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Abstract—As the number and variety of wireless devices sharing
spectrum increases, it becomes increasingly important to charac-
terize the sum interference that is produced by a large number of
interferers. We show that, in the case of several interferers, the
assumption of independent shadowing paths is very inaccurate
and must be replaced by an appropriate correlation model. We
choose one such model, which has desirable mathematical and
physical properties, is tunable, and is particularly well suited for
simulation, although our approach can also be used with other
correlation models. In addition, we allow a very versatile channel
and system model. The simulation cost of such systems quickly
grows for large numbers of interferers due to the time and memory
constraints of the Monte Carlo simulation algorithm using the
classic matrix factorization (e.g., Cholesky) approach. We show
how an alternative simulation approach using shadowing fields
can significantly reduce the order of the computational cost. In
addition, we show how judicious random sample reuse and ex-
trapolation based on a numerical analysis of moments can be used
to further simplify the simulation. Through the combination of
these three approaches, using a mixture of simulation, numerical,
and analytical techniques, we can obtain accurate approximations
of the distribution of the total interference power while reducing
computational time by factors of more than 1000. We can also
make some mathematical statements about the problem, which
may be useful for further developments. We argue that our model
is complex enough to accommodate a good degree of realism and
that our approach is a viable alternative to the pure analysis of
such a complex and versatile problem.

Index Terms—Algorithm optimization, cochannel interference,
correlated shadowing.
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I. INTRODUCTION

N RECENT YEARS, the simulation and analysis of inter-

ference that is caused by N distinct cochannel interferers,
with IV even in the hundreds [1]-[3], has received significant
interest. The interference from a Poisson field of interferers
with independent shadowing, which is a very similar problem,
has been studied, at least, since 1992 (see [4]) and still receives
attention [5]. The interfering nodes may be femtocells [1],
sensor nodes, or any other devices that aggressively share
spectrum, often in a noncoordinated and opportunistic manner.
This type of scenario has become increasingly relevant as
wireless communications move away from the traditional coor-
dinated cellular model to more heterogeneous and distributed
paradigms, e.g., ad-hoc networking and cognitive radio [2],
[5]. As such, the study of interference from several cochannel
interferers is essential for the design of future wireless systems.
On the other hand, the total interference from a small number of
interferers (usually in a cellular context with frequency reuse)
has been well studied, often within the context of the sum-of-
lognormals mathematical problem [6], [7]. This paper lies at the
intersection of these fields, effectively bringing together cor-
related shadowing, large numbers of interferers, and arbitrary
interferer layouts.

We will demonstrate that the independence assumption, al-
though already known to give different results for small N
[8], gives very inaccurate results for large NN, indicating that
shadowing correlation should be incorporated in simulation and
analysis. Furthermore, we would argue that, given the general
mathematical difficulty of such problems, developing analytical
tools may not be worth the effort when the total interference
may quickly be simulated through approaches such as Monte
Carlo. This condition, however, does not hold true when the
number of interferers is very large: Although the simulation
time may then increase as quickly as O(N?) (and the memory
required as O(N?)), we will show that approximate numerical
and analytical approaches may, in fact, significantly become
simpler as N — oo.

In this paper, we will first demonstrate how the use of
shadowing fields may reduce the time (and memory) cost to
O(N). We will then examine how we can judiciously reuse
and recombine random samples to obtain further gains in time.
Finally, we will show how, through a combination of analytical
and numerical techniques, we can extrapolate distributions for
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very large N from distributions that are simulated at lower [V,
thus reducing the computational time to O(1). These three tech-
niques combined reduce the computational time on a standard
personal computer from 10.5 h (for N = 1000) to 16 s (for any
N > 500).

In Section II, we describe a general physical model for wire-
less interference with several flexible parameters. In Section 111,
we argue why correlation in shadowing is indispensable for the
analysis of interference from large networks and give several
basic analytical results, many of which are later used in the
extrapolation techniques. In Section IV, we first describe the
standard simulation algorithm and then the shadowing fields,
random sample reuse, and extrapolation—three techniques that
are combined to make the simulations much more feasible for
large N. We show the resulting simulated distributions and
that they well correspond with the classical (slow) simulation
approach. We conclude in Section V.

II. PROBLEM STATEMENT

The problem can fully and statistically be described by
the statistical system and channel parameters and how the
individual interference components are combined to form the
aggregate interference power. Our model allows great flexibility
in the choice of system and channel description.

A. System Model

Consider N interferers that are located at positions 7. We
denote r; = ||7;||. Although other works [1], [2], [4], [5] often
assume a particular interferer distribution, which is usually
uniform over some area, we want to allow for as general a
formulation as possible. We thus allow the locations 7; to be
independent and identically distributed (i.i.d.) according to a
valid probability density function (pdf) ¢() in two dimensions
such that, without loss of generality, the receiver is located at
the origin. We define r,;, > 0 and 7.« such that all positions
always fall in between, i.e., Tmin < 7 < Tmax. Nevertheless,
this modeling does not include the possibility of the clustering
of the interferers (as done in [3]), but the model can be extended
to include such an effect without too much difficulty.

We will assume that the interferers each transmit with ran-
dom power T}, i.i.d. according to some pdf fr(x), with only
the conditions that P(T; < 0) = 0 and VAR{T;} < oco. These
variables may account for ON—OFF behavior, power control, and
other factors.

B. Channel Model

The most significant channel model element in our problem
is wireless shadowing. Given fixed propagation paths, the
logarithms of the shadowing values may be modeled as jointly
Gaussian random variables (RVs) [8]-[12]. Consider S; the
shadowing (in dB) that is experienced on path i. Although
shadowing is often modeled as having approximately constant
dB spread with distance, it can be argued that this is not the
case for very short distances (see the model in [13]). We
therefore consider the dB spread to be, in general, a function of
distance o(r), which is a positive continuous function.
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We assume that the vector S = [S;]Y, is Gaussian when

conditioned on 77, . . ., 7'y, With
E{S;} =0
E {522|rl} =a2(r)
E{S;8;173, 75} = 05(ri)os(r ) (7%, 75) (1

where h is the shadowing correlation model. We impose on h
the condition that it is feasible [12] and that h(7, 7;) ~ 1 when
7; ~ 77, specifically that

Ve>030>0:||ri —7|l < 0= h(r,7) >1—c.  (2)

Then, the correlation matrix of S conditioned on Ty
is given by

s, TN

Knun = [o5(ri)os(ry)h(75,75)] - 3)

Assuming that A is such that K is always a positive semi-
definite (psd) matrix, it follows that the Gaussian vector S is
always feasible [12], i.e., it can always be constructed, and is
fully determined by (1).

Consider the angle of arrival separation

0 = |7 — Z7;] € [0°,180°] “4)
and the arrival distance ratio (in dB)

10
R:|1Olog10ri/7‘j|:mﬂnri—lnrﬂ. 3
We choose a correlation model % that may be expressed in
terms of # and R only and is separable with respect to these
dimensions:

h(r;,r;) = max{l —6/6y,0} - max{1 — R/Ry,0}  (6)

with tunable parameters 0° < 6 < 180° and Ry > 0. This
model is given in [12] and is based on [9].

