4 belongs to necklace ( 4123, 2413, 3421 ).

2. Node i € S1_, has i; = 1. From the definition of r, all nodes derived from i by consecutive rotations
start with symbol 1. If i’ is produced by ¢ after n— 1 rotations then i}, = r"~1(ix) = iy, 1 < k < n, and
we conclude that i’ = R"~!(i) = i. However it is possible that i’ = R*(i) = i, after k < n— 1 rotations.
For example node 13254 of S5 is mapped to itself after only two and not n — 1 = 4 applications of
rotation, R?(13254) = 13254, and belongs to a necklace that contains only two nodes ( 13254, 15432 ),
while node 12435 belongs to a necklace that contains n — 1 = 4 nodes ( 12435, 12354, 15342, 13245 ).

3. From part 3 of lemma 2 this is easily derived. a

From part 3 of lemma 3 we conclude that the nodes of 5, at each distance from I,, are grouped into

necklaces. For example, the necklaces of S4 at each distance from /4 are given below enclosed in parentheses:

dr, =0: (1234)

dr, =1: (2134, 3214, 4231)

dr, =2: (3124, 4213, 2431 ) ( 4132, 2314, 3241 )

dr, =3: (3142, 4312, 2341 ) (4123, 2413, 3421 ) ( 1243, 1432, 1324 )
(

dr, =4: (2143, 3412, 4321 ) (1342) (1423)
The size of a necklace of S, 1s always a divisor of n — 1.

Definition 5: An unfolded necklace is a group of exactly n — 1 nodes, each obtained as a rota-
tion of its previous one. Unfolded necklaces can contain the same node more than once. For example
(13254, 15432, 13254, 15432 ) is an unfolded necklace of Ss.

The definitions of the rotation operation and the necklace will be of primary importance for the con-
struction of the multiple edge-disjoint spanning trees and for the description of the fault tolerant algorithms
on S,. Both of these definitions have been developed in analogy to definitions with similar properties that
exist for the hypercube interconnection network. The application of rotation on a node of 5, is analogous
to the application of a right cyclic shift operation on a node of the hypercube. The definition of necklace for
nodes of S, is analogous to similar groups defined for nodes of the hypercube in [18]. The term necklace was
initially used in [21] for similar groups of nodes in the shuffle-exchange graph. An interesting observation is
that although the definitions in [18] were motivated by specific properties of the hypercube topology, similar
definitions, with the same properties, can be derived for other networks, like the star network, which has a

structure that is fundamentally different from that of the hypercube.



Figure 2: (a) A schematic representation of SPTy . (b) The SPTy,.

3 Construction of the multiple edge-disjoint spanning trees

We say that node h of 5, is the root of multiple edge-disjoint spanning trees, denoted by E DTy, if each of
the nodes adjacent to & is the root of a tree that spans all nodes of 5, except h and all of these trees are
edge-disjoint. In this section we construct EDTy_ rooted at node I, of S,,. The F DT}, rooted at any other
node h of S,, will be obtained by applying the operation of translation with respect to h on EDTy,

Before we proceed to the construction of the E DTy , we construct a balanced shortest path tree, rooted
at node I,,, that includes all nodes of S¥* |, 2 < k < n, denoted by SPTy, . For the definition of the SPT},
we need the following: Denote by Cj, 1 < k < n, the set of dimensions {2,3,...,n} — {k} (C; is the set of
dimensions {2,3,...,n}). Assume node i € S¥_, 2 < k < n. If we move from i along any of the dimensions
in Cy, the resulting node belongs to the same substar S¥_, that i belongs. We split C; into two subsets

{c:i. =k}, ik isthe first misplaced symbol cyclically

C%,i ={c€Clr:i.=c}U to the right of symbol 1 in ¢ (excluding 7; ),

, otherwise

and ngi =C — C%yi. Also let p; = 41 if 4y # k, else let p; be such that 4,, is the first misplaced symbol
cyclically to the right of symbol 1 in ¢ (excluding 7;).

In what follows the k'* subtree of a spanning tree ST}, rooted at node h, is defined to be the subtree
rooted at the neighbor of & over dimension k, and is denoted by TkST".

Definition 6: The shortest path tree SPT7, rooted at node I, of S, is defined through the following
parent and children functions:

0, if ¢ = I,

t5PT (i 1,) = A .. . o
patett (i, In) Gpii2.dp,— 1010, 410, i€ SE_|,2<k<n

. SPT /- _ iciz...ic_ll'll'c+1...in, VCECl, leIIn,
children (“I")—{ ipinedooilios 1. in, YeECL, Hi€SE ,, 2<k<n

It can be easily seen that the parent®7 and children®F7 functions are consistent. A schematical repre-
sentation of SPTy, along with SPTy, can be seen in Fig. 2.
Lemma 4: The SPT7, has the following characteristics:



1. All nodes of S*_,, 2 < k < n, belong to subtree T;PTI,L‘

2. It is a shortest path tree.
Proof: We prove each part separately.

1. We'll prove that if i € S¥ |, 2 < k < n, then its parent ip,12...1, also belongs to Sk, except if i is a
node adjacent to 7, in which case its parent is /,. To show this we must prove that p; # & for all nodes
that are not adjacent to I,,, which is true from the definition of p;. If é1 # k then p; = i1(# k). If
i1 = k then p; is such that i,, is the first misplaced symbol cyclically to the right of symbol 1 (position
k) in ¢, excluding symbol ¢;. In this case p; = k if the only misplaced symbols in ¢ are symbols i; = k

and i; = 1, which concludes that node 7 is adjacent to I,.

