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Figure 1: Finite automaton M; (on the left) and finite automaton M, (on the right).

1. Define:
Anpa={ < M,w> | M is an NFA, w is a string and w € L(M)}
EQprarex = { < M,R> | M is a DFA, R is a regular expression, and L(M) = L(R) }.

Recall that DFA (respectively, NFA) stands for deterministic (respectively, nondetermin-
istic) finite automaton. Let M, and M, be the finite automata given in Figure 1 and let
R1 be the regular expression (L*b(u.*b)*

Answer the following questions and give reasons for your answers.

(i) Is < My, aba > € Anpa? \/tf‘ Ml QLC\K}{! 6'\46\
(i) Is < My,bab > € Anpa? ,\)6)‘ M| g)ow heJ QL“F’J QLC{;

(iii) Is < My, abb > € Anpa? yej Q(:qf(ﬁ[\! Q\Lé '
(iv) Is < My, abab > € Aypa? ch. M 7 QLC‘P}J G\LQL '

(v) Is < My, Ry > € EQprarsx” [\)0_ lgé S L(R[) “'L(M,)

1 hOJ ] DFA
(vii) Is < My, My > € EQprarex” /\)o. T{'\L f&tom’) f'/\ég\ﬂ[ lech}O) él A V‘jb/‘"\f

ﬁv(yy(-ffmﬂ;

(vi) Is < My, Ry > € EQpra,rex? N 0

(Vlll) Is < Ml, My > € EQDFA REX N 0. —

(ix) Is < Ry, Ry > € EQpra,rex? )\/O \lq(. //17l m/du?[ 40‘1// é( ADFA
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2. Give a complete construction, that is, a state transition diagram of a single-tape de-

terministic Turing machine M that decides the language
{bc | i>0}

o Give also the sequence of configurations that your Turing machine A enters when
started on input string bbc. (NUL( Th( strlng bbc should be rejected.)
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3. (i) (3 marks) Consider the function f : IN — IN defined by f(n) = (2-n) — 1. (Here
IN = {1,2,3,...} is the set of positive integers.) Answer the following questions and
give reasons for your answers.

DEI Ner 2t et an age oF oy et o' W

(b) Is f one-to-one?

Yes. 2x-| = 2y-| ]hia/“x X =y.

(c) Is f a correspondence?
No bcu\vu. ‘} ¥y '\o QA’}‘G

(i1) (7 marks) Let T = {(3,4,k) | 1,4,k € N}. Show that T is countable.

9”\& 0‘*’“5 ht centaing J e/emﬁﬁ 5
( lc) whue 14 +& =3

<m U L))

rﬂcg,c 2 L %:Io}u ('J/ ) whest ;+\'J+L;L‘.

(2), (120, (L1

S“mgzr LJ\} ‘,’/‘

\Y")’A . X5 L,(f 4,,, W ’\’ )w(\cre 14'\/+L X‘['Z
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4. Give an implementation-level description of a deterministic Turing machine M that

decides the following language A over the alphabet ¥ = {b, c}.
A={wes | |w]y=20"}

Above the number of occurrences of symbol b (respectively, ¢) in a string w is denoted
as |w|p (respectively, |w|.). “2(*le)” denotes “2 to the power |wl.”.
If you wish, your deterministic TM M can use more than one tape.
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5. (i) (4 marks) Does the following instance of the Post Correspondence Problem have a
match (that is, a solution). Justify your answer.

baab bab beierh ab

Ll ab E [Imab’ baaab”’ ubbm] ;
\V\mLc(\: [ Qg BAC\L
— —_—
abb« &b

(ii) (6 marks) We define the following language
PCP = {< P >| P is an instance of the Post Correspondence Problem with a match }

Answer the following questions and justify your answers.
( ) Does there exist a decidable language A such that PCP <, A?

IDC)O I (I\/\JC-CJUILC Q/\(/ G b\/\()CC)O)L}t /“j““ja
(CN\D} gc I/vmr)'ola\t} [fc)u(,b) ‘lo Q JCC)OIé Mjkkjb

(b) Does there exist an undecidable language B such that PCP <,,, B?

Yo, PCP <, PCP i dhe dediy fuadtion.

) Does there exist a decidable language C such that C < PCP?

yef Choase C = {bf e Ief £ be b PCR fnhnce
‘(\/Mcd MJ P s ‘H\\ p(JA‘ u\nla/\ce {&% bU[\AC

)= P> wd P=CP) wher ¥HD
Fw\c){;o,\ '/\ N &W’ﬂlﬂlf\yc am} C ﬁ(.,‘ (OCIO V“\ '7[\(44( /67
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6. Let

Brv={<M> | M is a deterministic Turing machine with input alphabet {a, b},
such that all strings accepted by M begin with b and L(M) # 0 }.

Without using Rice’s theorem show that Bry is undecidable.

We Mch»ce, ATN\ fo Bc“,\, Sw’w)owc ™ p O)acf'ojcx 87}4'
Ce/\(*‘ﬂxd’ G ()ccic)c/ Q 7(?-" *ATM :

@ = W O/\ ?apm?l {M,w> wﬂng ) &7/4
’. Conf)(mc‘} ™ M, with 'mpm‘; Q/yyt\a\LOL {Q, Idjl
MW"’ ) O/\ ?AVM’l X
l. l‘P X':[)) ﬁ\l’.fi\fO)[. [’r\ ConFipwt.

2. Rw\ M on W c:mJ C‘C(‘Vﬁl :—-P M QCCII[))I'{ 7
2' QW\ p 7 <Mw> /'P I‘p QLC\,o)lJ/ yc\'l(c)l_
l‘}[\ P {ICU((?lfj 4(/0'/0}

\N[» ‘”'J.( wo/LJf
’ H\jM o '\c)l QLC\/J‘WJ L(Mw) =Z(éf and <Mw>€@7M.