We chose this model among several approaches for the

following reasons.

1) In[12], we have shown that this model always yields psd
correlation matrices K. This is not the case for several of
the existing models.

2) Furthermore, in [12], we have argued that, among all
models that always give psd correlation matrices K, this
model seemed most physically realistic. In particular, we
contrast this model with techniques that are expressible in
the form h(7;,7;) = f(||7 — 7;]|), notably with f(z) =
e~%/do [14]. We have argued in [12] that these models
are difficult to reconcile with the propagation arguments
given in [9].

3) The selected model has two tunable parameters and can
therefore approximate a wide range of correlation models
with reasonable accuracy, as in [9].

4) The mathematical form of this model lends itself particu-
larly well to quick simulation using shadowing fields, as
we will demonstrate in Section IV-C.

The average path-loss is a deterministic function of distance,

p(r), which is a positive continuous nonincreasing function,
with bounded variation over useful values of r. Path-loss is
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often modeled as a power law p(r) =77 for 2 < 3 <6.
However, to allow for the incorporation of both very near and
very far-away interferers, more flexibility in the model will be
useful.

C. Aggregate Interference

It is usually assumed [8], [10], [11], [15] that the total
interference power is the sum of the individual interference
powers, as explained by incoherent signal addition. We are then
interested in finding the statistics of the total interference power
given by

I= me I; = kp(r;)e* T, (7

where A = 0.11n10, and £ is the common constant gain that
accounts for multiplicative constants, e.g., antenna gains, refer-
ence distance, and transmit power. Without loss of generality,
wesetk = 1.

It is primarily the generation of the correlated S; that will
represent the cost of the simulation for high N and will there-
fore be our primary focus of study.

III. TOWARD A NUMERICAL-ANALYTICAL SOLUTION

Finding the distribution of I in closed form is a daunting task.
In [10], we have shown that it may approximately be lognor-
mal for large NV and under some more restricted conditions.
However, in general, it may be impossible to determine what
shape the distribution of I takes or how we can find it in some
manageable analytical or numerical fashion. Nevertheless, we
may use analysis to make some useful observations about the
distribution of I.

A. Exchangeable RVs

The theory of exchangeable RVs [16], [17] is a useful
framework for thinking about the quantities I;. RVs are said to
be exchangeable if their joint distribution remains unchanged
when their indices are permuted. The individual interferences
I; are, indeed, exchangeable, because the assignment of the in-
dices is arbitrary. Although the set {S;|7; } is not exchangeable,
because the RVs may have different variances and pairs may
have different correlation coefficients, the set {.5;} (as well as
{I;}) is exchangeable.

B. Behavior of Moments

In interference analysis, we are interested in studying the
statistical behavior of the total interference power I. The natural
approach is to first establish its mean and variance. We first
evaluate the following quantities:

A=E{p(ri)e*}
B =E{p*(r)e***}
C =E {p(ri)p(ra)e* 5 +5) }

D =E{T1}
E=E{T}}. (8)
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Then, because I;’s are exchangeable, we may easily formulate
the moments as

E{I} =NAD
E{I’} = NBE + (N* — N)CD?
VAR{I} = N(BE — CD?*) + N*(C — A*)D*.  (9)

We observe that, while for independent shadowing we have
C = A% = VAR{I} = O(N), in general for correlated shad-
owing VAR{I} = O(N?). The mean power of I remains the
same, regardless of the correlation. Thus, what was already
observed for small N [8] will even more be significant for
large N: adding correlation significantly changes (particularly,
broadens) the distribution of I. It follows that, given a suffi-
ciently realistic shadowing correlation model, the distribution
of I that is obtained using correlated shadowing will be much
more realistic than using independent shadowing.

In addition, because of the asymptotic behavior of the mean
and variance, analyzing I as N — oo requires the study of
the convergence of I/N (rather than (I — E{I})/v/N in the
independent case). Because of the existence of correlation,
the classical central limit theorem cannot be applied for large
N. Indeed, I/N does not necessarily converge to a Gaussian
distribution and may, in fact, converge to a distribution that is
close to a lognormal with a significant spread [10].

We can therefore conclude that correlation in shadowing
becomes a dominating factor in the distribution of I as NV
becomes large.

C. Numerical Evaluation of Moments

Although we may estimate the expectations of (8) through
Monte Carlo simulation, we find it faster and more exact to
evaluate them through numerical integration. By first condition-
ing on 1, we have

Tmax

A= [ grp(r)ed¥ Oy (10)

Tmin

where g(r) is the pdf of r;, which is evaluated from g(7) as
follows:

2m

g(r) = r/g(f’)dlﬁ (11)
0
Similarly, we have
Tmax
B= / g(r)pg(r)ez)‘z"f(r)dr. (12)

Tmin

Finally, we have

=[] [ ] stmapeaptar,

R2 R2
1 1
Xe/\2<2o's2(7’1)—|—20'52(7‘2)—|—O’S(T'1)O'S(7"2)h(’l?1, FQ)) d771d772

13)
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This integral needs to be evaluated in four dimensions for a
general correlation model / and is not easy to separate in the
case of (6).

With regard to D and F, they are simply obtained from

fT(.T)

D. Limiting Behavior and Mean Matching

Based on the exchangeability of I; [17] and the variance
behavior of I given by (9), we may conclude that /N con-
verges to a particular distribution, although we do not know
what that distribution is. This condition leads us to formulate
the following scaling approximation for interference from large
networks under correlated shadowing:

NM . N
Z[izMZ[i, M >1, N large (14)
=1 =1

where 2 indicates that the two quantities have approximately
the same cumulative distribution function (cdf). This case al-
lows for the following two approaches for efficiently finding a
good approximation of the distribution of I for high V.
1) We may simulate [ for a smaller N and extrapolate its
behavior for N M interferers by simply scaling the result
by M, as shown in (14).
2) Based on the distribution of I/N as N — oo (assuming
that it can be found), the distribution of I for IV large is
well approximated as follows:

N 1 N’
I lim WZI]- . Nlarge.  (15)
i=1 j=1

Because the mean of I is simply proportional to N, this
approach is equivalent to matching the mean between the
available and the desired distributions.

E. Variance Matching

A different linear transformation may be obtained by match-
ing not the mean but only the variance between the available
and the desired distributions. In this case, we also have a finite
and an infinite version as follows.

1) If we have the distribution of 1 for N and wish to have it

for N M interferers, we may use (9) to obtain

NM > N
ZL-%CZI,', M >1, N large (16)
1=1 =1

where

B \/NM(BE —CD) + N2MA(C - A)D2

N(BE — CD?) + N2(C — A2)D?

2) If we know the distribution of I/N as N — oo, we may
also use variance matching as follows:

VAR{I/N} — (C — A)D?* asN —oo. (18)
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‘We may use this to obtain
N N’
ZI" R C Nl,lglm N le , N large (19)
i=1 j=1
where
BE — CD?
= /N2 4+ N—— . 20
e @

Variance matching is not very different from mean matching,
because they both multiply the data by a constant factor, and
c¢= M and ¢ = N for high N. Finally, we may obtain a more
refined approximation by matching the first two moments.