2. We'll prove that if i € SE_,, 2 < k < n, then dy, (ip,i2...i,) = dy, (i) — 1, or that the parent of each node
in SPTy, is closer to I, than the node itself. This can be verified from a close look to the definition of
pi. If iy # k then p; = i1, and the first symbol of ¢ is moved to its correct position. If i1 = k then p; is
such that i,, is the first misplaced symbol (excluding 4;) cyclically to the right of symbol 1 in 4, which
has the effect of merging cycle (1k) with the cycle that includes symbol p; in the cycle notation of i.
From the definition of dy, the above follows. a.

We now extend the definition of SPT},, to include nodes of S} _;. SPTy, is extended so that each one
of its nodes has a child that belongs to S} _; (except nodes that are adjacent to I,,). The resulting structure
is no more a spanning tree but a directed graph denoted by SPGy,.

Definition 7: The shortest path graph SPGr, , rooted at node I, of S, is defined through the following
parent and children functions. By parent®?% (i, [, I,,) and children®¥% (i, [, I,), we denote the parent and

children nodes, respectively, of node i in subtree TISPGI".

parent®FT (i 1), ifi=1I,oric S, _,,

SPG/;
arent i,0,1,) = S . o
p (i,1,1n) { Bi. G 1810410, T ESE | — I

children®#7 (i, I,, if ¢ = I, or ¢ is adjacent to I,

children®P% (4,1, I,) = { children®FT (i, I,) U {1is...i,}, if i € S,_,but i is not adjacent to I,
0, ifieS | -1,
It can be easily seen that the parent®F“ and children®"“ functions are consistent. The SPGy, can be

seen in Fig. 3.

Lemma 5: The SPGy, has the following characteristics:

1. Each node of S}_,, except I, belongs n — 1 times in SPG;,, once in each of the subtrees TISPGI"
2<<n.

b

2. For each i € S._, — I, there are n — 1 parallel paths that lead to node I,, through SPGy, , and these

paths have minimum lengths [8].

Proof: We prove each part separately.

1. According to the definition of parent®”“, each node i € S, | — I,, is connected to TISPGI", 2<l<n,

through dimension /.



Figure 3: The SPGy,.

SPGy,

2. Node i € S} | is connected to subtree T, , 2 < | < n, through dimension /, to node ¢/ =

Ula.. 41812410y € SL_l. From lemma 4, 7 is connected with a shortest path to I, through subtree
TISPTI" that includes only nodes of S!,_|. As a consequence, these paths are parallel since the path
through the [** subtree includes only nodes of S, _,. Using this type of reasoning it has been proven

in [8] that these paths have minimum lengths. O

Up to this point only nodes of S} ;| — I, belong to all subtrees TISPGI", 2 <[ < n. However nodes of any
other S! |, 2 <1< n, belong only to subtree TISPGI". Now we further extend SPGy, so that each subtree
includes all nodes i € S!,_;, 2 < [ < n. The resulting structure will be the multiple edge-disjoint spanning
trees, denoted by F DTy, . In order for the subtrees to be edge-disjoint, each node should be connected to
each subtree through a different neighboring node and as an extension through a different one of its incident

edges. Let us remind that node i € S',_,, 2 < [ < n, is connected to its parent in the ['*

subtree through
neighbor #p,72...0p, 1818, 41...tn.

Definition 8: The E D77, rooted at node I, of S, is now defined through the following parent and
children functions. By parent?7 (i [, I,,) and by children®P7 (i 1, I,,), we denote the parent and children
nodes, respectively, of node 7 in subtree TIEDTI". For clarity of definition we distinguish among different

kinds of nodes:

1. Node i € SF_|, 2 < k < n, with i,, = k (the parent of i in SPG/, starts with symbol k). Node i
is connected to subtree TffDTI" through neighbor 1i5...7,, and to any other subtree TIEDTI", [ # 14y,
1 # (k = ip,), through neighbor lis...i,. For example node 3124 of .5, is connected to subtree TfDTI“

through neighbor 1324, and to subtree TfDTI“ through neighbor 4123.

Ip,ta.dn, Hl=k=1p, (1)
parentZPT (i [ I,) = lig...0,, ifl=1q, (2)
lis.. .1y, otherwise (3)

ZCZZZc—llllc+1lna VCEC%JU{]C}, lflIk',

childrenEDT(i, l, In) = iciz...ic_lilic+1...in, Ve € Cl%,i’ ifl = i1,
, otherwise

10



Figure 4: The EDTy,.

2. Node i € SE_,, 2 < k < n, with i, = k (node 7 starts with symbol k). Node i is connected to subtree
EfDTI" through neighbor 1i,...i,, and to any other subtree TIEDTI", l# ip,, I # (k = 41), through
neighbor l75...7,. For example node 2143 of S, is connected to subtree TfDTI“ through neighbor 1243,

and to subtree TfDTI“ through neighbor 3142.

ipiin.dn, Hl=k=1d, (4)

parent?PT (i [ 1) = lig..dn, il =1p,, (5)
lis.. .1y, otherwise (6)
Tl tem 181804 1---0n, Ve € C% i if | = k and ¢ is adjacent to I,
children®PT (i 1, 1)) = { dcin..ie—1i1icq...0n, Ve e Ch U{k}, ifl=k and i isnot adjacent to I,,
7 = (isiz..bo_1iios1vin), 1=

3. Node i € S¥_,, 2 < k < n, with i; # k and i,, # k (neither i nor its parent in SPGy, start with

symbol k). Node i is connected to subtree TffDTI" through neighbor 1i5...7,, and to subtree TZEDTI"

.
through neighbor kis...i,;,. To any other subtree TIEDTI", l# i1, L # 4y, l #k, it is connected through

neighbor l75...7,. For example node 4123 of S, is connected to subtree TfDTI“ through neighbor 1423,
and to subtree TfDTI“ through neighbor 2143.

ip,in.in, 1=k, (7)
liy..in, ifl=iy,  (8)
kiy..in, il=1d,,  (9)

(10

lig.. 1, otherwise

parentZPT (i [ I,) =

ZCZZZc—llllc+1lna VCEC%JU{]@}, lflIk',
childrenEDT(i, l, In) = iciz...ic_lilic+1...in, Ve € Cg i ifl = i1,
0, otherwise

11



4. Node i € S} _, i # I, (nodes that start with symbol 1).

parentZPT (i [ 1) = {i132...51—11i141...0n} (11)

!