. P M 4&,56(,0)5 W, L[/V\w) = {%Lj% a‘/‘a} Mw) ¢&TM
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7. (i) (4 marks) In each part circle the correct answer

(a) n? = O((logn)’ - n) TRUE @

(b) n-logn = o(n?) FALSE
(c) 2" = o(3") FALSE
(d) 1=0(n? FALSE

(i) (6 marks) We define
ALLpps = { < A >| A is a DFA with alphabet ¥ and L(A) = £*}.

Show that ALLpg4 is in P. In your solution you can assume known that the reach-
ability problem on directed graphs (PATH) is in P.

ALl Jeidd by TM QS |
Q=" On wpd (R W A i DFA 0
[ Com \«i& Jhe ﬂ‘} cJI\ ok “R A e
VLG\IEC\UL P #h el tebe g
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3, Jidat kt;{(& YU(’ <c6e.,a)t"
Q decidis ALLBFA Laccc\m\ LU\) o S_* ?7‘\7[\ Jomt (/ijje
\(-h‘}a VL /'c,\"/\f/\k) of L\&\J Gn (mc)lf\f/\((/ ‘{/anr,‘)[,’m,
ﬂ\,ﬂ |t bt Jorc in @"‘)N’“;“) Yime becanse PATH EA
S—}kp 2, 'm\fo}vu f]o:l/\j 71[\fok\7£] e}U\JJ Q)L\Q (J‘«éﬂ% @bf)lq)zu
of 7’0 ind N q)_ro PJT,@K;GJ \lfkq(ﬁ.
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8. Give an example of a non-context-free language A such that A is in the class L (=
SPACE(logn)). You should briefly explain how a logarithmic space deterministic TM
decides your language A. You do not need to prove that A is non-context-free.

A = {@"L"cj (1—2_()@} “ ,
chruv{mfﬂfc ™ &, A. = O, ;”P‘j W
' : X ¥
[ S cin W a:AJ cJL\\(,ﬁc ‘a«)} ﬁll \}4\\( - C\xé C
ot J U'O)
<. tQClwA 'H‘\ JTP ‘Mr) to I | —
3. Cokz\‘}‘ '(L\ humgv 07[\ a)\r} 635} o@,\J CY, VCJ[M(?QV@JL c;.«J

I'}CI\4L‘ V‘\)V\U In \17;/\”\" o ‘M\L WO/}C *}4{36
L{-. B\' ila“ZQGGL\S On )l(\( WC/L +CV16) C(“C/i ‘/ZW[ d/ JL' (Q"V\)/\/

| l
\/chQ\f afC Q,QM-

& J\}L‘V(J CA ww}c ‘)qul(, \? 'é;/m/\] hum
a‘i "\n@ﬂl ,00 ‘w]

9. Let B be NP-complete and assume that B <p B. (Here B is the complement of B and
<p is polynomial time reducibility.)

Show that the above implies NP = coNP. 7[\ )Z
(l J{al l/ddu f%fo,\ hA(Tion

Bp8 implicc BB (!
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10. Recall that < denotes the logarithmic space reducibility. Answer the following questions
and justify your answers. Note: To show that an implication does not hold, one should
give a counter-example.

- (i) Let B be an NP-complete language and A is a language such that A <; B. Does
this imply that A is in NP ?

\/(-)S, AéLB ;h[o)ﬁu A gp\B {n()/
NP ¢ CIoJcc) V\/\JEV f'o

(ii) Let B be a context-free language and A is a language such that A <, B. Does this
imply that A is in NP ?

T Ly wt 0 D218
oand NP s c/och AR L

(iii) Let B be a context-free language and A is a language such that B <; A. Does this
imply that A is in NP ?

No. Let My bt a TM o L) =0 o M, & TH
b L) b4 0fine £ by sy
My = 4 MDA x=g
() 2(<M2> T T
‘p e CC“I\IJWZﬁL/C 'l/\ loj "“J/MC! AAJ {qé {L ETM \/J'Q 7[\1411()[/‘0/\70.
ETN\ i un)lcfa}p,“e mo}, Atn“, hO)L /A NP'
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11. What is the relationship (equal “=”; strict inclusion “C” or “D”; inclusion that is
not known to be strict “C” or “D”) between the following pairs of complexity classes.
Justify your answers.

(i) TIME(n®) and TIME(n®-logn) | {M € (h3> S TImé (V\B‘ }OJ f'\)

3,
3 s ho?l »; (Mh\) W\c) Yime [)"C“/‘A] #‘t"/”"‘

(63 (h} . "’61’!) dou ko7l 4%//’&*

(i) SPACE(n® + n? - (logn)®) and SPACE(n® - logn) > é
Spf\(é@*g + hla(loﬁ h):‘) % SPACE (V, eciulc

hz* n Oo@h ' O(H3‘ £@JM§ d it pact 41&m¢4 */480%«4,

(i) SPACE(2") and SPACE(2™+5)

SPACE(Z“> = SPA(Q(ZHH) hecaust
7 =32: 2"
(iv) TIME(2") and TIME(3") TlME (2”3 /CTNM€C3” )

3v\ B 3V\
(;'3_},7 ”W "J(h % = O cm) Lt (vw«fc<7

’\"“’oo Uej])‘/l JACOV“,\ g,\/u .ff/*C?l m[/UJJO/\ |

(v) SPACE(n®) and NSPACE(n? - logn)

N SPA (e (HOGQ /_;,SPACE(M%'(L&OZ) _,% SM e (a5)
fw"}c[\ § pace (ifuﬂtﬁ\] fheor €