F. Moment Matching

Because the first two moments of [ are always easily obtain-
able from (9), the scaling approach can be refined using both
moments in the following two respective ways.

1) If we have the distribution of I for N and wish to have it

for N M interferers, we may use (9) to obtain

NM I N
d Lmb+ad I, M=>1, Nlage (21)
=1 =1

where

_ |M(BE-CD2+ NM(C - 42)D?)
‘= BE — CD? + N(C — A%)D?

b=NAD(M — a). (22)

2) If we know the distribution of I/N as N — oo, we
may also use moment matching. Indeed, the limiting
moments are

E{I/N} — AD
E{(I/N)’} —CD?

VAR{I/N} — (C — A )D?* asN —oo. (23)

We may use this technique to obtain

N N
Z L~b+d Nl’linoo v Z I ], N large (24)
i=1 j=1

where
a’ = in (20)

b =AD(N —d). (25)

Again, this matching is not very different from the previous
approaches, because for large N, we have o approaching
N and b approaching zero. One important difference is that
adding the b’ term does not allow the approximating distribution
to take values in the neighborhood of zero, which may cause
high relative error in the lower tail.



2756

These three types of moment-matching each offer the fol-
lowing two possibilities of approximating the cdf of I for
large N: 1) to approximate larger simulations from smaller
simulations and 2) to approximate large simulations from the
limiting distribution of I /N (however, this second approach is
not readily available to us, because we do not know how we can
efficiently find this limiting distribution). We will explore this
approach in detail in Section I'V-G.

IV. OPTIMIZING THE SIMULATION OF
CORRELATED SHADOWING

To simulate I (and, in fact, {I;}), the following two very
different approaches can, nevertheless, give very close results:
1) matrix factorization and 2) shadowing fields. A simulation
can fully be specified by the parameters listed in Table I.

A. Standard Approach: Matrix Factorization

Generating S in Monte Carlo simulations is traditionally [9]
done by solving for Cp v in
K=cCc’c (26)

for each particular realization of K. We will write C = VK.
The next step is to generate a vector Z = [Z;])Y, of indepen-

dent standard Gaussian A (0, 1) RVs. Then, S is obtained from
S=7ZcC. (27)

This approach is implemented as follows:

ALGORITHM THAT USES MATRIX FACTORIZATION
Ensure: The histogram of I[k] approximates the pdf of I.
for k =1to K do
fori =1to N do
7; <= 1.4.d. random from g(7)
Z; < i.i.d. random N(0, 1)
T; < i.i.d. random from f7(x)
end for
for i =1to N do
Kli,i] <=1
forj=1toi—1do
Klirj] = Klj,i] < h(7i,75)
end for
end for
C«< VK
S < diag(oy(7),...,05(Fn)) - Z - C
Ilk] = 32,2, p(rs) X' T
end for

Solving vVK can efficiently be performed by the Cholesky
factorization! with complexity O(N?) [10], [18].

! Although the Cholesky factorization fails for singular matrices K [12], [18],
we have observed in the simulations here and in [10] that this event is extremely
rare when using the model (6) with double-precision arithmetic.
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TABLE 1

SIMULATION PARAMETERS
Parameter Description
K Total number of Monte Carlo trials of
N Number of interferers
Kz Number of position realisations of the N interferers
Kch Number of channel realisations
Physical
g(7) Statistical density of interferer positions

Limits on interferer distances from receiver:
9(77) =0V HFH ¢ [Tminvrmax]

Tmin, "max

p(r) Average pathloss at distance 7

os(r) Shadowing spread in dB at distance 7

fr(x) pdf of interferer power T

6o, Ro Parameters of shadowing correlation model (6)
Shadow Fields

Deg Number of discrete field points in 6 dimension
Dr Number of discrete field points in R dimension
Fo Length of digital FIR filter in 6 dimension

I'r Length of digital FIR filter in R dimension

F Fg x Fg filtering kernel

B. Shadowing Fields

A shadowing field is a Gaussian random process in two
dimensions (properly, a random field) with a specific auto-
correlation function. This autocorrelation is such that, when
interferers with positions 7; are placed on the field and the
value of the field at the point 7; is taken as the value of S,
S |71, ..., 7N has the desired correlation matrix K. This case
can be compared, by analogy, to gravitational (or electric)
fields, where the field gives the acceleration of a mass that is
placed at any point, whether or not there is, in fact, a mass at
that point.

The idea of generating shadowing fields has been ex-
plored [11], [19]-[21] with correlation functions of the form
(7, 75) = f(|I7i — 7;|]). We have argued in [12] that such
models may not reflect true shadowing spatial correlation char-
acteristics. Furthermore, correlation as a separable function of
f and R can easily be simulated using a geometric transfor-
mation. The accuracy of our method is limited only by the
quantization level.

Consider a random field (a 2-D random process) M of
continuous parameters (z, y). Let the random field be stationary
[22], with an autocorrelation function such that the correla-
tion between the field at two points M(z;,y;) and M(z;,y;)
corresponds to the desired shadowing correlation under some
transformation.

Consider what we will call the log-polar? transformation

Top : (0, R) — 10%(cos 0, sin 0)
7113 N [O, 27T] X [10 10g10 Tmin 10 loglo Tmax}

| — {F Tmin S r § rmax}-

(28)

2 A polar representation of certain shadowing fields is suggested in [19].
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Let us choose the autocorrelation of M as

n:(§) = 0, bo < [€| < 2m — 6o
L+ (|&] = 2m) /6o, 27— 6 <[] < 27
_J1=1[vl/Ro, [v] < Ro
Ny (v) = {07 lv| > Ro

E{M(z + &y +v)M(z,y)} = 1.(E)ny(v)

for M defined on [0, 27] X [1010g1¢ Tmin, 101080 Fmax]. We

find that the field M, under transformation 77,p, has the corre-
lation properties of (6), i.e.,

(29)

7—LP : (muyz) ’—>Fl7’t: 1727"'

E {M(z1, y1)M(22,y2) } = h(F1,72). (30)
Therefore, we may write
Si = ou(ri)M (T (7)) 31

and S;’s will have the same correlation matrix as in (27).

For numerical purposes, M can be approximated by a
discrete-parameter matrix M p, « p,,, wWith a regularly spaced
quantization grid along 6 and R. The correlation of the form
(6), which is triangular in both dimensions, can be obtained by
using a 2-D finite impulse response (FIR) uniform square filter
FFro < Fr» 1deally choosing Fg and Fg so that we exactly have

F@/D@ = 00/27‘(’
FR/DR = R0/10 logl()(rmax/rmin)

with F equal everywhere to 1/v/Fo FR.

To obtain the value of the discretized field M at some
point, we must round the coordinates ’]L_Pl(ﬁ) to the nearest
quantization point. The algorithm is thus limited in precision by
the finite spatial quantization. On the other hand, the computa-
tional cost of generating one field grows O(FoFrDeDR) =
O(DED%), and therefore, it is critical to choose the number
of quantization points Dg Dr to balance precision and compu-
tational time. Fig. 1 shows realizations of the same shadowing
field at different resolutions.