(fein...te1licy1...0p), ifi.=cand!= B0

i =
0, otherwise

children®PT (i 1, I,) = {li...in} U {

5. Finally, the parent and children nodes of I, are:
parentZPT (1)) =0
childrenEDT(In) = {iciz...ic_1i1i0+1...in, Ve € Cl}

The parent””? and children””7 functions that define £D7T}, are consistent. The £ DT;, can be seen in
Fig. 4. Notice that each edge belongs twice in EDTy_, once in each direction, since communication is
bidirectional.

Lemma 6: The E DTy has the following characteristics:

1. Subtrees TIEDTI", 2 <[ < n, are all edge-disjoint.

2. Subtree TilI))TI" is a rotation of subtree TIEDTI", 2 <1 < n (its previous subtree cyclically).

3. For each node i € S*_,, 1 < k < n, there are n — 1 parallel paths of almost minimum lengths that lead
to node I, through F DTy, .

4. The depth of EDT; is at most L%nz—_lzj + 4.

Proof: See Appendix. a
The multiple edge-disjoint spanning trees, £ DT}, rooted at any other node h of S, can be obtained from
EDTy,, using the operation of translation with respect to h (see definition 1). Node ¢ of S, is connected to

EDT
.

its parent, children nodes in subtree along the same dimensions that node Th_l(i) is connected to its

EDT
U

parent, children nodes in subtree . This is easily derived because connectivity and the dimension of

each edge are preserved under translation in S, (lemma 1).

We need to pose an ordering to the children of each node in each of the subtrees TEDTI", 2 <k <n.
This will be useful in the construction of the algorithms described in the following section. We define the k'"
ordering of numbers {2,3, ..., n}, denoted by < to be such that: k+1 < k+2 <p ... <p n < 2 <p ... <
k —1 < k. Each node arranges its children in each subtree T]fDTI" according to the k'” ordering of the

dimensions of the edges it is connected to them. This guarantees that if node ¢ is connected to its children

in subtree T,fDTI" through dimensions ¢q, ¢a,...c; in order, then node R(7) is connected to its children in

subtree Tif)TI", through dimensions r(c¢1), 7(¢c2), ..., 7(¢;) again in order. This ordering in combination with
the fact that subtrees T]fDTI", 2 < k < n, are rotations of each other guarantees that corresponding nodes

of the subtrees form unfolded necklaces. For example the nodes enclosed in rectangulars of the same kind in
Fig. 4 form unfolded necklaces. Also corresponding edges of the subtrees are rotations of each other and as
consequence all of different dimensions (lemma 6). For example the dotted edges in Fig. 4 are rotations of
each other and of different types. The ordering is carried by translation to £ DT} rooted at any other node
h of Sp,.
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4 Applications

The multiple edge-disjoint spanning trees structure, defined in the previous section is used to derive optimal
communication and fault tolerant communication algorithms on the star network. More specificly we derive
an optimal single node broadcasting algorithm. We also derive optimal fault tolerant algorithms for four
basic communication problems in interconnection networks, namely the single node broadcasting, multinode
broadcasting, single node scattering and total exchange problems. All of the algorithms operate under the
all-port communication assumption. Before we proceed to the description of the algorithms, we derive lower

bound for the time and the number of message transmissions required for each of them.

4.1 Lower Bounds

Broadcasting on an interconnection network is the problem where a node wishes to send the same message to
all other nodes in the network. To broadcast M messages from a node of Sy, by pipelining the communication
from the root towards the leaves along any L%nz—_lzj depth, breadth first spanning tree, under the all-
port communication assumption, the number of time steps required is M + L@J — 1, which is not
optimal. Since S, is a regular network with degree n — 1, the lower bound for the single node broadcasting
algorithm of M messages assuming all ports of a node can be used simultaneously for message transmission
is [ + L@J To achieve this lower bound the M messages are grouped into n — 1 packets of
equal size, each of which is communicated over a different edge of the source node and is pipelined down
a different edge-disjoint subtree rooted at a node adjacent to the source node. Since each node receives
each of the M messages once, the minimum number of message transmissions required for an optimal single
node broadcasting algorithm is M (n! — 1). In the fault tolerant single node broadcasting algorithm the M
messages are pipelined down each one of the of the n — 1 edge-disjoint spanning trees rooted at the nodes
adjacent to the source node. The time required for this algorithm is M + L@J Since each node receives
each of the M messages through n—1 parallel paths, the minimum number of message transmissions required
is M(n!=1)(n—1).

Multinode broadcasting on an interconnection network is the problem where each node of the network
wishes to send a message to all other nodes. If each node wishes to broadcast M messages, then each node
must receive a total of M (n!—1) messages. As a consequence the minimum number of message transmissions
required is Mn!(n! — 1). Under the all-port assumption all n!(n — 1) edges of the network can be used for
message transmissions at each time step. Thus the minimum time required for the algorithm to complete
is fmnn_'—;ll] The lower bounds for the fault tolerant multinode broadcasting algorithm are easily derived
from the lower bounds for the multinode broadcasting with a multiplication by factor n — 1.