Shadowing fields have the additional advantages of requiring
only O(N) memory (rather than O(N?) for matrix factoriza-
tion) and easily accommodating interferer mobility; indeed,
although matrix factorization only gives shadowing values at
the N specified locations, shadowing fields give the value of the
(potential) shadowing everywhere. This condition is also useful
when NNV is uncertain, random, or variable.

(32)

C. Efficient Filtering for Separable Triangular Correlations

The choice of the correlation model (6) is particularly fortu-
nate from the point of view of computational efficiency, because
it benefits from the following two properties: 1) separability and
2) a triangular shape.

1) Separability: The nature of the correlation model (6) is
such that it can be expressed as the product of a function of
0 and a function of R. It follows [22] that the resulting 2-D
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Fig. 1. Shadowing field realizations for 7i, = 50, rmax = 500, 6o = 60°,
and Ro = 6 dB with increasing resolution: Dg = 6n, Dr = 5n, Fg = n,
and Fr = 3n, where (a) n =1, (b) n = 2, (¢) n = 5, and (d) n = 50. The
color of the areas corresponds to the value of S; /o (7 ) therein.

process in the § — R plane is also separable. It can therefore be
simulated by separately filtering over each dimension, which
reduces the general filtering cost from O(Fg FrDe Dr) (e.g.,
as in [20]) to O((Fo + Fr)DoDR).

2) Optimized Box Filters: The triangular form in # and R of
the correlation expression in (6) requires the use of rectangular
(box) filters applied to a white Gaussian process. Computa-
tionally, this approach is very efficient, because the filtering
requires no multiplications. In addition, it can even more effi-
ciently be implemented [23], with the number of additions now
approximately 2Dg and 2Dpg in each respective dimension,
rather than (Fg — 1)Dg and (Fr — 1)Dg, respectively. This
condition is because adjacent outputs of a box filter differ only
by two input values. All this makes the total computation cost
for one field realization O(Dg Dy ), which is independent of the
filter size and, hence, of the correlation distances 6y and Ry.

3) Optimized Shadowing Fields Algorithm: A general shad-
owing fields algorithm will have the following form.

BASIC SHADOWING FIELDS ALGORITHM
Ensure: The histogram of 7[k] approximates the pdf of I.
for £ = 1to K do
fori =1to N do
7 <= 4.49.d. random from g(7)
T; < i.i.d. random from f7(z)
end for
M <= shadowing field realization'
fori =1to N do
S; < o5(r;)M[Z; 5 (7;) (nearest index)
end for
I[K] <= 3205, p(r) T,
end for
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The correlation model (6) will benefit from separability in
the R and 6 domains, as well as from the triangular form of
both autocorrelations. It is also important to remember to wrap
the field in the @ direction to ensure circular continuity. These
elements produce the following detailed implementation.

fFAST SHADOWING FIELDS GENERATION
Ensure: M is Gaussian and approximately correlated accord-
ing to (6).
ZD@X(DR-FFR*I) < 7.7.d. random N(O, 1)
Initialize a temporary matrix W p_ Dy 4 Fr—1)-
for m = 1to Dg + Fr — 1 do
W(L,m] < 35, Z[n,m]
end for
forn =1to Dg — 1 do
n* < (n+ Fo — 1) mod Dg + 1
form =1to Dr + Fr — 1 do
Win + 1,m| < W(n,m| — Z[n, m| + Z[n*, m|
end for
end for
for n = 1to Dg do
M[nv 1] < Ziﬁzl W[TL, m]
end for
form =1to Dgr — 1do
forn =1to Dg do
Mn,m + 1] <= M[n,m] — W[n,m] + W[n, m + Fg]
end for
end for

D. Reusing Random Samples

Converting the simulation algorithm from matrix factoriza-
tion to shadowing fields can bring a great gain in simulation
time for large N. We may, however, augment these gains by us-
ing an additional technique, based on reusing random samples,
that can be applied to both algorithms to greatly decrease their
computational time at a negligible cost in accuracy.

We begin with the observation that both algorithms, although
quite different, are also fundamentally similar; both algorithms
require generating N K positions from ¢(7), as well as gener-
ating a large set of independent Gaussian RVs. These RVs are
then linearly combined to obtain the required correlation struc-
ture, after which, we may compute I; and I according to (7). We
further observe that the generation of the independent Gaussian
RVs and the interferer positions are two separate tasks.

This case leads to the idea of generating fewer random quan-
tities of both kinds and pairing them in different combinations
to achieve a similar amount of randomness as the case when
all realizations are different. We will call K7 the number of
times that the positions of the interferers are generated for a
total sample size of N K from g(7). We will also call K¢y
the total number of channel realizations generated, although
this approach will have a somewhat different meaning in both
algorithms. We impose the following conditions:

K/KFEN, K/KChEN, KFKCh/KGN.
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One important implementation consideration is whether to first
generate the positions or the Gaussian RVs, as one of these two
will need to be stored in memory during the simulation to allow
for reuse. Let us examine separately the details of implementing
reuse for each algorithm.

1) Reuse in Matrix Factorization: Matrix factorization re-
quires the generation and factorization of KN X N matrices
but the generation of only N x K¢y independent Gaussian
RVs. It is therefore more judicious, for large IV, to first generate
the Gaussian RVs and store them for reuse and then to generate
and discard the interferer positions and the corresponding corre-
lation matrices one by one. This approach can be implemented
as follows.

MATRIX FACTORIZATION ALGORITHM WITH REUSE
Ensure: The histogram of I[k] approximates the pdf of I.
for k = 1to K¢y, do
forn =1to N do
Znlk] <= i.i.d. random N(0, 1)
end for
end for
for k = 1to Krdo
fori=1to N do
7; <= i.i.d. random from g(7)
end for
fori=1to N do
Kli,i] <1
forj=1toi—1do
ifi, j] = K1jii] < h(F, 7;)
end for
end for
C<=vVK
for/ = 1to K/Krdo
E<=l+(k-1)K/Kz
"< (k*—1) mod K¢y, + 1
S < diag(os(71), . .., 05(Fy)) - Z[I*] - C
fori=1to N do
T; < i.i.d. random from fr(x)
end for
I[k] < 3, p(ri) e,
end for
end for

Here, the calculation of [* establishes the way in which
reused random values are assigned to each other. Of course,
there are several equivalent such mappings, because all the ran-
dom values are i.i.d. and, thus, exchangeable. Note that we have
not used reuse for the generation of 7;. In fact, we could do the
reuse of 7} in the following three ways: 1) associating them with
the values of 77; 2) associating them with the values of Z; or 3)
dissociating them from both and having a more complicated
mapping. For simplicity, we have not done this approach here,
and all our simulations, except in Fig. 10, set T; = 1.

2) Reuse in Shadowing Fields: Applying reuse in shad-
owing fields requires a reversed approach; because the shad-
owing fields algorithm is asymptotically faster than matrix
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factorization, it is better to first generate the channel realizations
(i.e., the fields), whose memory cost is Do D K¢y, and does
not depend on N. One possible implementation is given as
follows.

BASIC SHADOWING FIELDS ALGORITHM WITH REUSE
Ensure: The histogram of [[k] approximates the pdf of I.
for k = 1to K¢y, do
Mk] < shadowing field realization'
end for
for k = 1to Kzdo
fori =1to N do
7 <= 4.i.d. random from g(7)
[x;, y;] < discrete coordinates in the shadowing field
that corresponds to position 77;
end for
for | = 1to K/Krdo
kE*<1l+ (k—1)K/Kcn
"< (k*—1)mod Kr+1
fori =1to N do
T; < i.i.d. random from fr(x)
Si = M[TIMUI*]U*]
end for
15] = SN, p(r)e S T
end for
end for

Again, reuse has not been applied to 7;, which is independent
of all other quantities. Reuse for 7; can be implemented in the
same manner as discussed for matrix factorization.

E. Simulator Calibration

To apply shadowing fields and random sample reuse to a
simulation problem, decisions need to be made with regard
to some parameters that did not exist in the initial problem
statement but are needed to make use of the approximating
methods. We call this process calibration and require that the
simulation parameters be such that the resulting approximating
distributions do not differ in most places by more than 1 dB
from the simulations that use matrix factorization and no reuse,
which are considered exact. Although increasing these param-
eters will give more accurate results, simulation time will
suffer; thus, a compromise must be struck.

The first step is to choose a suitable resolution for the shad-
owing fields. For simplicity, we will jointly and proportionally
change Dg and Dy and allow only values that give integer
values of Dgby/2m and DrRo/1010g;4( max/Tmin)- In the
case of the parameters chosen in Table II, we may set Dg = 6n,
Dgr = 5n, which gives Fg = n, Fg = 3n,and n € N*.

Fig. 1 shows the effect of increasing n on the appearance
of realizations of shadowing fields, showing greater detail with
increasing n, but at a cost of computational time O(n?). In
Fig. 2, we observe the effect of the resolution on the cdf?

31t is convenient to plot the cdf of I on lognormal paper [15], which we will
do throughout this paper.
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TABLE 1I
SIMULATION SETTINGS
Parameter  Value
K 1000 000
Kz 10000
Kcn 10000
g(7) uniform over an annular region with radii:
Tmin 50
Tmax 500
p(r) 7=2(1 4 r/150) 2 (based on [24])
os(r) 10(1 — exp (—3r/200)) dB (taken from [13])
0o 60°
Ro 6dB
De 12
Dgr 10
Ie 2
Fr 6
1-1e-5 T T
- = =Matrix Factorisation
1-1e—4 { ----- Shadowing Fields with Resolution 6x5 B
~ - - Shadowing Fields with Resolution 12x10
0.999 {{ —— Shadowing Fields with Resolution 18x15 .
=< 09t .
v
E
8 05F
0.01 oo M
1e—4t- g
1e-5

Fig. 2. Calibration of field resolution parameters Dg = 6n and D = 5n.

of I simulated using shadowing fields, with n = 1, 2, 3. First,
we observe that, for N = 1, there is no significant difference
between any of the simulations, because there is, in fact, no
correlation, and we have merely shown that all algorithms
produce the same marginal distribution for ;. For N = 10,
we observe some significant distortion in the lower tail, which
seems little affected by changing the field resolution. For higher
N, however, we clearly see an improvement with increasing
resolution: although n =1 gives rather poor results in both
tails, n = 2 or 3 gives very accurate results across the whole
range of values. Thus, we consider n = 2 sufficient at this point,
which leads to the simulation parameters listed in Table II.

The next step is to choose the amount of reuse for both
channel and interferer position realizations. We set K¢y, = K
for simplicity, and we can subsequently define a reuse factor
m=K/Kr=K/Kcn. We now examine the effect of the
reuse factor on the distortion of the simulated distribution of
1. Figs. 3 and 4 show the effect of reuse on matrix factorization
and shadowing fields, respectively. We first observe that reusing
random samples causes distortion in the far tails. This condition
can be predicted from the fact that far tails are associated with
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Fig. 3. Effect of random sample reuse on the matrix factorization algorithm,
where K = 1000000, and Kz = K¢, = K/m.
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Fig. 4. Effect of combining random sample reuse with the calibrated
(Do =12, Dr = 10) shadowing fields algorithm. K = 1000000, and
KF =K Ch — K / m.

rare events, the occurrence of which is significantly affected by
repetition of random values. We also observe that the maximum
possible reuse of m = 1000 causes too much distortion in
certain cases, but m = 100 gives very reasonable accuracy. We
thus choose K¢, = K7 = 10000.

We also observe that the performance with reuse is usually
worse for smaller N (= 10) and improves with increasing N.
This case can be interpreted from the fact that, given a particular
K and K¢y, the number of total independent RVs generated
by the simulator increases with NV, and thus, there is more
“randomness” in the system, which leads to more accurate
distributions. This trend is encouraging, because it confirms that
our approach is well-suited for large N.

F. Time Performance Comparison

Once we have calibrated the simulator to produce accurate
results, we perform a comparison of the computation time
against N required for a simulation using the Cholesky factor-
ization versus using shadowing fields. In addition, we show the
performance of both algorithms with reuse of random samples
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Fig. 5. Execution time performance of the matrix (Cholesky) factorization

versus shadowing fields and of no reuse versus random sample reuse. Simula-
tion parameters are given in Table II.

(each sample is reused K/Kr= K/Kcp = 100 times). The
performances of all four algorithms are shown in Fig. 5.

The first observation is that shadow fields always outperform
matrix factorization, except for N = 1, where there is no corre-
lation, and generating shadow fields is redundant. Furthermore,
we observe that, for N beyond about 20, the time that is
required for the Cholesky factorization drastically increases
and takes on a sharper trend than that for shadowing fields,
confirming that shadowing fields will always eventually out-
perform matrix factorization. Indeed, as can be observed from
the algorithm, shadowing fields require an initial investment to
generate the field realizations, after which the computational
cost is linear in N, which is confirmed by the asymptotic
behavior of both shadowing fields curves. On the other hand,
both Cholesky factorization curves show an asymptotic trend
between O(N?) and O(N?). The fact that the observed growth
is less than O(N?) can be explained in part by the heavy
computational cost that is associated with constructing the
correlation matrices (cost of O(N?)) and in part by the fact
that the correlation matrix is relatively sparse.

Turning to the use of random sample reuse, we observe the
most significant gain for matrix factorization. Indeed, while
using K/Kz= K/Kcn = 100 fewer random values, we ob-
serve a time gain of a factor of 78 at N = 1000. This case is
because both generating the correlation matrix and factorizing
it, the two most costly computations, are now done 100 fewer
times, giving nearly the same gain in time. On the other hand,
the shadowing fields approach presents more modest gains;
although, for small IV, the time gain is of a factor of 50, it
asymptotically tapers off to only a factor of 4. The bottleneck
in this case is extracting the values from the shadowing fields
realizations based on the interferer positions. This operation, by
its very nature, does not benefit from reuse.

Although the exact performance of each algorithm is de-
pendent on software implementation and the hardware plat-
form, the general trends and conclusions hold, because the
results are consistent with the predicted complexity of each
algorithm.
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Fig. 6. Using mean matching (14) to extrapolate the distribution of I for very
high N. All simulations are done using shadowing fields with reuse.