Single node scattering on an interconnection network is the problem where a node wishes to send a
different message to each one of the other nodes. If the source node wishes to send M messages to each one
of the other nodes, M (n!—1) different messages must be transmitted by the source node. Under the all-port
assumption all the n — 1 edges incident to the source node can be used for message transmissions at each
time step and as a consequence the minimum time required for the algorithm to complete is fmnn_'—;ll] The
number of message transmissions required can be found as follows: A message destined to a specific node

must travel as many edges as the shortest distance from the source to this node. If we sum the shortest
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distances from the source to each node, this will be the minimum number of message transmissions required

for this problem:

|2 B
ST kI P S I : Ny
n.
k=1

|Ni| is the number of nodes at a distance k from the source and d has been shown to be [3]:
2
d=n+—+H, —4
n

H,, is the n* harmonic number: H,, = 1+ %—I— %—i—...—l— % Thus the minimum number of message transmissions

required for a single node scattering algorithm on S, is:
2
Mnl(n+ —+ H, —4)
n

In the fault tolerant single node scattering algorithm the source node transmits the M (n!—1) messages to all
of its neighbors simultaneously. Each of the n — 1 edge-disjoint spanning trees rooted at the nodes adjacent
to the source node are used for a single node scattering algorithm. The number of message transmissions
required is M (n!—1)(n— 1)—|—Mn!(n—|—%—|—Hn —4)(n—1). Since the source node must transmit M (n!—1)(n—1)
messages the time required for this algorithm is M(n! —1).

Total exchange on an interconnection network is the problem where each node wishes to send a distinct
message to every other node, in other words, every possible pair of nodes exchange distinct messages. The
fault tolerant total exchange algorithm is equivalent to n! different fault tolerant single node scattering
algorithms, one from each node of S,. Thus the minimum number of message transmissions required is
Mnl(n!=1)(n—1)+ M(n)?(n + % + H, —4)(n—1). Under the all-port assumption n!(n — 1) edges can be
used for message transmission at each time step simultaneously. Thus the minimum time required for the
algorithm to complete is M (n! — 1) + Mn!(n+ 2 + H, — 4).

All the lower bounds were derived for degree of fault tolerance n — 2. This means that each node receives
each message through n — 1 parallel paths. The lower bounds for the algorithms with controlled degree of
fault tolerance will be derived in the following sections along with the description of the algorithms.

Table 1 below summarizes the lower bounds for all of the above problems, with degree of fault tolerance

n — 2, and M messages transmitted to each node. By ¢, we denote the quantity n!(n + % + H, —4).

| problem || time | number of transmissions |
single node broadcasting anTl] + L@J M(n!—1)
fault tolerant single node broadcasting M+ L%nz—_lzj M(n—1)(n!=1)
fault tolerant multinode broadcasting M(n!—1) M(n—Dnl(n!—1)
fault tolerant single node scattering M(n!—1) M(mn—-1)((n!—1)+ M(n—1)t,
fault tolerant total exchange M@!'=1)+ Mt, | M(n—Dn!(n!=1)+ M(n— 1)nlt,

Table 1: Lower bounds on the star network.

The algorithms derived here for all of the above problems are optimal in terms of time and number of
message transmissions. Some of the methods used in this sections to derive lower bounds for the commu-
nications problems under consideration are similar to the methods used in [7] to derive lower bounds for

similar problems on the hypercube network.
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4.2 Optimal single node broadcasting

In a single node broadcasting algorithm one node wishes to transmit a single message or a group of messages to

each other node. To broadcast M messages from a node of S, , by pipelining the communication from the root

@J depth, breadth first spanning tree, under the all-port communication

3(77,2— 1)J

towards the leaves along any |
assumption, the number of time steps required is M + | — 1, which is not optimal. Since S, is a
regular network with degree n—1, the lower bound for the single node broadcasting algorithm of M messages
assuming all ports of a node can be used simultaneously for message transmission is anTl] + L@J This
lower bound can be achieved if the M messages are grouped into n — 1 packets, each of size nJWTl Each of
the packets is communicated over a different edge of the source node h and is pipelined down a different
edge-disjoint subtree of the E DT} rooted at the source node. As soon as a node receives a message from
its parent node in subtree T,fDT", 2 < k < n, saves a copy, and forwards the message to its children
nodes in the same subtree. The result is that each node receives each of the n — 1 packets of the message
through a different parallel path from the source node. The time required for this algorithm to complete is

at most anTl] + LM

5— ] +3, which is almost optimal, since the depth of the multiple edge-disjoint spanning

trees structure is at most L%nz—_llj + 4. The number of message transmissions required for the algorithm is
M (n! — 1), since each node receives each of the M messages once, which is the minimum possible. Using
this algorithm the resources of the network are fully utilized since all communication edges contribute to the

distribution of the information.

4.3 Fault tolerant single node broadcasting

The multiple edge-disjoint spanning trees structure can be used to derive a fault tolerant single node broad-
casting algorithm under the all-port communication assumption. Assume that the source node h, wishes to
broadcast M messages to all the other nodes. Node h sends the messages it wishes to broadcast through
all its incident edges simultaneously and these are pipelined down each of the n — 1 edge-disjoint subtrees
rooted at the nodes adjacent to h. As soon as a node receives a message from its parent node in subtree
T,fDT", 2 < k < n, saves a copy and forwards the message to its children nodes in the same subtree. Using
this algorithm each of the nodes of S), receives the same message through n — 1 parallel paths. If up to n —2
node or edge faults occur in the system that block the message from passing we are still guaranteed that each
node receives a copy of the message and as a consequence the algorithm is n — 2 fault tolerant. If we assume
that the system has faults that alter the contents of the messages instead of just blocking or destroying it,
the fault tolerance degree of the algorithm decreases since an election algorithm is required at each node in
order to select the intact message. A brief discussion on the election algorithms can be found in [28]. The
time required for this algorithm to complete using the multiple edge-disjoint spanning trees structure is at
3(n—1)

most M + [ ==—] + 3, which is almost optimal, since the depth of the multiple edge-disjoint spanning trees

is at most L%nz—_lzj + 4. The number of message transmissions required is M (n! — 1)(n — 1) since each node
receives each of the M messages n — 1 times, which is the minimum possible.