The hardware and software specifications of the simulation
platform are given as follows:
e Intel® Core™ i7 860, 2.8 GHz, eight logical cores (four
physical cores with hyper-threading);
e 8-GB random access memory (RAM);
¢ Microsoft® Windows® 7 Professional, 64 bit;
e The MathWorks™ MATLAB® version

(R2009b).

We extensively worked to write time-optimized MATLAB
code for all algorithms, so as to have a good idea of the true
computational costs of each algorithm. We observed that
MATLAB automatically uses several of the logical cores in
parallel to execute large repetitive tasks. The repetitive nature
of the algorithms lends itself particularly well to hardware
parallelization.

7.9.0.529

G. Moment-Corrected Extrapolations for High N

As we have seen in Section III, under proper normalization,
the distribution of I converges as N grows. It does not matter
to what exact distribution this distribution converges, only that
convergence occurs. In fact, due to the complexity of the
problem, it is not even certain that the limit distribution has
any particular closed form (although we showed in [10] that
approximate convergence to a lognormal distribution occurs in
some cases).

This convergence can be exploited in accelerating simu-
lations. Indeed, if we want the distribution of [ for NM
interferers such that N, NM € N, N large, and M > 1, we
may merely simulate I with N interferers and then use the
knowledge of the moments of I as a function of N to correct
the simulated distribution to match the desired distribution.
Because of convergence, the shape (in the linear domain) of
the distribution does not change when N is very high; only the
scale and offset parameters do.

We have given three formulas for extrapolating distributions.
Each formula comes in the following two versions: 1) a finite
version, where the distribution for N M interferers is obtained
from the distribution for N interferers, and 2) an infinite
version, where the distribution for N interferers is obtained
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Fig. 7. Using variance matching (16) to extrapolate the distribution of I for
very high N. All simulations are done using shadowing fields with reuse.

from the distribution of /N as N — oco. Because we do not
have an efficient method for obtaining the limiting distribution
as N — oo (although we hope that such a method will be
developed in the future), we will only use the first, i.e., finite,
approach.

The first approach, given in Section III-D, is based on simply
matching the mean of I, which is exactly proportional to N.
This method is the simplest, does not require the numerical
computation of A, B, and C', and requires only the multiplica-
tion of the simulated values of I by M, equivalently shifting the
distribution to the right by 10log;, M dB on lognormal paper.
Fig. 6 shows the distribution of I for N = 10000 (circles), as
well as various simulations for lower N, with the appropriate
correction factor M = 10000/N.

The second approach, given in Section III-E, is based, in-
stead, on matching only the variance of I. This method requires
the numerical computation of A, B, and C' to obtain ¢ in (17). It
is similar to the first approach, because only a multiplying factor
is applied to the simulated values of I, equivalently shifting the
distribution to the right by 10log;, ¢ dB on lognormal paper.
Fig. 7 is made along the same lines as in Fig. 6 but with variance
matching instead.

The third approach, given in Section III-F, is based on
matching both the mean and the variance of I. This method
again requires the numerical computation of A, B, and C' to
obtain @ and b in (22). This last method is different from the
first two methods, because it proposes not merely a linear
but an affine transformation on the values of I, which leads
to distortion, particularly in the lower tail, when plotted on
lognormal paper. Fig. 8 is made along the same lines as in
the previous two figures but matching both the mean and the
variance (equivalently, the first two moments).

The second and third methods require the numerical eval-
uations of the integrals in (10), (12), and (13). The first two
integrals are 1-D and are performed using basic Riemann
integration with 100 000 uniform points, with negligible com-
putational time. The integral in (13) is 4-D and is performed
again using Riemann integration with 50 uniform points, with
a computational time of approximately 1.25 s. The values that
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Fig. 8. Using two-moment matching (21) to extrapolate the distribution of I
for very high N. All simulations are done using shadowing fields with reuse.

are obtained for the scenario described in Table II and used in
Figs. 7 and 8 are

A=12972-10° B=1256-10"", C=2342-10"7,
and D = E = 1, because we do not consider randomness for
T; in these simulations.

For all three methods, we observe that good convergence
(within 1 dB) can be obtained after about N > 500. Looking
back at Fig. 5, we observe that a simulation with N = 500
requires about 14.4 s of computational time when using both
shadowing fields and random sample reuse. With the additional
computational cost of A, B, and C, the distribution of I for any
N can be well approximated in under 16 s using extrapolation.

H. Varying Physical Parameters

To further validate our approach, we will vary some of the
physical parameters given in Table II and observe the resulting
distributions.

1) Changing the Layout of Interferers: We now consider a
layout of interferers that, rather than surrounding the victim
receiver, are located on one side and laid out in a 2-D Gaussian
distribution, truncated at two standard deviations. Such a layout
can model, for example, the layout of interferers in a city, with
the highest activity in the downtown core. The distribution is
given by

ll7 =7 1%
exP(7 2252 /2 ) o
2257(1—e 2) |7 — 7ol <225
0, |7 — 7ol > 225

g9(r) = (33)

where 75 = (275, 0). This layout is a rotationally symmetric
Gaussian distribution centered at (275, 0) with a standard
deviation of 112.5 and truncated at two standard deviations,
i.e., 225. Because this layout is entirely contained inside 50 <
[I7]] < 500, we may use the same shadowing fields as in the
previous layout. The numerical parameters for this layout (with
the given shadowing correlation function) are

C = 1.096 - 10%.

A=3361-107% B=1421-10"5,
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Fig. 9. Validation of the optimized simulation algorithm when the layout of
interferers is a truncated Gaussian that is located away from the receiver.

1-1e-5
1-1e-4
0.999

r T T T T > T
-I- - = Matrix Factorisation : /’ / :l /l s

- — —Shadowing Fields with Reuse Factor 100 |-+ gl e o
; : /

P (10logq / < x)
o
o

0.01f-

0.001 |
le-41
1e-5

Fig. 10.  Validation of the optimized simulation algorithm when the transmit
powers of the interferers are i.i.d. exponential.

Fig. 9 illustrates the accuracy of shadowing fields with reuse
for the Gaussian layout, where we see good agreement, except
occasionally at extreme tail values. Of interest is that the shape
of the obtained distributions is closer to the lognormal (i.e., a
straight line on lognormal paper) than in the previous figures.
This condition is consistent with our results in [10].

2) Incorporating i.i.d. Random Transmit Power: We now go
back to the previous layout but add variability in the transmit
powers T; by modeling them as exponential RVs with mean 1
(see Fig. 10). Note that this approach gives the parameters
D =1 and E = 2. We again evaluate the accuracy of shad-
owing fields with reuse and find a good match between the
distributions, except occasionally in the far tails.

The choice of the exponential distribution was arbitrary
at this point, simply to validate the simulator. Note that the
quantity in 7; need not only represent transmit power but may
also incorporate any other phenomenon that is i.i.d. across all
interferers, notably independent small-scale fading.

1. Optimizing Other Correlation Models

Although we have argued in [12] and herein for the several
advantages of the model in (6), several other models can be
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realized with shadowing fields with a little creativity, and of
course, reuse and extrapolation are methods that do not de-
pend on the correlation model. To generate shadowing fields
according to other correlation functions, we must first find a
transformation (e.g., 7pp) under which the underlying field is
stationary. Then, we may exploit the particular form of the
correlation (e.g., autoregressive) for an efficient implementation
or, in general, execute convolutions with the appropriate kernel
using the fast Fourier transform (FFT) algorithm, as shown
in [25]. The complexity of FFT is O(Dg Dy In Do Dg) [23],
which is not much higher than for separable triangular corre-
lations. Further discussions on generating stationary Gaussian
fields can be found in [22] and [26].

Furthermore, the FFT algorithm can be executed with signif-
icant time gains on specialized hardware, notably on several
supported graphics processing units (GPUs) [27], which are
commercially available and already included in several current
desktop computers.

Finally, one important consideration is to ensure that the cor-
relation model used is feasible, as explained in [12]. Otherwise,
generating shadowing fields will be, by definition, impossible.

J. Model Extensions

Although the framework given in Section II still offers
restrictions on the systems and channels that we can model,
it should be emphasized that our approach extends well for
more complex models. This is because the method focuses on
the simulation of correlated shadowing, which is unaffected
by other considerations when using shadowing fields. Further-
more, the techniques of random sample reuse and extrapolation
are based on the very general assumption of exchangeability,
which may hold (at least approximately) for a wide variety of
scenarios.

Possible extensions that need not violate exchangeability are
listed as follows:

* a random (e.g., Poisson distributed) number N of
interferers;

e correlated (e.g., self-clustered) interferer positions;

e small-scale fading;

e directional victim receiver antenna;

e correlation between interferer positions and their transmit
power.

We thus hope that our approach will be extended to help
study large and complex wireless networks while allowing a
greater degree of realism and computational efficiency than was
formerly possible.

V. CONCLUSION

We have shown that the techniques of shadowing fields,
random sample reuse, and extrapolation can be combined to
reduce the computational time by several orders of magnitude.
We can thus obtain the total interference distribution from large
networks where position-dependent correlation in shadowing is
employed, without significant loss in accuracy.

We have shown that, as the number of interferers in-
creases, shadowing correlation becomes a dominating factor
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and needs to be included in the simulation and analysis of future
interference-intensive scenarios. Furthermore, we have shown
that the problem can be interpreted as a sum of exchangeable
RVs and that this sum converges in distributions when properly
normalized. This has led us to justify the extrapolation of
simulation results from large to very large /N and suggests the
possibility of numerically finding the limiting distribution as an
approximation for the distribution for large N, although how
we can achieve this goal remains an open problem.

The shadowing correlation model used, which has been
shown to have desirable mathematical and physical properties,
was furthermore shown to be particularly well-suited to the
technique of shadowing fields, which is, however, not restricted
to this model.

By combining analytical, numerical, and simulation-based
techniques, we can obtain accurate distributions in a very short
time (no more than 16 s on a standard personal computer)
for very detailed simulation models with the following flex-
ible parameters: 1) any physical layout, 2) any path-loss and
shadowing spread function of distance, 3) any transmit power
distribution, and 4) a wide flexibility of shadowing correlation
functions. Given the analytical complexity and versatility of the
problem, a fully analytical approach is probably too compli-
cated to attempt, and a mixed approach as presented here is
probably the best solution to this very involved problem.

REFERENCES

[1] S. R. Hall, A. W. Jeffries, S. E. Avis, and D. D. N. Bevan, “Performance

of open access femtocells in 4G macrocellular networks,” presented at

the Wireless World Research Forum (WWRF) Meeting 20, Ottawa, ON,

Canada, Apr. 2008, Tech. Rep.

R. Hekmat and P. Van Mieghem, “Interference power sum with lognormal

components in ad hoc and sensor networks,” in Proc. Int. Symp. Model.

Optim. Mobile, Ad Hoc, Wireless Netw., Apr. 2005, pp. 174-182.

A. Behnad, H. Purmehdi, and F. Lahouti, “Probability of outage in a

clustered Poisson field of interfering nodes,” in Proc. IEEE Int. Conf.

Telecommun., Apr. 2010, pp. 784-789.

[4] E. Sousa, “Performance of a spread spectrum packet radio network link
in a Poisson field of interferers,” IEEE Trans. Inf. Theory, vol. 38, no. 6,
pp. 1743-1754, Nov. 1992.

[S] M. Win, P. Pinto, and L. Shepp, “A mathematical theory of network
interference and its applications,” Proc. IEEE, vol. 97, no. 2, pp. 205—
230, Feb. 2009.

[6] M. Di Renzo, F. Graziosi, and F. Santucci, “Further results on the ap-

proximation of lognormal power sum via Pearson type IV distribution: A

general formula for log-moments computation,” IEEE Trans. Commun.,

vol. 57, no. 4, pp. 893-898, Apr. 2009.

C. Tellambura and D. Senaratne, “Accurate computation of the MGF of

the lognormal distribution and its application to sum of lognormals,” IEEE

Trans. Commun., vol. 58, no. 5, pp. 1568-1577, May 2010.

[8] A.Safak and R. Prasad, “Effects of correlated shadowing signals on chan-
nel reuse in mobile radio systems,” IEEE Trans. Veh. Technol., vol. 40,
no. 4, pp. 708-713, Nov. 1991.

[9] T.Klingenbrunn and P. Mogensen, “Modeling cross-correlated shadowing
in network simulations,” in Proc. IEEE Veh. Technol. Conf., Sep. 1999,
vol. 3, pp. 1407-1411.

[10] S.S. Szyszkowicz and H. Yanikomeroglu, “Analysis of interference from
large clusters as modeled by the sum of many correlated lognormals,” in
Proc. IEEE Wireless Commun. Netw. Conf., Mar./Apr. 2008, pp. 741-745.

[11] D. Catrein and R. Mathar, “Gaussian random fields as a model for spatially
correlated lognormal fading,” in Proc. Australasian Telecommun. Netw.
Appl. Conf., Dec. 2008, pp. 153-157.

[12] S. S. Szyszkowicz, H. Yanikomeroglu, and J. S. Thompson, “On the
feasibility of wireless shadowing correlation models,” IEEE Trans. Veh.
Technol., vol. 59, no. 9, pp. 4222-4236, Nov. 2010.

[13] D. Kitchener, M. Naden, W. Tong, P. Zhu, G. Senarnath,
H. Zhang, D. Steer, and D. Yu, “Correlated lognormal shadowing
model,” Tech. Rep., IEEE 802.16 Session 44, Jul. 2006.

[2

—

3

—_

[7

—



2764

[14] M. Gudmundson, “Correlation model for shadow fading in mobile radio
systems,” Electron. Lett., vol. 27, no. 23, pp. 2145-2146, Nov. 1991.

[15] N. Beaulieu and Q. Xie, “An optimal lognormal approximation to lognor-
mal sum distributions,” IEEE Trans. Veh. Technol., vol. 53, no. 2, pp. 479—
489, Mar. 2004.

[16] B. de Finetti, “La prévision: Ses lois logiques, ses sources subjectives,”
Annales de ’institut Henri Poincaré, vol. 7, no. 1, pp. 1-68, 1937.