Using a similar technique we can control the degree of fault tolerance of the single node broadcasting
algorithm. Assume that the required degree of fault tolerance is # — 1 < n — 2. This means that each node

must receive each message through z parallel paths, or in other words that each message must be pipelined
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down at least z edge-disjoint subtrees rooted at the nodes adjacent to the source node. However the number

of available edge-disjoint subtrees is n — 1. In order to achieve maximum utilization of the network resources

n—1 : M _ M«
== packets, each of size eD/E = nei

the M messages are grouped into (z must divide n — 1 for this to

n—1

work properly). Each of the == packets is pipelined down = edge-disjoint subtrees. As a consequence, all

of the n — 1 (J:"x;l = n — 1) edge-disjoint subtrees are used for message transmission. The result is that

n—1

each node receives each of the "= packets through z of its incident edges, and as an extension through

z parallel paths from the source node, and as a consequence the fault tolerance degree of the algorithm is
z — 1. The time required for the algorithm is at most TJLWTxl + L%nz—_lzj + 3 which is almost optimal, since
the depth of the multiple edge-disjoint spanning trees is at most L@J + 4, and in addition we have
the flexibility of controlling the degree of fault tolerance based on how reliable the system is. The number
of message transmissions required is M (n! — 1) which is again optimal, since each node receives each of
the M messages x times. To illustrate the algorithm assume that node 12345 of Ss, which is the root of
n — 1 = 4 edge-disjoint subtrees TfDTIS, 2 < k < 5, whishes to broadcast M = 4 messages with degree

of fault tolerance # — 1 = 1 (this means that up to one faulty node or edge should be tolerated by the

algorithm). The message of size M is split into ”x;l = % = 2 packets m; and ms, each of size lew_xl = 2. Each
of the packets is pipelined down z = 2 edge-disjoint subtrees i.e. m; down TZEDTIS, TfDTIS and ms down
TfDTIS, T;JDTIS. As a consequence, each node receives each packet through two parallel paths and the fault

tolerance degree of the algorithm is one.

4.4 Fault tolerant multinode broadcasting

In a multinode broadcasting algorithm, each node wishes to transmit a single message, or a group of messages
to each one of the other nodes. As a consequence each of the nodes should be the root of multiple edge-
disjoint spanning trees. The F DTy can be replicated at any other node h of S, using the operation of
translation with respect to h, as it was explained at the end of section 3 (see definition 1). Fault tolerance
can be achieved if each node receives each message through n — 1 parallel paths. However in this case we
have to guarantee that no conflicts arise during the execution of the algorithm, since all nodes are sources of
messages. Under the all-port assumption n(n — 1) edges are available on S, at each time step for message
transmission. This means that the messages originating from a specific node should be transmitted through
at most n—1 edges, at each time step. Let us denote by L;(h) the set of edges on which messages originating
at node h are transmitted at time step k of the algorithm. For each k, L;(h) is obtained from Lj(],) using
the operation of translation with respect to h (if (¢,5) € L (I,) then (Th(¢), Th(j)) € L (h)) (see definition
1). The following lemma is enough to guarantee that no conflicts arise during the execution of the algorithm.

Lemma 7: If for each k, the edges in L;(I,) are all of different dimensions, then for each k, the sets
L (h), where h ranges over all nodes of S, are disjoint.

Proof: Assume two different edges (¢, j) # (¢/,j') € L (I,) for some k, and take the edges (T (%), Th(j)) €
Li(h) and (Tw (¢), Tr/ (j")) € Lp(h') which are obtained by (4, j) and (¢, j'), respectively, under translation
with respect to two different nodes of Sy, h and h'. Also assume that (T, (7), Th(5)) = (Th (i), Th' (§7)).
Since the dimension of each edge is preserved under translation (lemma 1), this means that dim(i,j) =

dim(Ty(3), Th(j)) = dim(Ty (i), Ty (j")) = dim(d’, j') which contradicts our assumption that (¢,j) and
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(7',7') are two different edges of Ly (I,). O
The fault tolerant multinode broadcasting algorithm on S, assuming each node wishes to broadcast M

messages, proceeds as follows:

1. Each source node sends the M messages it wishes to broadcast to all of its neighbors simultaneously.

T]fDT", it saves a copy,

2. As soon as a node receives a group of M messages from its parent in subtree
and forwards the messages to its leftmost child in the same subtree. However, if the node is a leaf of

subtree T,fDT", it sends an acknowledgement to its parent node in the subtree.

3. When a node receives an acknowledgement from one of its children nodes in subtree T]fDT", it forwards
the M messages it received from its parent in this subtree to its next child node in the subtree. However,
if the node has no more children in this subtree, it sends an acknowledgement to its parent node in the

subtree.

The algorithm terminates when each source node receives acknowledgements from all its neighbors. This
algorithm corresponds to a depth first traversal of the edges in each of the edge-disjoint subtrees. This means
that at each time step of the algorithm corresponding edges of the subtrees, T,fDT", 2 < k < n, rooted at
the nodes adjacent to h, are used simultaneously for message transmission. Since corresponding edges of the
n — 1 subtrees of EDTy, are all rotations of each other, they are all of different dimensions (lemma 6) and
the requirement of lemma 7 for conflict avoidance is satisfied by the algorithm.

The time required for this algorithm to complete is M (n! — 1) which is optimal. The number of message
transmissions required is Mn!(n!—1)(n — 1) which is the minimum possible, since each node receives each of
the M(n!— 1) messages n — 1 times. The way the algorithm was constructed, the degree of fault tolerance
is n — 2 which means that each message is transmitted through all of the edge-disjoint subtree rooted at
the nodes adjacent to each source node. Controlling the degree of fault tolerance is possible by a technique

similar to the one described in subsection 4.3.