[17] R. L. Taylor, P. Z. Daffer, and R. F. Patterson, Limit Theorems for Sums
of Exchangeable Random Variables. Totowa, NJ: Rowman & Allanheld,
1985.

[18] B. Alkire, “Cholesky factorization of augmented positive definite matri-
ces,” Elect. Eng. Dept., Univ. Calif., Los Angeles, CA, Dec. 2002.

[19] K. Kumaran, S. E. Golowich, and S. Borst, “Correlated shadow fading in
wireless networks and its effect on call dropping,” Wireless Netw., vol. 8,
no. 1, pp. 61-71, Jan. 2002.

[20] I. Forkel, M. Schinnenburg, and M. Ang, “Generation of two-dimensional
correlated shadowing for mobile radio network simulation,” in Proc.
Int. Symp. Wireless Pers. Multimedia Commun., Sep. 2004, vol. 2,
pp- 314-319.

[21] Z. Wang, E. Tameh, and A. Nix, “Joint shadowing process in urban peer-
to-peer radio channels,” IEEE Trans. Veh. Technol., vol. 57, no. 1, pp. 52—
64, Jan. 2008.

[22] G. Storvik, A. Frigessi, and D. Hirst, “Stationary space—time Gaussian
fields and their time autoregressive representation,” Statist. Model., vol. 2,
no. 2, pp. 139-161, Jul. 2002.

[23] A. Lukin, “Tips and tricks: Fast image filtering algorithms,” in Proc. Int.
Conf. Comput. Graph. Vis., Jun. 2007, pp. 186—-189.

[24] P. Harley, “Short distance attenuation measurements at 900 MHz and
1.8 GHz using low antenna heights for microcells,” IEEE J. Sel. Areas
Commun., vol. 7, no. 1, pp. 5-11, Jan. 1989.

[25] J.-J. Wu, “Simulation of rough surfaces with FFT,” Tribol. Int., vol. 33,
no. 1, pp. 47-58, Jan. 2000.

[26] B. Kozintsev, “Computations with Gaussian random fields,” Ph.D. disser-
tation, Univ. Maryland, College Park, MD, 1999.

[27] T. Preis, P. Virnau, P. Wolfgang, and J. J. Schneider, “GPU accelerated
Monte Carlo simulation of the 2D and 3D Ising model,” J. Comput. Phys.,
vol. 228, no. 12, pp. 4468-4477, Jul. 2009.

Sebastian S. Szyszkowicz (S’09) received the
B.A.Sc. degree in electrical engineering (special-
izing in communications) from the University of
Ottawa, Ottawa, ON, Canada, in 2003 and the
M.A.Sc. degree in electrical engineering and the
Ph.D. degree in electrical and computer engineering
from Carleton University, Ottawa, in 2007 and 2011,
respectively.

In winter 2008, he was a Visiting Researcher with
the University of Edinburgh, Edinburgh, U.K. He
has given several invited talks about his research at
universities in Europe and Canada. He is currently with the Department of
Systems and Computer Engineering, Carleton University. His research interests
include wireless interference and propagation and the mathematical challenges
therein.

Dr. Szyszkowicz is the recipient of the National Sciences and Engineering
Research Council of Canada Postgraduate Scholarship awards for the Master’s
and Ph.D. levels.

Furkan Alaca (S’11) received the B.Eng. degree
(with high distinction) in communications engineer-
ing in 2010 from Carleton University, Ottawa, ON,
Canada, where he is currently working toward the
M.A.Sc. degree with the Department of Systems and
Computer Engineering. He currently holds the Na-
tional Sciences and Engineering Research Council
of Canada (NSERC) Canada Graduate Scholarship
at the Master’s level.

Mr. Alaca received the NSERC Undergraduate
Student Research Award for three consecutive years
from 2008 to 2010. He is also the recipient of the Senate Medal for Outstanding
Academic Achievement.

IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 60, NO. 6, JULY 2011

Halim Yanikomeroglu (M’98) was born in Giresun,
Turkey, in 1968. He received the B.Sc. degree
in electrical and electronics engineering from the
Middle East Technical University, Ankara, Turkey,
in 1990, the M.A.Sc. degree in electrical engineering
[now electrical and computer engineering (ECE)],
and the Ph.D. degree in ECE from the University
of Toronto, Toronto, ON, Canada, in 1992 and 1998,
respectively.

From January 1993 to July 1994, he was with
the R&D Group of Marconi Kominikasyon A.S.,
Ankara. Since 1998, he has been with the Department of Systems and Computer
Engineering, Carleton University, Ottawa, ON, where he is currently a Full Pro-
fessor. He is also an Adjunct Professor with the Advanced Technology Research
Institute, King Saud University, Riyadh, Saudi Arabia. His research interests
include the physical, medium access, and networking layers of wireless com-
munications. In recent years, his research has been funded by Huawei, Research
In Motion, Samsung, the Communications Research Centre of Canada, Nortel,
and the National Sciences and Engineering Research Council of Canada.

Dr. Yanikomeroglu is a member of the Carleton University Senate and a
registered Professional Engineer in the province of Ontario. He is a mem-
ber of the Steering Committee of the IEEE Wireless Communications and
Networking Conference (WCNC) and has been involved in the organization
of this conference over the years, including serving as a Technical Program
Cochair of WCNC in 2004 and the Technical Program Chair of WCNC in
2008. He has been involved in the organization of more than 100 conferences
in various capacities and has also given about 20 tutorials at such conferences.
He was a General Cochair of the 2010 IEEE Vehicular Technology Conference
2010-Fall, which was held in Ottawa. He has served on the Editorial Boards
of the IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS and the
TEEE COMMUNICATIONS SURVEYS AND TUTORIALS. He was the Chair of
the IEEE’s Technical Committee on Personal Communications. He received
the Carleton University Faculty Graduate Mentoring Award in 2010, the
Carleton University Graduate Students Association Excellence Award in Grad-
uate Teaching in 2010, and the Carleton University Research Achievement
Award in 2009.

John S. Thompson (M’03) received the B.Eng. and
Ph.D. degrees from the University of Edinburgh,
Edinburgh, U.K., in 1992 and 1996, respectively.

From July 1995 to August 1999, he was a
Postdoctoral Researcher with the University of
Edinburgh, funded by the U.K. Engineering and
Physical Sciences Research Council (EPSRC) and
Nortel Networks. Since September 1999, he has
been a Lecturer with the School of Engineering,
University of Edinburgh, where he was promoted as
aReader in October 2005. He is the Founding Editor-
in-Chief of the IET Signal Processing Journal. He has published approximately
200 papers, including a number of invited papers, book chapters, and tutorial
talks. He is a coauthor of an undergraduate textbook on digital signal process-
ing. His research interests include signal processing algorithms for wireless
systems, antenna array techniques, and multihop wireless communications.

Dr. Thompson was a Technical Program Cochair of the IEEE International
Conference on Communications (ICC) held in Glasgow in June 2007 and
the 2010 IEEE Global Communications Conference (GLOBECOM) held in
Miami.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues false
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