4.5 Fault tolerant single node scattering

In a single node scattering algorithm one node wishes to transmit distinct messages to each one of the other
nodes. The single node scattering algorithm on 5, , under the all-port assumption, can become fault tolerant
using the multiple edge-disjoint spanning trees. A message destined to a specific node is transmitted through
each of the edge-disjoint subtrees rooted at the nodes adjacent to the source node. In each subtree, messages
destined to nodes that are the furthest from the source are transmitted first.

If each node is the destination of M messages, the time required for this algorithm to complete is M (n!—1),
which is optimal, since each edge incident to the source node constitutes a bottleneck for M (n!—1) messages.
The number of message transmissions required is M (n! —1)(n — 1) + O(Mt,(n — 1)) which is asymptotically
optimal, because the lengths of the n — 1 parallel paths between two nodes of 5, are not all equal the length
of a shortest path between the two nodes [8]. Controlling the degree of fault tolerance is possible using a

technique similar to the one described in subsection 4.3.
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4.6 Fault tolerant total exchange

In a total exchange algorithm each node wishes to transmit distinct messages to each other node. As a
consequence, each of the nodes should be the root of multiple edge-disjoint spanning trees. The E DTy can
be replicated at any other node h of S, using the operation of translation with respect to h (see definition
1). Fault tolerance can be achieved if each node receives each message through n — 1 parallel paths. As in
the fault tolerant multinode broadcasting algorithm, we have to guarantee that no conflicts arise during the
execution of the algorithm, since all nodes are sources of messages, or in other words we have to guarantee
that the requirement of lemma 7 is satisfied.

The way node [, transmits the messages through the edge-disjoint subtrees rooted at its neighbors is the
following: For each node i of S,, I,, sends the messages destined to nodes R¥~2(i), 2 < k < n, respectively
through subtrees T,fDTI", 2 < k < n, simultaneously. As soon as a group of messages reaches its destination
another group is send from I,,. Nodes R¥*~2(i), 2 < k < n, form an unfolded necklace of nodes (see definition
5) at a specific level of EDT]_, since subtrees T]fDTI", 2 < k < n, are all rotations of each other (lemma
6). As a consequence the n — 1 paths that lead from 7, to nodes Rk_z(i), 2 < k < n, respectively through
subtrees T,fDTI", 2 < k < n, are all rotations of each other. This means that the n — 1 edges at each level
of the paths are of different dimensions and the requirement of lemma 7 for conflict avoidance is satisfied. If
at a specific instance of the algorithm node I,, transmits messages to nodes R¥~2(i), 2 < k < n, respectively
through subtrees T,fDTI", 2 < k < n, simultaneously, then any other node & of S, transmits messages to
nodes Tj,(R¥~%(i)), 2 < k < n, respectively through subtrees T]fDT", 2 < k < n, simultaneously. This is a
simple application of the operation of translation with respect to h.

If M messages must be transmitted to each node from each other node the time required for the algorithm
to compete is M (n! — 1) + O(Mt,) which is asymptotically optimal. The number of message transmissions
required is Mnl(n! — 1)(n — 1) + O(Mn!t,(n — 1)) which is again asymptotically optimal. This algorithm
is only asymptotically optimal because the lengths of the n — 1 parallel paths between two nodes of S,
are not all equal to the length of a shortest path between the two nodes [8]. The way the algorithm was
described the degree of fault tolerance is n — 2 which means that each message is transmitted through each
different edge-disjoint subtree rooted at the nodes adjacent to each source node. Controlling the degree of

fault tolerance is possible by a technique similar to the one described in subsection 4.3.

5 Conclusions

We presented several algorithms on the star interconnection network, in the areas of data communication
and fault tolerance. New definitions like that of the rotation operation and the necklace for nodes of S, were
introduced to facilitate the construction of multiple edge-disjoint spanning trees on S,,. As a result a multiple
edge-disjoint spanning trees structure of optimal depth was constructed on the star interconnection network.
Using this structure an optimal single node broadcasting algorithm and optimal fault tolerant algorithms for
the single node broadcasting, multinode broadcasting, single node scattering and total exchange problems
on the star network were presented. All of the algorithms operate under the all-port assumption and are
optimal in terms of time and number of message transmissions. Constructing multiple edge-disjoint spanning

trees on the star network that would offer optimal solutions to the above problems under the assumption
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that each node can exchange a message of fixed length with only one of its neighbors at each time step, i.e.
the one-port communication assumption, is a problem that remains open.

We now provide a comparison of the algorithms presented in this paper for the four communication
problems under consideration on the star network, with algorithms for the same problems, under exactly the
same assumptions, on the popular hypercube network. Tables 2 and 3 below give the number of message
transmissions and the communication time required for each of the problems on the .S,, and the hypercube
network of dimension k, denoted by C%, respectively. For the fault tolerant communication algorithms the

degree of fault tolerance is assumed to be z.

| problem || time | number of transmissions |
single node broadcasting anTl] + L@J M(n!=1)
fault tolerant single node broadcasting frjy_ﬁ] + L@J Muxz(n!—1)
fault tolerant multinode broadcasting fonT_ﬂl_l 1 Manl(n!—1)
fault tolerant single node scattering f%] Muxz(n!— 1)+ Maxt,
fault tolerant total exchange foTST_ﬂl_l)] + [J‘T{ftl"] Manl(n! — 1)+ Manlt,

Table 2: Lower bounds on the star network of dimension n.

| problem || time | number of transmissions
single node broadcasting f%] +k M2 —1)
fault tolerant single node broadcasting [55] +k Mz(2F —1)
fault tolerant multinode broadcasting fMik—_ll] Mz2k(2F — 1)
fault tolerant single node scattering fMik—_ll] Mz(28 — 1) + Mx2%~1k
fault tolerant total exchange f%k_l)] + Mz2% | M228(2F — 1) + M 2221k

Table 3: Lower bounds on the hypercube network of dimension k.

In table 4 below the performances of the two networks are compared. Since the star network is defined
for numbers of nodes which are factorials, while the hypercube is defined for powers of two, the comparison
cannot be exact. In the comparison below a hypercube network with O(2¥) = O(n!) nodes and degree
O(k) = O(logn!) = O(nlogn) is assumed.

From table 4 we notice that whenever the performance of an algorithm depends on the degree of the
network, as for example the communication times of the fault tolerant multinode broadcasting, single node
scattering and total exchange algorithms, the hypercube network performs better than the star network by
a factor of logn. On the other hand, whenever the performance of an algorithm depends on the diameter
of the network, or the lengths of the shortest paths between nodes, as for example the number of message
transmissions of the fault tolerant single node scattering and total exchange algorithms, the star network
performs better by a factor of log n. The communication times of the single node broadcasting and the fault
tolerant single node broadcasting algorithms depend on both the degree and the diameter of the networks

and this is reflected at the comparison of their performances. In any other case the performance of the two
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networks is the same. However we should not forget that the star network has smaller degree resulting in

processors with a smaller number of ports and as a consequence smaller cost.

| problem || net || time | number of transmissions
single node broadcasting Sn O(% +n) O(Mn!)
o O(nﬁ‘fgn + nlogn) O(Mn!)
fault tolerant single node broadcasting || S, O(% +n) O(Mzn!)
Ch O(né‘ggn + nlogn) O(Mzn!)
fault tolerant multinode broadcasting Sn O(W) O(Mz(n!)?)
Cn O(iogn) O(Mz(n!)?)
fault tolerant single node scattering Sn O(W) O(Man!+ Mznln)
Ch O(%(f;;) O(Man!+ Mazn!nlogn)
fault tolerant total exchange Sn O(Men! 4 Man!) O(Mz(n!)? + Mz(n!)*n)
Ch O(éwl(f;; + Man!) | O(Mz(n!)? + Mz(n!)?nlogn)

Table 4: Comparison of star and hypercube performances.
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Appendix

Lemma 6: The E DTy has the following characteristics:

1.

4.

Subtrees TIEDTI", 2 <[ < n, are all edge-disjoint.

Subtree TilI))TI" is a rotation of subtree TIEDTI", 2 <1 < n (its previous subtree cyclically).

. For each node i € S*_,, 1 < k < n, there are n — 1 parallel paths of almost minimum lengths that lead

to node I, through F DTy, .

The depth of EDTy is at most L%nz—_lzj + 4.

Proof: We prove each part separately:

1.

+EDTr,

From the definition of the paren function, we see that each node of S, is connected to each

different subtree TIEDTI", 2 < I < n, through a different neighboring node, and as an extension
through a different one of its incident edges. This concludes that subtrees TIEDTI", 2 <[ < n, are all
edge-disjoint.

We have to prove that if node ¢ of S, has parent node j in subtree TIEDTI", 2 <! < n, then node R(i),

obtained from ¢ by a rotation, has parent node R(j) in subtree TilI))TI"

From the definition of rotation we make the following observations:
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(a) If node i € S*_,, then node ' = R(i) € ST(k) (lemma 2, part 2).

(b) pir = r(pi).

Ifi € S, and i; # k then p; = i;. In this case i’ € SZ(_ki and ¢ = r(i1) # r(k), and we conclude
that py =iy = r(ir) = r(pi)-

Ifi € S | and i) = k then p; is such that ip, is the first misplaced symbol cyclically to the right
of symbol 1 (position k) in i (excluding 7;). In this case i € S, r(k i and ¢} = r(iy) = r(k), then py
is such that 7, . is the first misplaced symbol cyclically to the right of symbol 1 (position r(k))
in ¢ (excluding 7}). From the definition of p;, én, = m for all m cyclically between positions k
and p; in ¢. From the definition of rotation i;(m) = r(iy) = r(m) for all r(m) cyclically between
positions r(k) and r(p;) in ¢. So the first misplaced symbol cyclically to the right of symbol 1 in

i’ is in position r(p;), and we conclude that p; = r(p;).

(c) 4, = i;‘(p,) = 7(ip,)-

z

In what follows we use the notation &' = r(k) and !’ = r(I). We now show how the parent nodes of ¢
and ¢ (j and j’ respectively) in subtrees [ and !, respectively, can be obtained from the definition of

the parent””7T function. For clarity we distinguish again among different kinds of nodes.

(a) If i € S¥_, with i,, = k, then ¢/ € Sk | with iy, =k (i, , =r(ip,) = r(k) = k).

parentZPT (3,1, I,) = parentZPT (i I I,) =
J=(ip,is.dy), 1=k, = 3= i), U=k (U =r(l) =rk) =k
J=(1is.4y), il=1y, = 7 = (1h..4), iflr=4, @=ri@)=rl)=1)
J = (lig...ip), otherwise = J =1, otherwise

(b) If i € Sk_| with iy # k and iy, # k, then i/ € SE_ | with # # k' (i, = r(i1) # r(k) = k) and
by # K (G, = r(ip) # (k) = k).

parentZPT (3,1, I,) = parentZPT (i I I,) =
J = (ipin.in), 1=k, = j’—(';,i’z dn), U=k,  ('=r()=
| = (1lzln), ifl = il, = _] (122 ) ifl! = le, (le = T(il)
J=(kis.dp), =4, = J'= ki), il =4 (2 ;
J = (lig...ip), otherwise = J =1, otherwise

(c) If i € S* | with i) = k, then ¢/ € Sk _y with &) =k (¢ =r(i1) = r(k) = k).

parentZPT (3,1, I,) = parentZPT (i I I,) =
J = (ip,ia...in), ifl=k, = 3= i), U=k ('=r()=rk)=k")
J=1isdy), ifl=1dy, = (145...40), ifl =14 (i, =r(ip,)=r() =1)

n it ;
J = (lig...ip), otherwise = (.4,

i =
j = otherwise

(d) fie S: |, i# I, then ¢/ € S} | and ¢’ # I,.

parent?PT (i 1, 1,) = (j = i1i9...i) = parent®PT( 1 1) = () = ilily..4)

We should now prove that j° = R(j). Another way to prove this is that if edge (¢, j) is of dimension d
then edge (7', j') is of dimension r(d). We have the following cases:
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(a)

(b)

()

(d)

Nd
J = ip,ia..0p, and j' = zp,zz e

Edge (7,j) is of dimension p; and edge (¢, j’) is of dimension p;;. However p; = r(p;) and we
conclude that j* = R(j).

/
Tl

J = lig...ip, and j' = 14)...
The dimension of edge (i, ;) is k because i € S¥_,. The dimension of edge (i,j') is k' because
i/ € SF . But k' = r(k) and we conclude that 5/ = R(j).

Y-

J = kis...in, and j/ = k1)
The dimension of edge (4, j) is d so that 74 = k. The dimension of (¢, j') is d’ such that i, = &’
From the definition of rotation we know that ¢, = k' = r(k) = r(iaq) = ii(d) = d' = r(d) and we
conclude that j* = R(j).

v/
.

Jj = lis...ip, and j' = Ui},

The proof is the same as in (c).

3. In what follows we characterize the paths that lead from node ¢ of S, to I, through each of the subtrees

l

EDT
T Tn

, 2 <l < n. For clarity we distinguish again among different kinds of nodes. The labels above

the arrows show which parts of the parent”? function could be applied each time (definition 8).

(a)

For node i € S¥_|, 2 < k < n, with ip, = k, the paths have the following forms:

7 Q ip,19...In (iz shortest path through nodes S of TEDTI" (i? I,

1 @ 1i5...1, (g) shortest path through nodes Sfll_l i TZ»EDTI" (i?

D iy, O

Tl

1es...2, @y shortest path through nodes S!_, of T,

All of these paths are parallel since they go through different substars S,,_1 of .5, and of minimum
lengths.

For nodes i € S¥_|, 2 <k < n, with i; = k, the paths have the following forms:

4) . EDT;, (ig

T — 1p,ta..0p Q shortest path through nodes Sk of T}, I,
1 @ 125...1, (g) shortest path through nodes SZ“ of TEDTI" (4) I, (i not adjacent to I,)

(6) liy..i (2,8)

EDTr, (iz In (l ;é il, [ 7& (ipl =

k)

A — lig.. 0, D shortest path through nodes S!_,| of TEDTI" @) I, (#£4,l# (L =k))

All of these paths are parallel since they go through different substars S,,_1 of .5, and of minimum
lengths.

For node i € S¥_,, 2 < k < n, with i; # k and ip, 7 k, the paths have the following forms:

@) . . (L7 EDTr, (4)

P i, i, 0y —>) shortest path through nodes Sk of T}, I,
1 @ 1i5...2, (g) shortest path through nodes Sil of TEDTI" (iz I,
The path through neighbor i = kis...i,, of ¢ has one of the following forms:
If i, = z , then (parent nodes of ¢ and ¢ start with the same symbol)
i Y iy 100,
— shortest path through nodes S:Lp_’l of TZfDTIn O I, (path 1)
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If iy, # i;,l, then (parent nodes of i and i’ start with different symbols)

(O e O 28 (D)
1= kig...iy — 1p,10...0, — lig..1, —
ip EDTr, (4)
— shortest path through nodes S.*, of 7 » —= 1, (path2)

Finally,

1 (2) liy.. iy (2—’%) 1i5...1, (E) shortest path through nodes S!,_, of TIEDTI" (iz L, ({#i,ip,,k)

All these paths are parallel since they go through different substars S,,_1 of .S,, and are of minimum
possible lengths. Path 2 has length two more than path 1 which is the minimum length path that
goes through nodes S:Lp_’l of EfDTI". However in some cases path 2 must be used to guarantee

that all subtrees are edge-disjoint.

(d) Finally, for nodes i € S}_,, i # I, the paths have the following forms:

1y )

= lin...in

(1

4,7 EDT;, (4)
AL = I

shortest path through nodes S!_; of T} n

All of these paths are parallel since they go through different substars S,,_1 of .5, and of minimum
lengths.

4. The depth of SPTy, is L@J + 1. This is because each of the subtrees TkSPTI", 2<k<n,isa
shortest path tree in S* | and L@J is the diameter of S,_; [1]. The depth of SPGy,, which is
defined as an extension of SP1Ty , is L%nz—_zzj + 2 for obvious reasons. The EDTy, is constructed as
an extension of SPGy,. From part 3 of this lemma, each node of S*¥_, 2 < k < n, is connected to I,
through subtree TIEDTI" (k # 1) with a path of the form ¢ — ... — 1liy...ip, — ... — [,. From part 3 of
this lemma we know that the path from ¢ to 1is...7, has length at most three (path 2). So the depth of
E DTy, isless or equal to the depth of SPGy +3 = L%nz—_zlj +243 < L%nz—_lzj —14243 < Lgnz—_zzj +4.
This depth is almost optimal because it is greater only by one from the best up to now estimate of the

fault diameter of .S, [2] which is the lower bound for the depth of EDTy .

Form this lemma we notice that not only the £ DTy is of almost minimum depth but that the n — 1 parallel
paths that lead from each one of the nodes of 5, to I, are also of minimum length except in one case. In
this case n — 2 of the paths are of minimum length and one of the paths (path 2) has length two more than
the corresponding minimum path. This structure leads to algorithms that are optimal not only in terms of

communication time, but also in term of message transmissions as we will see in section 4. a.
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